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2Outline

❖ The analytic structure of the universal scaling 
function using the Schofield parameterization


❖ Learning the quark number density with complex 
valued periodic neural networks (sinh-net)

➡ Fourier coefficients of the density and their 

asymptotic behaviour from universal scaling

➡ Canonical partition functions and the fugacity 

representation of the grand canonical partition 
function 
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3Universal scaling

Scaling hypotheses:

Free energy:

Effective model O(4)/O(2)/Z(2): (2+1)-flavor QCD:

t
<latexit sha1_base64="BtyRuFHJ4Gyiqh7CzmPIUcMxxV0="></latexit>

h
<latexit sha1_base64="PXBYHmG9MgqTqdiQWte46om9fRs="></latexit>

reduced temperature 
reduced symmetry breaking field 
inverse system sizeL�1

<latexit sha1_base64="1N2Ic3JNtQF1KWSjUn6FC/RmBCU="></latexit>

h =
1

h0
(H � Hc), H =

ml

ms
<latexit sha1_base64="OpeAJcn5ROnB5rEwEgOBEKhBmTU="></latexit>

l = l0L
�1

<latexit sha1_base64="cS0PnIT17WqtfZp3Jng/DWhB6pE="></latexit>

map QCD to the 
effective model

controlled by 
non-universal 
parameters:
t0, h0, l0

<latexit sha1_base64="7YABniCctcuY8uqcJggvpiG8gu4="></latexit>

Tc,Hc
<latexit sha1_base64="qPHFj0S5tQ084W3x0v2H7h+7aVU="></latexit>

❖ Determinations of the non-universal parameters, including  are available κ l
2, κs

2, κls
11

Scaling fields 
<latexit sha1_base64="2bugbsvAtFD4+whdVDadB8ZqVwQ="></latexit>

t =
1

t0

�
�T + l

2µ̂
2
l + s

2µ̂
2
s + 2ls

11µ̂lµ̂s

�
<latexit sha1_base64="zlQqYfSXw4hNvdV0RSpawCv338Y=">AAACEHicbVC7TsMwFHV4lvIKMLJYVAgWqgQhYEGqgIGxSH1JTRQ5jtNadeLIdpCqKJ/Awq+wMIAQKyMbf4PTZoCWI9k+Oude+d7jJ4xKZVnfxsLi0vLKamWtur6xubVt7ux2JE8FJm3MGRc9H0nCaEzaiipGeokgKPIZ6fqjm8LvPhAhKY9bapwQN0KDmIYUI6UlzzxyfM4COY70kzm3hCkEW1dOKBDOWictD+dZceWeWbPq1gRwntglqYESTc/8cgKO04jECjMkZd+2EuVmSCiKGcmrTipJgvAIDUhf0xhFRLrZZKEcHmolgCEX+sQKTtTfHRmKZDGzroyQGspZrxD/8/qpCi/djMZJqkiMpx+FKYOKwyIdGFBBsGJjTRAWVM8K8RDpMJTOsKpDsGdXnied07p9Xrfvz2qN6zKOCtgHB+AY2OACNMAdaII2wOARPINX8GY8GS/Gu/ExLV0wyp498AfG5w8svJ1O</latexit>

�T =
T � Tc

Tc

Scaling fields 

<latexit sha1_base64="20RlzGtDxvDMMcEAth8I0kR5Oko="></latexit>

fs(t, h, L) = b�dfs(b
ytt, byhh, L�1b)

HotQCD, PRD 109 (2024) 11

❖ Establish universal scaling is important for locating and classifying critical points. 



4Universal Scaling

Order parameter and (infinite size) scaling functions

<latexit sha1_base64="cx2jg0nsApKqcA2fAV15e02Ib9M="></latexit>

f(T,H)
T

⌘ � 1
V

lnZ(T,H) = H0h
1+1/�

ff(z) + reg.

