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QCD Phase Diagram
QCD Phase diagram

Monte Carlo approach

@ Zero density (u = 0)
Monte Carlo works well!

The phase changes smoothly.
= Crossover transition

Temperature 1T’

@ Finite density (1 # 0)
The weight e ™ is complex.

Sign PrObIem — Sign problem

No direct Monte Carlo analysis.

1 # 0 region is conjectured by
model calculations.

Baryon chemical potential ug



Recent progress in QCD-CP: Lee-Yang zeros

Pure imaginary chemical potential Estimation of location of QCD CP
+ Pade approxmation 160 g LS

+Lee-Yang zeros /edge singularity ™

120

€ 2+1 flavor QCD-CP 100
» Basar (2024) = 80
> Clarke, et al. (2024) ™ 6
» Alexander(2025)

0
0 500 1000 1500 0 500 1000 1500

Lee-Yang zero approach is powerful. & [Mg{EP cson [MeV]
But, in practice we always work at finite V. {“CEP = 4221:;51\46\/
How do we treat finite volume effect? ™" = 105173MeV
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Review : Lee-Yang Zero vang Los 1059

Lee-Yang Zeros Lee-Yang'’s circle theorem
= Zeros of Z in Complex Parameter space LYZs exist only on imaginary axis.
Ex.) d-dimensional Ising model s; = *1 t <0 1st order
1 h &
Z(t,h,L) = Trexp (T;sisj+TZsi) Im A

1,7 )
Phase diagram (d = 2) 4 t=(T-T.)/T.

: reduced temperature V -

LYZs intersect with Re axis.
Crossover

0 Critical Point p
L >

1st order
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LYZ around 1st order Vo Les 1653

Lee-Yang Zeros Lee-Yang'’s circle theorem
= Zeros of Z in Complex Parameter space LYZs exist only on imaginary axis.
V- oo t < 0 :1st order
Im A
p(m) 7 o o= VBhmo |V Bhmo
— e—V,mao(l _I_ €2V5hmO) V o

LYZs intersect with Re axis.

(2n + 1)7i
QBVmO

hiy(t) =

—My Moy m

The intervals of LYZs are same.
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LYZ around 1st order Vo Les 1653

Lee-Yang Zeros Lee-Yang'’s circle theorem
= Zeros of Z in Complex Parameter space LYZs exist only on imaginary axis.
Ex.) d-dimensional Ising model s; = *1 t <0 1st order

V- o Im A
LYZs intersect with Re axis.

t

Fact:
Crossover d > 2, Ising model has a CP. V- o

LYZs intersect with Re axis.
t : reduced temperature

Critical Point 0
Re h

Y & /
1st order/

Im A
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LYZ around Crossover Vo Les 1653

t > 0: Crossover

Im h

"V — oo,
LYZ never intersect
with Re axis

Re h

The Edge of LYZ
® - Lee-Yang edge singularity
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Lee-Yang edge singularity P
LY edge singularity

t > 0: Crossover

Im h

V — oo,
LYZ never intersect
with Re axis

Re h

The Edge of LYZ
= Lee-Yang edge singularity

LY edge singularity

- hpyes(t) =z
Z., 3,0 : universal constants

)
CB ¢B8
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Lee-Yang Zero in General model Lee, Yang 1952

General Model w/ Z(2) CP LY edge singularity
-BS
A . > hyyps(t) = 2, P0tFO
cp_h Z., [, 0 : universal constant
Tel---2 . » {Re§:§c+C1AT
_ 85
: 1st order Im¢{ = c2A7 Stephanov (2006)
| AImé
I
I > AT =1 —1,
€C € AS = ¢ =& > T

t A AT _ a1 ai9 AT A Re 5 :
h Ag a1 422 A 3] N |
T and ¢ is written by linear combination t and h ¢ ,
around the CP




Recent progress: Lee-Yang ZEros

> uniformizing map!
+ two-cut map
o Padé

i

L Re puye [MeV] o '
& 2+1 flavor QCD-CP o & Haco J
600 = 5t
» Clarke, et al. (2024) —N ; E
4— ""E'F':‘ = et
the = 4227 MeV | | 3\
200 [
+ 2
T S 105 Mev 400_Im,um;E [MeV]I ¥ H.otQCD [4.4] 200
o E 15f
» Basar (2024) 007 E
200 g 1.0j
le ~ 580MeV
Tc ~ 100MeV 090 100 1o 10 130 o 0 160 1T 00740 100 B 1\123)
Clarke, et al. (2024) Im (ppy) (1782
» Adam, et al.(2025) 60| _o— Teer =55.8%63 Mev
—— %2,:0.99 L.
TC < 103M6V 404 —— nHRG@Im!=n M
or CP does not exist " nHRG@Im=n
20 A PR s

How do we treat finite volume effect? ,

T [MeV]

0 50

100

150

140 160

Basar (2024)

200 Adam et al.(2025)
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Problem and Solution

Lee-Yang edge singularity is defined in the infinite volume limit.

