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Experiments:


• LHC Experiments at Low density


• RHIC Beam Energy Scan at finite density


• Fixed target at high density


• …


Goals:


• Location of Critical End Point (CEP)


• New phase at high density region


• EoS


• …
SY, Tan, Fu (2023)
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Theoretical predictions

• Lattice QCD (at vanishing chemical 
potential)


• Dyson-Schwinger Equations (DSE)


• Functional renormalization group 
(fRG)


• …

fQCD 2025
More complete version see Jan’s talk



Functional renormalization group

Generating functional
<latexit sha1_base64="fePeX3uEWM4CeMuFwZINvge9Cgk="></latexit>

Zk[J ] = eWk[J] =

∫

!
Dω e→S[ω]→”Sk[ω]+J ω
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1

2

∫
d4q

(2ε)4
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• The modes for  are suppressed


• The modes for  are unchanged

p2 ≲ k2

p2 ≳ k2



Functional renormalization group

Wetterich Equation
<latexit sha1_base64="1QLuBH2CmUzk7Tk8muSJz2xYBc0="></latexit>

ωt!k[ε] =
1

2
Tr

1

!(2)
k [ε] +Rk

ωtRk

• Different paths correspond to different 
regulation functions


• Regulators will not influence the infrared 
results

t = ln(
k
Λ

)
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Functional renormalization group for QCD phase structure
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On the side of theories, lattice QCD simulation is a
nonperturbative first-principle approach, which has pro-
vided us with lots of remarkable insights and understand-
ing in recent years, such as the determination of freeze-
our parameters through the confrontation of lattice re-
sults with experiments [? ? ? ], the QCD equation
of state and fluctuations of conserved charges at finite
chemical potentials using Taylor expansions or analyti-
cal continuation [? ? ? ? ], etc. However, because of
the sign problem, lattice calculations are usually limited
to some specific region in the QCD phase diagram, say
µB/T  2, which corresponds to center-of-mass energies
& 12 GeV, and in this regime the existence of a CEP is
disfavored [? ]. Functional continuum field approaches,
e.g., the Dyson-Schwinger equation [? ? ? ? ], and the
functional renormalization group (FRG) [? ? ? ? ? ? ],
etc., which are complementary to the lattice QCD, have
also seen significant progresses on the studies of the non-
perturbative QCD and QCD thermodynamics in recent
years.

The FRG approach is a nonperturbative continuum

field theory [? ], which encodes successively quantum
fluctuations of di↵erent scales with the evolution of the
renormalization group (RG) scale. And thus a full quan-
tum e↵ective action is obtained from a classical one, af-
ter the RG scale evolves from the ultraviolet to infrared
region. For more discussions about the FRG, see, e.g.,
QCD related reviews in [? ? ? ? ? ] and recent devel-
opments in [? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ?
].

In the past several yeas a remarkable progress on the
studies of FRG is the first-principle calculations in the
Yang-Mills theory and QCD, e.g. the quenched [? ] and
unquenched [? ] QCD in the vacuum, the Yang-Mills
gauge theory in the vacuum [? ] and finite tempera-
ture [? ], the unquenched QCD in the vacuum with a
simplified truncation [? ? ]. In this work, we would
like to perform the first-principle QCD calculations at
finite temperature and baryon chemical potential within
the FRG approach. QCD phase transitions including the
chiral phase transition and the color deconfinement phase
transition will be investigated. We will also study the
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On the side of theories, lattice QCD simulation is a
nonperturbative first-principle approach, which has pro-
vided us with lots of remarkable insights and understand-
ing in recent years, such as the determination of freeze-
our parameters through the confrontation of lattice re-
sults with experiments [? ? ? ], the QCD equation
of state and fluctuations of conserved charges at finite
chemical potentials using Taylor expansions or analyti-
cal continuation [? ? ? ? ], etc. However, because of
the sign problem, lattice calculations are usually limited
to some specific region in the QCD phase diagram, say
µB/T  2, which corresponds to center-of-mass energies
& 12 GeV, and in this regime the existence of a CEP is
disfavored [? ]. Functional continuum field approaches,
e.g., the Dyson-Schwinger equation [? ? ? ? ], and the
functional renormalization group (FRG) [? ? ? ? ? ? ],
etc., which are complementary to the lattice QCD, have
also seen significant progresses on the studies of the non-
perturbative QCD and QCD thermodynamics in recent
years.