Ansatz for the free energy density 

Order parameter

<latexit sha1_base64="2D7Z1pUpCIXtpnOdaRTYjzkzCw8="></latexit>

z = t
h1/�� , h ⌘ H/H0 , t = t

�1
0

T�Tc

Tc
with

<latexit sha1_base64="ELakLr3j8ACa4BVuVgrsV3cE+bU="></latexit>

M = � @f

@H
⌘ h1/�fG(z)

<latexit sha1_base64="8v6773qiDA7JKtK04sgWEGt6Eo8="></latexit>

fG(z) = �
�
1 + 1

�

�
ff(z) +

z
��

f 0
f(z)with

<latexit sha1_base64="3nILMJd8co9BZpMifoOwOmlKWqQ=">AAAB+XicbVC9TsMwGHTKXyl/AUYQsqiQmKqEARgrGGBsJfojtVHkOE5r1bEj26lURR15CxYGEGJl6XOw8Qy8BE7bAVpOsny6+z75fEHCqNKO82UVVlbX1jeKm6Wt7Z3dPXv/oKlEKjFpYMGEbAdIEUY5aWiqGWknkqA4YKQVDG5zvzUkUlHBH/QoIV6MepxGFCNtJN+2u4FgoRrF5soi/27s22Wn4kwBl4k7J+Xq8aT+/Xgyqfn2ZzcUOI0J15ghpTquk2gvQ1JTzMi41E0VSRAeoB7pGMpRTJSXTZOP4ZlRQhgJaQ7XcKr+3shQrPJwZjJGuq8WvVz8z+ukOrr2MsqTVBOOZw9FKYNawLwGGFJJsGYjQxCW1GSFuI8kwtqUVTIluItfXibNi4p7WXHrpo0bMEMRHIFTcA5ccAWq4B7UQANgMARP4AW8Wpn1bL1Z77PRgjXfOQR/YH38APBPl48=</latexit>

fG

<latexit sha1_base64="CPJN5DekSz+ZrAqGuhhxVoHCaPE=">AAACAnicbVC7SgNBFJ31GdfXqpXYLAbBKuxaqCBi0MYyinlANoTZyU0yZPbBzF0xLsHGPxEbC0Vs7e1txL9x8ig08cAwh3Pu5d57/FhwhY7zbUxNz8zOzWcWzMWl5ZVVa229pKJEMiiySESy4lMFgodQRI4CKrEEGvgCyn7nrO+Xr0EqHoVX2I2hFtBWyJucUdRS3dr0/Eg0VDfQX+oh3GB6CT3v6LZXt7JOzhnAniTuiGRPPszj+OHLLNStT68RsSSAEJmgSlVdJ8ZaSiVyJqBneomCmLIObUFV05AGoGrp4ISevaOVht2MpH4h2gP1d0dKA9XfUlcGFNtq3OuL/3nVBJuHtZSHcYIQsuGgZiJsjOx+HnaDS2AouppQJrne1WZtKilDnZqpQ3DHT54kpb2cu59zL5xs/pQMkSFbZJvsEpcckDw5JwVSJIzckUfyTF6Me+PJeDXehqVTxqhng/yB8f4DzCubVA==</latexit>

Re z

<latexit sha1_base64="LB0zS5QrAOrEFjmwSKk8UjVcPoI=">AAACAnicbVDLSsNAFJ34rPEVdSVugkVwVRIXKohYdKO7CvYBTSiTybQdOnkwcyPWENz4J+LGhSJu3bt3I/6Nk7YLbT0wzOGce7n3Hi/mTIJlfWtT0zOzc/OFBX1xaXll1Vhbr8koEYRWScQj0fCwpJyFtAoMOG3EguLA47Tu9c5yv35NhWRReAX9mLoB7oSszQgGJbWMTceLuC/7gfpSB+gNpBdB5hzdZi2jaJWsAcxJYo9I8eRDP44fvvRKy/h0/IgkAQ2BcCxl07ZicFMsgBFOM91JJI0x6eEObSoa4oBKNx2ckJk7SvHNdiTUC8EcqL87UhzIfEtVGWDoynEvF//zmgm0D92UhXECNCTDQe2EmxCZeR6mzwQlwPuKYCKY2tUkXSwwAZWarkKwx0+eJLW9kr1fsi+tYvkUDVFAW2gb7SIbHaAyOkcVVEUE3aFH9IxetHvtSXvV3oalU9qoZwP9gfb+A8qZm1M=</latexit> Im
z