Lattice simulation is always performed in finite volume.

4 A
?

1st LYZ on finite volume =~ LY edge singularity (V — o)
. J

s Solution

Lee-Yang zero ratio method

A new method to locate a CP using Finite size scaling
TW, Kitazawa, Kanaya, PRL, 134, 162302 and arXiv: 2508.20422




Finite Size Scaling (FSS) -

FSS of Free Energy BFsing(t, h L_l) = —log Z(t, h,L_l) Im h
Fling(t, h, L™Y) =Fyng(LY*t, LV* h)

FSS of Partition function

Zging (t, hy LYY =Zgng (LYtt, LY* )

Factorization of Partition function
N

Zsing(t, h, L") = [ [ (h = A" (¢, L™

n=1

LYZ function

FSS of LYZ
e\ (¢, LY = B\ (Lvet)

ltzykson, Nucl. Phys. 220 (1983)
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Lee-Yang Zero Ratios TW, Kitazawa, Kanaya (2025)

LYZ Ratio
Rym(t, L) =

hi™ (¢, L)
h(m) (¢, L)

€t > 0:Crossover
All LYZ accumulate at LYES inV — oo
—> Ratio=1

@® t < 0: 1st order phase transition
The distance between LYZ and Re-axis is 1:3:5...inlV = oo

2> Ratio=(2n—-1)/(Z2m —1)

Change
discontinuously

L — oo

How is the behavior in finite volume? 1

> 1
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I—YZR near C P TW, Kitazawa, Kanaya (2025)

FSS & Taylor Expansion near the CP Xy (Yn Ym)
Lo b\, LY = X, + Y LVt + O(2)

Xn  Xm

m = »Cnm = 'mm
X
m

) R, (t.L) = MMt L) X+ Y, LVt + O(t?)
mmAn T ) (4 L) Xom + YLVt + O¢2)  Bam(t, L)

W Boon (6, L) = (ram + com LVt + O(#2))

R,..,,(t = 0) does not depend on the volume.

-> Useful to locate CP
Cf. Similar to Binder Cumulant B,(t = 0) = b,

Crossing Point = Critical Point
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3-dimensional Ising model w e, sy 20820022

Numerical Setting

* Algorithm : Wolff Algorithm Previous result: Ferrenberg et. al. (2018)
* Determine the 1st~4th LYZ L=16,---,1024

using reweighting method #measurement ~ 5 x 10° x 10%
 Volume L = 16,:--, 96,128,192,256

« # of measurement = 2x10°
e y? fitting
Non-linear fitting to (LYtt)?
Rom(t, L) = Tpm + Cam LYt + dypm (LY11)?

Aim : To evaluate 1,,,;, and to compare with Binder cumulant.




How to determine the LYZ

We cannot calculate partition function in Monte Carlo method.
However, we can detect LYZ using reweighting method.

©O)o =7 ZOto,ho> Tt Zy = e o
0

Normalized Partition functlon
Z(t,hg +ihy) 25>, e Hbhrtihn)=H(to.ho))g—H(to,ho)
Z(t,hgr) ZO_1 zm e—(H(t,hr)—H(to,ho)) e—H (to,ho)
(e= (H(t.hn-+ihn)=H (to,ho)\
(e~ (H(t.h)~H(to.ho)))

The zeros of this function is Lee-Yang zeros because the denominator is always positive.
To avoid the sign problem (Overlap problem), we need to generate a lot of config..



FSS of LYZ

LYZ function

(t, L")

FSS of LYZ in Ising model

Lohiy (1, L) = hi3)(L¥t)

[Itzykson, Nucl. Phys. 220 (1983)]
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TW, Kitazawa, Kanaya, 2508.20422

LYZ w/ error bars

Im A" | L=96 e Ist  2ud
3.0 x 10 ° 4 ! L=128 e 1st ¢ 2nd
| L=192 e 1st ¢ 2nd
: L=256 e 1st e 2nd
: < *
2.0 x 101 S S .
R R
ad I
1.0 x 10 ° 1 5 < <
s = 3+ 3 % ¥ 7
+« & == * * %
¥ * f - o - - e
4.5105 4.5110 4.5115 4.5120 4.5125
T

Dashed line : T, (Ferrenberg 2018)

Below T = T,, LYZ on finite volume never intersect with real axis.
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FSS Of I—YZ TW, Kitazawa, Kanaya, 2508.20422