The FRG approach is a nonperturbative continuum
field theory [? ], which encodes successively quantum
fluctuations of di↵erent scales with the evolution of the
renormalization group (RG) scale. And thus a full quan-
tum e↵ective action is obtained from a classical one, af-
ter the RG scale evolves from the ultraviolet to infrared
region. For more discussions about the FRG, see, e.g.,
QCD related reviews in [? ? ? ? ? ] and recent devel-

opments in [? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ?
].

In the past several yeas a remarkable progress on the
studies of FRG is the first-principle calculations in the
Yang-Mills theory and QCD, e.g. the quenched [? ] and
unquenched [? ] QCD in the vacuum, the Yang-Mills
gauge theory in the vacuum [? ] and finite tempera-
ture [? ], the unquenched QCD in the vacuum with a
simplified truncation [? ? ]. In this work, we would
like to perform the first-principle QCD calculations at
finite temperature and baryon chemical potential within
the FRG approach. QCD phase transitions including the
chiral phase transition and the color deconfinement phase
transition will be investigated. We will also study the
QCD correlation functions and their dependence on the
external parameters. Moreover, a T �µB phase diagram
will be presented based on our computation.

This paper is organized as follows. In Sec. ?? we in-
troduce the functional renormalisation group approach to
QCD. In Sec. ?? correlation functions including propaga-
tors, the strong couplings, and the dynamical hadroniza-
tion are discussed. In Sec. ?? numerical results and re-
lated discussions are presented, and a summary and out-
look is given in Sec. ??. Details about our calculations,
such as the flow equations for the e↵ective potential and
couplings, anomalous dimensions, the glue potential, nu-
merical setup, and the threshold functions, are presented

QCD phase structure at finite temperature and density
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We discuss the QCD phase structure at finite temperature and chemical potential within the
functional renormalisation group approach. Results are presented for Nf = 2 and Nf = 2 + 1
flavours. These results are compared with lattice results for low densities and with other functional
results for the whole density regime. The curvature of the phase boundary for small chemical
potential,  = 0.0159±0.0020, is consistent with recent lattice results. For Nf = 2+1 a critical end
point is found at (TCEP , µBCEP

) = (117± 5MeV, 645± 40MeV). This density regime is beyond the
validity regime of the current approximation, and we discuss the necessary systematic enhancements.

PACS numbers: 11.30.Rd, 11.10.Wx, 05.10.Cc, 12.38.Mh

I. INTRODUCTION

QCD phase structure is a highly active scientific re-
search topic in recent years. A plethora of relevant impor-
tant results has been obtained from both experimental
measurements and theoretical studies, see, e.g., reviews
in [? ? ? ? ? ? ? ? ] and references therein. How-
ever, our knowledge concerning the QCD phase diagram
at high baryon chemical potential remains rare and elu-
sive, and in particular, the key questions whether there
is a critical end point (CEP) in the phase diagram, and
if it exits where it is, are still open to be answered. For-

tunately, lots of e↵orts are currently being performed in
order to unravel the mysterious veil. Experimentally, the
Beam Energy Scan (BES) Program at Relativistic Heavy-
Ion Collider (RHIC) has presented significant measure-
ments [? ? ? ? ], and BES phase II is under way
for the moment; searching for CEP and studies of QCD
phase structure are also planned at other facilities all
over the world with di↵erent collision energies and lumi-
nosities, such as the FAIR/CBM in Germany [? ] , the
NICA/MPD in Russia [? ], the J-PARC-HI in Japan [?
], and the HIAF in China [? ].
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Functional renormalization group for QCD phase structure