LY edge

<latexit sha1_base64="ZfqoffumkVnBJky6iLWtd4EVqd8=">AAACBnicbVDJSgNBEO2JW4zbqEcRhgRBEOJMDuox6MVjBLNAJoSenkrSpGehu0YYhpy8+AH+hBcPinj1G7zlb+wsB0180PTjvSqq6nmx4Apte2zkVlbX1jfym4Wt7Z3dPXP/oKGiRDKos0hEsuVRBYKHUEeOAlqxBBp4Apre8GbiNx9AKh6F95jG0AloP+Q9zihqqWseu14kfJUG+svcmJ9XXA+Quj4IpKOuWbLL9hTWMnHmpFQtumfP42pa65rfrh+xJIAQmaBKtR07xk5GJXImYFRwEwUxZUPah7amIQ1AdbLpGSPrRCu+1YukfiFaU/V3R0YDNdlUVwYUB2rRm4j/ee0Ee1edjIdxghCy2aBeIiyMrEkmls8lMBSpJpRJrne12IBKylAnV9AhOIsnL5NGpexclJ07ncY1mSFPjkiRnBKHXJIquSU1UieMPJIX8kbejSfj1fgwPmelOWPec0j+wPj6AeGZnF0=</latexit>

⇡/2��

Fig: complex scaling 
function  over the 
complex  pane, 
courtesy to V. Skokov

fG(z)
z



5Schofield parametrization 

An alternative coordinate frame 
introduced by Schofield:

<latexit sha1_base64="TWTSnRKdwAqsr73SjvhQ68EV/+4=">AAACCHicbVC7SgNBFJ2Nrxhfq4KNhYtBsAq7FmojhNjYCImYB2TXZXZ2kgyZfTBzVwhLSht/RQQLRWzFL7Cz8VucTVJo4oGZOZxzL3Pv8WLOJJjml5abm19YXMovF1ZW19Y39M2thowSQWidRDwSLQ9LyllI68CA01YsKA48Tpte/zzzm7dUSBaF1zCIqRPgbsg6jGBQkqvv2V7EfTkI1JNengWueXVjexSwDT11D129aJbMEYxZYk1IsbxT+2aPlY+qq3/afkSSgIZAOJaybZkxOCkWwAinw4KdSBpj0sdd2lY0xAGVTjpaZGgcKMU3OpFQJwRjpP7uSHEgs1lVZYChJ6e9TPzPayfQOXVSFsYJ0JCMP+ok3IDIyFIxfCYoAT5QBBPB1KwG6WGBCajsCioEa3rlWdI4KlnHJaum0qigMfJoF+2jQ2ShE1RGF6iK6oigO/SAntGLdq89aa/a27g0p016ttEfaO8/CYKdrw==</latexit>

M = m0R
�✓

<latexit sha1_base64="esPxrEyAtqxtnKtCAYO57n2F4Nw=">AAACBXicbVDLSsNAFJ3UV62vqEtdhBahIpakC3UjFN24rGIf0MQymUzt0MmDmRshhG7c+AN+hBsXirj1H9z1b5y0XWjrgWEO59zLvfe4EWcSTHOk5RYWl5ZX8quFtfWNzS19e6cpw1gQ2iAhD0XbxZJyFtAGMOC0HQmKfZfTlju4zPzWAxWShcEtJBF1fHwfsB4jGJTU1fdtN+SeTHz1pXB+U7aObehTwHfVw2FXL5kVcwxjnlhTUqoV7aPnUS2pd/Vv2wtJ7NMACMdSdiwzAifFAhjhdFiwY0kjTAb4nnYUDbBPpZOOrxgaB0rxjF4o1AvAGKu/O1Lsy2xRVelj6MtZLxP/8zox9M6clAVRDDQgk0G9mBsQGlkkhscEJcATRTARTO1qkD4WmIAKrqBCsGZPnifNasU6qVjXKo0LNEEe7aEiKiMLnaIaukJ11EAEPaIX9IbetSftVfvQPielOW3as4v+QPv6AcccmxM=</latexit>