LYZ function 5 LYZ w/ error bars
(n) —1 LY Im A% k!
h — hLY (t, L ) 44 LY - == =
il
Pl
3 s - .
- - 21 -
FSS of LYZ in Ising model e
Yh (’I’L) 1 1 (’I’L) Yy 1+ - o . aatl L=96 e lst e 2nd
- — t - — e 1s n
Linhpy (8 L77) = hiy (L71)] L
[Itzykson, Nucl. Phys. 220 (1983)] | L:%Gl ° st ¢ 2?d
_4 _9 0 9 1
L7t

LYZ accumulates a single line.
—> LYZ obey Finite Size Scaling law.



LYZ Ratio o

TW, Kitazawa, Kanaya, 2508.20422
T,L) L=16 —L=24

—L=32 L=48
—L=64 —L=96
—L=128 —L=192
— L =256

2nd/1st LYZ Ratio
21(T,L) L=16 —L=24 3.76-

—L=232 L =48
—L=64 —L=96
— L =128 — L =192 3787
— L =256 |

2.47 1

2.45

3.7+

T. = 4.5115232(1)
Ferrenberg, et al. (2018) }*

2.43i Ly x/d-0 .
1016 5.06 |
@ 24 1.68 T L L=16 —L=24
©32 126 Rl TiTes —icos
0 41 O 48 1.21 4.99- —L=128 —L=192
' @ 64 1.40 — L=256
0%  1.52 405, '
® 128 1.65
®192 248 wor] Lo [0
2.39 . . o ' @24 2.58
451145 4511475 45115 4511525 451155 cerllo32 260
' 048 1.96
TC yt 4.83 - :gé ggg
R,,Non-linear 4.5115185(59) | 1.587(12) e soxin| 1
B, (Ferrenberg 2018) | 4.5115232(1) |1.58723(22) : ot astian agis  ssnes asiie 18/30
Consistent with previous result within error
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— Intersection

e T=T, (Ferrenberg) — Extrapolation
o T=T, (Intersection)| | 0 = 0o
b4 e T'= T, (Ferrenberg)| |— Intersection
-------------------------- o T=T, (Intersection) |- { — Extrapolation
O L=
- - Ferrenberg I
[
0 1 1 1 1 1
256 128 64 32
1/L

TW, Kitazawa, Kanaya, 2508.20422

FSS violation on leading order
Prm(L) = r(1 4 bL™1)

w, = 0.83
r and b are fitting parameter

Fitting in L = 256~96

Ferrenberg 2018
T, =4.5115232(1)



General System w/ Z,-CP

cp h Linear Approximation

Ter—-—-2 t _ 4 0T\ (@11 ai2) (T —T¢
1st order h) 06 )] \ao1 a9 §— &

R LY = B (L9 ~ §( X, + Yot LY?)

For fixed 7 € R,
Search LYZ in Complex & -plane

>

Sc

Consistent with general LYES ((n) f w17 C’)(LQ-@) Y=yt —Yn <0
R — Sc

(¢(n a21 n _

\fz('n) = const. x §77° \ 22

Stephanov (2006) L — o0



General System w/ Z,-CP

) Yy — yp = —0.894 for 3d-7Z(2)
é_}n)Lyh :Xn —|_ detA Yn Lyt(ST _|_ 0<L2y) !
199 a%g C:detA(Y2 B Yl) D:a_%Q(YQ_YQ)
aze \ X2 X1/’ a3y ’
(n) (7_ L) _ _
Rym (T, L) = 22222 = (1 + Co (LY967) + O(77)) (1 + Dy LY + O(LY))

(L) . .
Ising term Mixed term from a;, # 0

Ising Model R,,,, (t, L) = (Tnm + Cm LYt + O(tQ))

* |nthe L - oo limit, Crossing Point = Critical Point !

* T, is dependent on )) Guideline for critical point search

only universality class Determination of universality claz§/§O



Comparison to Binder cumulant method

Binder Cumulant y =y, —yn = —0.894 for 3d-Z(2)
Ba(t,h, L) = (by + catL¥ + O(t?)) x (1-+{dald + O(L%))
. Jin, et al. PRD96 (2017)
LYZ Ratio
Roum (7, L) = (rm + Cam(TL¥) + O(72)) x (1 + | Db+ O (L))

Purely magnetic Parameter mixing (a,; # 0)

@ The suppression of finite volume effect in LYZR is

larger than Binder cumulant.