• Give the prediction of the phase 
boundary


• Try to have a better truncation at high 
density region (has little impact on the 
position of the CEP)


• High accuracy needed to have high-
order thermodynamic quantities


• …

fQCD 2025
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QCD-assisted LEFT

Effective action:
<latexit sha1_base64="JpiVyJAAmL2binGF0NJm2SPluh8="></latexit>

!k =

∫

x

{
Zq q̄

[
ωµεµ → ω0(µ+ igA0)

]
q +

1

2
Zω (εµϑ)

2

+ h q̄(T 0ϖ + iω5 ϱT · ϱς) + Vk(φ)→ cϖ + Vglue(L, L̄)
}

Together with some information from fRG-QCD:

Input from fRG-QCD

Fu, Luo, Pawlowski, Rennecke, SY (2024)

@t�k[�] =
1

2
� � +

1

2
@t�k[�] =

1

2
� � +

1

2

Flow equations:



Baryon number fluctuations

Pressure and Baryon number fluctuations: 
<latexit sha1_base64="S+PFTBe+9zDVdpLeYNc4k/COz3M="></latexit>

p(T, µ) =→ !(µ, T )

ωB
n =

εn

εµ̂n
B

p

T 4
, µ̂B =

µB

T

RB
m,n =

ωB
m

ωB
n

• The baryon number fluctuations at 
vanishing chemical potential can be 
used as Taylor coefficients

Fu, Luo, Pawlowski, Rennecke, SY (2024)



Predictions

Fu, Luo, Pawlowski, Rennecke, SY (2024)
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µB = 0

Predictions

Fu, Luo, Pawlowski, Rennecke, SY (2024)



Predictions
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Fu, Luo, Pawlowski, Rennecke, Wen, SY (2022)

<latexit sha1_base64="L3SvgOlI1vffPO3aP5cu1CMCvCY="></latexit>

p(µB)

T 4
=

p(0)

T 4
+

→∑

i=1

ωB
2i(0)

(2i)!
µ̂2i
B

Taylor Expansion:
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ωB
2 (µB) → ωB

2 (0) +
ωB
4

2!
µ̂2
B +

ωB
6

4!
µ̂4
B +

ωB
8 (0)

6!
µ̂6
B ,

ωB
4 (µB) → ωB

4 (0) +
ωB
6

2!
µ̂2
B +

ωB
8

4!
µ̂4
B ,

ωB
6 (µB) → ωB

6 (0) +
ωB
8

2!
µ̂2
B .

Idea of this work



Idea of this work
Lattice QCD at μB = 0
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Finite μB



Idea of this work

• Match fRG results with lattice QCD results at 0 chemical potential


• Estimate how large is the range that the extrapolation results match 
with the direct computed results

fRG at μB = 0
Extrapolation

Direct calculation

Compare Finite μB



Polyakov-Quark-Meson (PQM) Model

Effective action:
<latexit sha1_base64="JpiVyJAAmL2binGF0NJm2SPluh8="></latexit>

!k =

∫

x

{
Zq q̄

[
ωµεµ → ω0(µ+ igA0)

]
q +

1

2
Zω (εµϑ)

2

+ h q̄(T 0ϖ + iω5 ϱT · ϱς) + Vk(φ)→ cϖ + Vglue(L, L̄)
}

Here we use Local potential approximation (LPA):
<latexit sha1_base64="+Mpb23fpjJok8y3tcr4l7hyEpwc="></latexit>

ωtZq/ω = 0

ωth = 0

We only consider a simple computation of the effective potential.