t = R(1 � ✓2)
<latexit sha1_base64="dKv5Lz6QKvnTHZmdU3IH3KCYNM8=">AAACE3icbVC7SgNBFJ2NrxhfUUubJUGICmHXQm2EoI1lFPOAbAyzszfZIbMPZu4KYck/WOiv2FgoYmtjl79x8ig0emCYM+fcy9x73FhwhZY1MjILi0vLK9nV3Nr6xuZWfnunrqJEMqixSESy6VIFgodQQ44CmrEEGrgCGm7/cuw37kEqHoW3OIihHdBeyLucUdRSJ3/ouJHw1CDQV+qf+x3r5i51XEDqeCCQDv2Sg75+Hgw7+aJVtiYw/xJ7RoqVgnP0OKoMqp38l+NFLAkgRCaoUi3birGdUomcCRjmnERBTFmf9qClaUgDUO10stPQ3NeKZ3YjqU+I5kT92ZHSQI3H1pUBRV/Ne2PxP6+VYPesnfIwThBCNv2omwgTI3MckOlxCQzFQBPKJNezmsynkjLUMeZ0CPb8yn9J/bhsn5Tta53GBZkiS/ZIgZSITU5JhVyRKqkRRh7IM3klb8aT8WK8Gx/T0owx69klv2B8fgPRpqG4</latexit>

h = h0R
��h(✓)

<latexit sha1_base64="SlT1hPrGkk0RIGid6Qn7FQI0VyQ=">AAACCnicbVC7TgJBFJ3FF+Jr1dJmhJhAJGTXQi2JNpZo5JGwhMwOA0yYfWTmrslmQ21j6W/YWGiMrV9gx984CxQKnmQyJ+fcm3vvcUPBFVjWxMisrK6tb2Q3c1vbO7t75v5BQwWRpKxOAxHIlksUE9xndeAgWCuUjHiuYE13dJ36zQcmFQ/8e4hD1vHIwOd9TgloqWseO24geir29JfgIpSHJQcCXLwrOzBkQErjrlmwKtYUeJnYc1Ko5p3T50k1rnXNb6cX0MhjPlBBlGrbVgidhEjgVLBxzokUCwkdkQFra+oTj6lOMj1ljE+00sP9QOrnA56qvzsS4ql0W13pERiqRS8V//PaEfQvOwn3wwiYT2eD+pHA+tg0F9zjklEQsSaESq53xXRIJKGg08vpEOzFk5dJ46xin1fsW7tQvUIzZNERyqMistEFqqIbVEN1RNEjekFv6N14Ml6ND+NzVpox5j2H6A+Mrx/Ofpyr</latexit>

(t, h) ! (R, ✓)
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[Karsch et al. PRD 108 (2023) 014505]

❖  of  models has been determined 
analytically ( -expansion for  and ) 
and by Monte Carlo simulations. 

fG O(N)
ε N = 1 N = ∞

<latexit sha1_base64="QCGCxSU6MsCPOK28cygjE7ddFp4="></latexit>

fG(z) ⌘ fG(✓(z)) = ✓
⇣

h(✓)
h(1)

⌘�1/�

<latexit sha1_base64="tMPp0WgCL/NgMGe7l0ea60pskxw="></latexit>

z(✓) = 1�✓2

✓2
0�1

✓1/�
0

⇣
h(✓)
h(1)

⌘�1/��

❖ Asymptotic behaviour of  by construction


❖ All non-trivial information in 


fG
h(θ)



6Schofield parametrization 

Find singular points of magnetic susceptibility 

<latexit sha1_base64="W4f/q82fLeml4aAoT5STkGPfJcw="></latexit>

�h = @M

@H
= h

1/��1

H0
f�(z)

<latexit sha1_base64="69EkkPPR5tmhuJ32yxZcu3kCmQw="></latexit>

f�(z) = 1
�

⇣
fG(z) � z

�
f 0
G(z)

⌘

using Schofield’s parametrisation 

<latexit sha1_base64="jgtab14GEeaShy1J5T7572U7h7Q="></latexit>

f�(z) =
((2��1)✓2+1)h(1)