3d-3state Potts model =

= @i=123= ()})
Binder cumulant
Z3symmetry 17 o . . “
1.68 B L=60 _____ Smmn 4
| L=50 ---%--
166 F r=o0 o 5
1.62
158 b @ g
f g Tk
156 % 7
0 > 154 %
152 Karsch, Stickan (2000)

_106
# of measurement=10 0.00072 0 00074 0 00076 0.00078 0.0008 0.00082
Heatbath method '3



3d-3state Potts model -

2"d /15t LYZR in Potts model R (7, L)
o5 Ko (T, L) | | | 38 1
37 r
36
24 - s |
— ] =Y =] — 30
— L =40 —L =50 5.2
- —L=60 —L="70 |
| T O R o 7321,31,41 50 |
0.54530 0.541935 0.541940 0.541945 s |
1:(,'
Roq 0.549375(18) 0 -
B4(Karsch 2000) 0'54938(2) 0.54Igso 0.54935 0.54Ig40 0.54Ig45 24/30




Comparing the 1,4 -

2.44 |
1 .
21 These results are almost consistent.
|
1
2.42 1 :
¢
1
e
1
2.40 | ®
|
1
I
[
2,381 | o
|
1
1
I
2.36- |
|
1

[sing Potts N,=4 N,=6
| | | Heavy-Quark |

L > oo L : Finite
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SI ngle I-YZ m eth Od TW, Kitazawa, Kanaya, 2508.20422

1st LYZ is investigated, but more than 2nd is not.

LYZ function

h=hiy (6L

\

FSS of LYZ in Ising model
Lohiy (1, L7Y) = hi3)(L¥t)

[Itzykson, Nucl. Phys. 220 (1983)]

Im A
h4)
hL(3)

Expansion

) R
This value is independentto V att=0

Crossing point = Critical Point

>¢We must assume critical exponent.



Single LYZ method in Ising model

Lo B (LY ) = X, + Y, LYt + O(t?)

TW, Kitazawa, Kanaya, 2508.20422

1.41 -

L'hy(T,L)

1st LYZ in Ising model

Lmim XQ/dOf
1.381| O 16 52.67
h® 24 14.68
o 32 7.77
|048  5.00 L=16 —L=24
@ 64 3.82 — L =32 L =148
® 96 2.36 —L=64 —L=96
@ 128 2.19 — L=128 — L =192
® 192 2.57 — L =256
1-43%1145 4.511475 4.5115 4.511525 4.51155

T

2nd LYZ in Ising model
L"my(T,L) |

3.39

3.36 1

ins XQ/dOf
Ho16  70.57

® 24 27.14
@32 13.82

339 10 48 5.98 L=16 —L=24
® 64 2.13 —L=32 L =48
® 96 1.18 —L=64 —L=96
® 128 1.32 b [—L=128 — L =192
©192 114 L |—L=256

33— I . T

4.51145 4.511475 45115 4.511525 4.51155

T

Finite volume effect is large.
However, this value is a good indicator of CP.
(If we know the universality class.)



Single LYZ method in

L¥ R (L¥et) = X, + Yy LVet + O(t?)

500

400

300

200

100

N,=2+1 QCD

4.0x10%
1st LYZ ° :u:dapest-Wuppertal
® iFar
fm Ha 3.0x10%44| ® HotQCD
L'"Im p,
2.0x 1041
) 1.0x10% -
LT ® Buddapest-Wuppertal ? £T =4
® BiPar 0 * | ..._...—-T—o-——-o-——" L’I.' = 2
LT = 4 e HotQCD 120 IT :11-,4 V] 160
I ' ' e
120 140 160
TN Lattice result is still high temperature.
Pure imaginary chemical potential T, = 90 — 100 MeV?

+ Pade approximation




29/29
Summary

v' We propose a novel and general method to locate the critical point using the

Lee-Yang zeros with the finite volume effect. - Lee-Yang Zeros Ratio method

v' We verify the LYZR method numerically.
» 3d-Ising model
» 3d 3state Potts model
» Heavy-Quark QCD (Kitazawa’s talk on Wendnday)

Future Works
0 Application to 2+1 flavor QCD
—>Roberge-Weiss phase transition,
QCD critical point (We need 2nd LYZ!)
[ Application to analytic system (Mean field, Large-N etc.)
0 Application to other phase transition (Quantum PT, KT)



Application of LYZR method

Lee-Yang zeros Ratio method
* |sing Model Rum(t, L) = (Trm + cam LYt + O(t7))
* General system R, (7, L) = (rnm + Com (LY67) + O(77)) (1 + Dpin L*Y + O(LY))

Crossing Point = Critical Point !

Numerically Application

e 3d-Ising model
e 3d 3-states Pott model
 Heavy-Quark QCD (Kitazawa’s talk on Wendnday)