Effective potential

Flow equation of effective potential:

The fermion loop for real and imaginary chemical potential

<latexit sha1_base64="H7IXlekuYV11rPU0ARUWpB6UZwA="></latexit>

ωtVk(ε) =
k4

4ϑ2

[
3 l(B)

0 (m2
ω;T ) + l(B)

0 (m2
ε;T )→ 4NcNf l

(F )
0 (m2

f ;µ, T )

]

<latexit sha1_base64="6iyEFYNoan3uhbpwSVkUtpwPzSA="></latexit>

l(F )
0 (m2

f ;µ, T ) =
k

3
√
k2 +m2

f

(
1→ nF (m

2
f ;µ, T ;L, L̄)→ n̄F (m

2
f ;→µ, T ;L, L̄)

)

=
k

3
√
k2 +m2

f

(
1→ 2 Re

(
nF (m

2
f ;µ, T ;L, L̄)

))

Ensure the T and curvature are the same with lattice
<latexit sha1_base64="2iEPbwwZHTmKmMPzDj3MPpmKvcw="></latexit>

T
(Nf=2+1)
QCD = cT T

(Nf=2)
PQM

µ
(Nf=2+1)
BQCD

= cµ µ
(Nf=2)
BPQM



Expansion methods

Methods:

A. Taylor Expansion


B. Padé Approximant


C. T’ Expansion



Extrapolation to finite density

A. Taylor Expansion of the pressure:
<latexit sha1_base64="3H+9HqPYkoBbTUUj6MhxzemgmNc="></latexit>

p(T, µ̂B)→ p(T, 0)

T 4
=

→∑

n=1

1

(2n)!
ωB
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2n
B
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HotQCD: WB:

Phys.Rev.D 105 (2022) 7, 074511 JHEP 10, 205 (2018)

A. Taylor Expansion

B. Padé Approximant

C. T’ Expansion



Example of Taylor Expansion

• Direct calculation vs Taylor expansion of 


• The  around  exhibits strong fluctuations at high chemical potential, 
which are difficult to capture with a finite-order Taylor expansion 

RB
42

RB
42 Tpc

A. Taylor Expansion

B. Padé Approximant

C. T’ Expansion

Fu, Luo, Pawlowski, Rennecke, Wen, SY (2022)



Extrapolation to finite density

B. Padé approximant:
<latexit sha1_base64="3eDSyGg6tL9dNkjjDQEwvPxz8fI="></latexit>

P [m,n] =
p(T, µ̂B)→ p(T, 0)

T 4
=

∑n/2
i=1 ai µ̂

2i
B

1 +
∑m/2

j=1 bi µ̂
2j
B

Here the coefficients  and  are determined byai bi
<latexit sha1_base64="aOiBvnuxzDnRNOp/eE1r2wDBfww="></latexit>

ωiP [m,n]

ωµ̂i
B

= εB
i

• When m=0 the Padé approximant will go back to Taylor expansion


• The poles of Padé approximant can be used to estimate the convergence radius of


    Taylor expansion

A. Taylor Expansion

B. Padé Approximant

C. T’ Expansion



Extrapolation to finite density

Ratio estimator: (the poles of P[2,n])
<latexit sha1_base64="1dvsIFKcW+oE+Aq7EhdB1h2utuQ="></latexit>

rratioc,2n =

∣∣∣∣
(2n+ 1)(2n+ 2)ωB

2n

ωB
2n+2

∣∣∣∣

1
2

Mercer-Roberts estimator: (the poles of P[4,n])
<latexit sha1_base64="SsYTNSLRlzOw4FqpG6FWRr3zBGg="></latexit>

rMR
c,2n =

∣∣∣∣

[
ωB
2n+2ω

B
2n→2

(2n+ 2)!(2n→ 2)!
→

(
ωB
2n

(2n)!

)2]∣∣∣∣

1
4
∣∣∣∣

[
ωB
2nω

B
2n+4

(2n)!(2n+ 4)!
→

(
ωB
2n+2

(2n+ 2)!