2��✓h(✓)�(✓2�1)h0(✓)

⇣
h(✓)
h(1)

⌘1�1/�

Condition for singular points:

<latexit sha1_base64="2ImMt8bWyxkHmg3pFSQMmCvyL/8="></latexit>

0 = 2��✓h(✓) �
�
✓2 � 1

�
h0(✓)

<latexit sha1_base64="bnXjzUhEdqHK03NKuoYbpyGzDYM="></latexit>

0 = dz(✓)
d✓

<latexit sha1_base64="5082iDNzipVJHcjE+7xAuqanf10=">AAACBnicbVC7SgNBFJ31GddX1FKEwSBYhV0LtRGDNhYWEcwDkiXMzs4mQ2Z3lpm7SlhS2fgfVjYWitja2duIf+PkUWjigWEO59zLvff4ieAaHOfbmpmdm19YzC3Zyyura+v5jc2qlqmirEKlkKruE80Ej1kFOAhWTxQjkS9Yze+eD/zaDVOay/gaegnzItKOecgpASO18jtNX4pA9yLzZbh5yUJQvN0BopS87bfyBafoDIGniTsmhdMP+yR5+LLLrfxnM5A0jVgMVBCtG66TgJcRBZwK1rebqWYJoV3SZg1DYxIx7WXDM/p4zygBDqUyLwY8VH93ZCTSg01NZUSgoye9gfif10ghPPYyHicpsJiOBoWpwCDxIBMccMUoiJ4hhCpudsW0QxShYJKzTQju5MnTpHpQdA+L7pVbKJ2hEXJoG+2ifeSiI1RCF6iMKoiiO/SIntGLdW89Wa/W26h0xhr3bKE/sN5/ALNanOw=</latexit>,

Form of  in the LPM approximation:h(θ)
❖  is an odd function of 


❖  has roots at 


❖ (Generalised) linear parametric model 
approximation:


h(θ) θ

h(θ) 0, 1, θ0

<latexit sha1_base64="y2auTsWj/m29NxupAa1HvZGVevM="></latexit>

h(✓) = ✓(1 � (✓/✓0)2)g , g = 1, 2

with

<latexit sha1_base64="vxxCRXfwLmVJugUyGI4SJN7Bddk="></latexit>

g =

(
1 ,mean � field

2 , N = 1

❖ LPM approximation is kept exact for epsilon 
expansion up to 


❖ Beyond LPM we define 


O(ε2)

<latexit sha1_base64="mUN489U4S/MRjdMJMnbLRdusVDA="></latexit>

h(✓) = ✓

✓
1 �

⇣
✓
✓0

⌘2
◆g �

1 + c2✓2 + c4✓4 + O(✓6)
�

<latexit sha1_base64="FSH93uFw1kXEBIo4jwvJih2y58Y="></latexit>

⌘ ✓(1 + h3✓2 + h5✓4 + h7✓6 + O(✓8))



7Mean field and large-N limits

Eos:
<latexit sha1_base64="ejCRWqpcyOfAqehVP9rcYeQDb+U=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q6IQEcJuCrURghZaRjAPSDbL7OxsMmT2wcysEJf0Nv6KhRaK2OYH7PwNP0CcTVJo4oFhDufcy733OBGjQhrGp5ZZWFxaXsmu5tbWNza39O2dughjjkkNhyzkTQcJwmhAapJKRpoRJ8h3GGk4/YvUb9wSLmgY3MhBRCwfdQPqUYykkmw933ZC5oqBr77Esy9h8Q4eQUU65cNOF55Bc2jrBaNkjAHniTklhcq+8ZU8fY+qtv7RdkMc+ySQmCEhWqYRSStBXFLMyDDXjgWJEO6jLmkpGiCfCCsZ3zKEB0pxoRdy9QIJx+rvjgT5Il1XVfpI9sSsl4r/ea1YeqdWQoMoliTAk0FezKAMYRoMdCknWLKBIghzqnaFuIc4wlLFl1MhmLMnz5N6uWQel8xrs1A5BxNkwR7IgyIwwQmogCtQBTWAwT14BC/gVXvQnrU37X1SmtGmPbvgD7TRD93unXQ=</latexit>

fG(z + f2
G)g = 1

Critical exponents:

-3

-2

-1

 0

 1

 2

 3

 0  0.5  1  1.5  2  2.5  3  3.5

mean-field
Θ02=3/2

|φ|

Im
(Θ

)

Re(Θ)

0.2 π
0.3 π

0.33 π

0.333 π
π/2βδ

0.334 π

0.335 π
0.34 π

0.4 π

<latexit sha1_base64="2y6roM1KZxeCI5A/xCsJt18d4AQ="></latexit>

� = 1
2

, � =

(
3 ,mean � field

5 , N = 1

<latexit sha1_base64="m1zyxs3vzNjMrJa4BC8i1/RJurA="></latexit>

zLY =

(
3 · 2�2/3 e±i⇡/3 , mean � field

5 · 2�8/5 e±i⇡/5 , N = 1

YLE

❖  is  dependent


❖ For  we have  and 


θLY θ0

θ0 = 3/2 z(θ) : ℂ+ → ℂ θLY = ∞

Lines of constant  for a particular choice of  in the 
mean — field case

arg(z) z(θ)



83d-Z(2) model in LPM approximation

-4

-3

-2

-1

 0

 1

 2

 3

 4

 0  0.5  1  1.5  2  2.5

|φ|

Z(2), O(ε2)
Θ0= 1.1726Im

(Θ
)

Re(Θ)

0.30 π
0.325 π

0.3299 π

π/2βδ
0.3303 π

0.331 π

0.332 π
0.333 π

(1-1/βδ)π

0.3405 π
0.35 π
0.40 π

❖ LPM approximation is kept exact 
for epsilon expansion up to O(ε2)

Critical exponents:

<latexit sha1_base64="lV2Z2XwsEEf+uTeKqqGOESUzdlE="></latexit>

� =
1

2
�

1

6
✏ +

1

162
✏2 + O(✏3)

<latexit sha1_base64="lW8DMuEnL7vKZmC2C30Rt9Su/i4="></latexit>

� = 3 + ✏ +
25

54
✏2 + O(✏3)

<latexit sha1_base64="lhqVQvU8ygiZ2dGPFjWxqYKPS0U="></latexit>

�� =
3

2
+

1

12
✏2 + O(✏3)

YLE

<latexit sha1_base64="NjpvYv0ECAtu7objKOzpi+BMUcc="></latexit>

✓Lan,+ = 2.03038 ,
<latexit sha1_base64="8wP99uw/I/Z0xWXElgIWL05WJWk="></latexit>

✓LY,± = ±3.31198 i

Lines of constant  arg(z)

<latexit sha1_base64="3WdlvAT59fm+H4zruTqEAyIR+rI="></latexit>

zLan = 2.24047ei⇡(1�1/��)

<latexit sha1_base64="ckGwpqSyi+VxSSbTEFlfmeqr1q8="></latexit>
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93d-Z(2) model beyond LPM approximation

❖ Perturbative estimate of  by Zinn-
Justin, Phys.Rept.344:159-178,2001


❖ Only finite region of the -plane is mapped to 
the -plane.


❖ Find that the LYE has wrong phase

❖ Parameters can be tuned to correct phase

h3, h5, h7
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103d-O(N) models beyond LPM

❖ In O(2) and O(4) models the coefficients for 
 are obtained from MC calculationsh3, h5, h7

[Karsch et al. PRD 108 (2023) 014505]

❖ Again, coefficients can be tuned for the 
correct LY phase

❖ Universal  for Z(2) and O(2)  are in agreement 
with FRG calculations                                              
[Johnson, Rennecke, Skokov, PRD 107, 116013 (2023)]

zLY

10

O(2) O(4)
|zLY | ωbi/ωLY |zLY | ωbi/ωLY

c2 = 0, c4 = 0 1.815(27) 0.868(7) 1.387(15) 0.789(9)

c2 →= 0, c4 = 0 1.999(44) 1.037(33) 1.474(20) 1.027(34)

c2 →= 0, c4 →= 0 1.900(46) 1.024(30) 1.469(20) 1.023(34)

Fig. 6 (top) – – 1.469 1.023
Fig. 6 (bottom) – – 1.456 1

Table IV. Absolute values of the Lee-Yang edge singularities
in the O(2) and O(4) universality classes obtained with dif-
ferent approximations for the function h(ε).