)2]∣∣∣∣
→ 1

4

• The estimators are given by the poles of the Padé approximant


• They can give an approximate convergence radius of Taylor expansion

A. Taylor Expansion

B. Padé Approximant

C. T’ Expansion



Extrapolation to finite density

C. T’ expansion:
<latexit sha1_base64="Z5VPo3o8VIYLAHsU9vxTJ9+1csI="></latexit>

ωB
1 (T, µ̂B)

µ̂B
= ωB

2 (T
→, 0)

T →(T, µ̂B) = T
(
1 + ε2(T ) µ̂

2
B + ε4(T ) µ̂

4
B +O(µ̂6

B)
)
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Phys. Rev. Lett. 126, 232001 (2021)

A. Taylor Expansion

B. Padé Approximant

C. T’ Expansion



T’ Expansion

Phys. Rev. D 110 (2024) 1, 016008

• Direct compute at both real and 
imaginary chemical potential


• Apply the T’ expansion to perform 
extrapolation

A. Taylor Expansion

B. Padé Approximant

C. T’ Expansion



T’ Expansion

Phys. Rev. D 110 (2024) 1, 016008

A. Taylor Expansion

B. Padé Approximant

C. T’ Expansion

• Extrapolation by T’ expansion
<latexit sha1_base64="UcofAtsYsUSI1Nh65ILqrT0M16k="></latexit>

T → = T

(
1 + ωB

2 (T ) µ̂
2
B + ωB

4 (T ) µ̂
4
B

+ ωB
6 (T ) µ̂

6
B + · · ·

)



T’ Expansion

• Extrapolation by T’ expansion
<latexit sha1_base64="UcofAtsYsUSI1Nh65ILqrT0M16k="></latexit>

T → = T

(
1 + ωB

2 (T ) µ̂
2
B + ωB

4 (T ) µ̂
4
B

+ ωB
6 (T ) µ̂

6
B + · · ·

)

Phys. Rev. D 110 (2024) 1, 016008
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• Extrapolation by T’ expansion
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C. T’ Expansion



Comparison of different Expansion methods
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Comparison of different Expansion methods
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Comparison of different Expansion methods

Hadron 
resonance gas

Stefan-
Boltzmann limit
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Parameters:

Estimation of Lee-Yang edge
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scaling variable:
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From fRG LPA computation

fRG O(4)
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Radius of convergence:



0

0.5

1

|L
|

0.4

0.6

0.8

1

co
s(

')
140MeV

200MeV

250MeV

0 2 4 6

[ /3]

-1

0

si
n

(
')

Roberge-Weiss critical point

Sun, Wen, Fu (2018)

<latexit sha1_base64="tcen3rzrfdiXFpNPJum8vm6Ecr4="></latexit>

µRW = i
ω

3
T

<latexit sha1_base64="8/Umk83p03sQk4m/uZZV5KelbLw="></latexit>

µ̂RW
B = iω



Estimation of reliable region of expansion
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Estimation of reliable region of expansion

Kahangirwe, Ratti, Vovchenko, Gonzalez, Munoz (2025)

Taylor Expansion T’ Expansion
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Summary and Conclusion

① Pressure and baryon number fluctuations are computed by fRG at real and imaginary chemical 
potential within a low energy effective theory


② The convergence of Taylor expansion, Padé approximant and T’ expansion are investigated

1. Consistent region: up to                                                      around 


2. Consistent regions are similar for all these three expansion methods


3. Convergence radius of Lee-Yang edge singularities are in agreement with expansion consistent 
regions

𝒪(μ8
B) Tpc                
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Summary and Conclusion

① Pressure and baryon number fluctuations are computed by fRG at real and imaginary chemical 
potential within a low energy effective theory


② The convergence of Taylor expansion, Padé approximant and T’ expansion are investigated
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Thank you very much!!!

1. Consistent region: up to                                                      around 


2. Consistent regions are similar for all these three expansion methods


3. Convergence radius of Lee-Yang edge singularities are in agreement with expansion consistent 
regions

𝒪(μ8
B) Tpc