We note that the absolute value of the Lee-Yang edge
singularity changes little when using only the LPM ap-
proximation for h(ω) or including the parameters c2 and
c4.

In the right hand column of Fig. 6 figure we show the
absolute value of fG(z(ω)), evaluated on lines with con-
stant phase z = |z|eiω, ε → εbi, versus |z|. The gap along
the Lee-Yang branch cut clearly is visible. It is of similar
magnitude as the discontinuity found in the Z(2) uni-
versality class. We note that results obtained with the
tuned parameter set (ω0, c2, c4) and the central values de-
termined for (ω0, c2, c4) di!er little in the location of the
edge singularity as well as the size of the gap along the
Lee-Yang branch cut.

V. CONCLUSIONS AND OUTLOOK

We give our final results for the location of Lee-Yang
edge singularities of scaling functions in the Z(2), O(2)
and O(4) universality classes as well as the Langer edge
singularity appearing in the scaling functions of the Z(2)
universality class in Table V. Here we have averaged over
the results obtained when setting c4 = 0 or using c4 ↑= 0
as discussed in the previous section. The di!erence be-
tween these two results is included as a systematic error
that is added to the statistical error in quadrature. These
results are compared with results obtained in FRG calcu-
lations [21, 22], which are given in the last row of Table V.
As can be seen results in the Z(2) and O(2) universality
classes, obtained from the Schofield parameterization of
the magnetic equation of state and the FRG calculations,
agree within the quoted errors while the result obtained
in the O(4) universality class di!er by about 15%.

Also shown in the first row of Table V are results for the
additional singularity at zLY,b that arises on the branch
cuts. To what extent these singularities are artifacts of
our current approximation for h(ω) remains to be ana-
lyzed by using higher order approximations for h(ω).

Also shown in Table V is the absolute value, |zLan|, for
the location of the Langer edge singularity in. Although
its central value is smaller than that for the location of
the Lee-Yang edge singularity, it is consistent with |zLY |

within errors.
We also have shown that the discontinuity of fG(z) on

Z(2): O(ϑ2) Z(2) O(2) O(4)
|zLY,b| – – 2.281(72) 1.977(73)
|zLan| 2.240 2.374(36) – –
|zLY | 2.307 2.429(56) 1.95(7) 1.47(3)

|zLY | [FRG] 2.43(4) 2.04(8) 1.69(3)

Table V. Summary of results for absolute values of the loca-
tion of the Lee-Yang edge singularities (|zLY | and the Langer
edge singularity (|zLan|. In the first row we give the value
for the location of a second singularity on the the Lee-Yang
branch cut (|zLY,b| (see discussion in the text). The last row
gives results from a FRG calculation [22].

the Langer branch cut is an order of magnitude smaller
than the discontinuity occurring on the Lee-Yang branch
cut. This may reflect the di!erent critical behavior ex-
pected to control the divergence of susceptibilities at the
edge singularities. This, however, cannot be resolved
with the truncated series approximation used for the
function h(ω) appearing in the Schofield parameteriza-
tion of scaling functions. At present, the singular be-
havior at the edge singularities is identical at the Langer
and Lee-Yang edge singularity as well as in all universal-
ity classes, due to the polynomial ansatz used for h(ω).
This is because in all cases the singularity is determined
by a zero of Eq. 15. With h(ω) being a polynomial in
ω one can Taylor-expand in the vicinity of any of these
zeroes, which generates a divergence at the Lee-Yang or
Langer edge singularities being given by 1/(ω↓ ωi), with
i = LY or Lan. It would be interesting to explore more
refined analytic ansätze for h(ω) in the future.
All data from our calculations, presented in the figures

of this paper, can be found in Ref.[49]
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Deutsche Forschungsgemeinschaft (DFG, German Re-
search Foundation) - Project number 315477589-TRR
211 and the PUNCH4NFDI consortium supported by
the Deutsche Forschungsgemeinschaft (DFG, German
Research Foundation) with project number 460248186
(PUNCH4NFDI).

Appendix A: Z(2) parameters

We summarize here the determination of h3, h5 and
h7 entering the parameterization of the function h(ω) in
the Z(2) universality class. We follow Ref. [35].
We use the critical exponents, also used in that calcu-

lation

ϑ = 0.3258(14) ,

ϖ = 1.2396(13) . (A1)

In addition we also give results obtained by using recent,
more accurate results for the critical exponents, obtained
in Monte Carlo [44] and conformal bootstrap [45] calcu-
lations. Both approaches yield consistent results with

Karsch, Schmidt, Singh, PRD 109 (2024) 1



11Data Interpolation

Definition:  

Method:  

highly oscillatory 
for large k

Data only defined on a 
discrete set of points

• Interpolate , take also it’s derivative and eventually higher derivatives up to order  into account 
 Hermite-interpolation (spline)

Im χB
1 Re χB

2 s
→

• Piecewise integration can be done analytically 

<latexit sha1_base64="FMSL3orw3EPmGKUdBzZX32c8Ixo="></latexit>

bk(T ) =
1

⇡

Z 2⇡

0
d✓B Im�B

1 (T, i✓B) sin(k✓B)

<latexit sha1_base64="Z4ImnvpCahieqc+da773gjvsY+Y="></latexit>

bk =
2

⇡

N�1X

i=0

Z ✓
(i+1)
B

✓
(i)
B

d✓B p(✓B) sin(k✓B)
<latexit sha1_base64="qja/c/Lat6DP8tmaqv7LejN2fmw="></latexit>

0 = ✓(0)
B < ✓(1)

B < · · · < ✓(N)
B = ⇡with

• Statistical error is estimated by bootstrapping over the error of  and .Im χB
1 Re χB

2

 variant of a Filon-type quadrature: error decreases as  (for exact data)→ 𝒪(k−s−2)

<latexit sha1_base64="AOfXKLSt/20rDamkLo8mc5T5UcI="></latexit>

µB/T = i✓B, with ✓B 2 R

A Fourier interpolation of 
the data is periodic by 
construction!



12Data Interpolation
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✓B/T

Error band of the Hermite-Interpolation 
(piecewise cubic, taking  and 

 into account)
Im χB

1
Re χB

2

• Note asymmetry of the data, w.r.t a sin function: data can be described by  Fourier-coefficients 𝒪(10)

Interpolation at T = 190 MeV



13Data Interpolation
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✓B/T

Hermite Interpolation  
[11/8] rational approximation

• Note asymmetry of the data, w.r.t a sin function: need  Fourier-coefficients to describe the data 𝒪(10)

Interpolation at , T = 190 MeV 363 × 6

• Both interpolations agree within error. 



14Fourier Coefficients and critical scaling

μ
• We can deform the integration contour to integrate along the cuts

• Assume that we can express the density along the cuts as 

<latexit sha1_base64="scpOJOZlhW50nAXpSXxb/Fd4Rx4="></latexit>

nB(µ̂) = A(µ̂ � µ̂br)�| {z }(1 + B(µ̂ � µ̂br)✓c + . . .) +
1X

n=0

an(µ̂ � µ̂br)n

| {z }
Leading order non-
analytic part analytic part

edge coefficient, σ > − 1

RW cut

chiral cut

̂μbr
Only these 
integrals 
remain
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• The final result for one cut is 
<latexit sha1_base64="KwJVbLglOhwPd7pk7cwgDONOf1k="></latexit>
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◆

Absorbing -independent factors into  and  we getk A B
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!

• The final result for both cuts is (dropping NLO)
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Note that the regular part cancels 
completely 
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Fourier Coefficients and critical scaling



16Test of the analytic form in the quark-meson model

• The analytic form fits the Fourier coefficients from the quark-meson model well. Details of 
the Model can be found here  [Skokov et al., PRD 82 (2010) 034029]

• In Mean-Field and LPA approximation fits to the Fourier coefficients reproduce the correct 
location of the LY edge up to (5 – 7)%.

 MeVT = 180  MeVT = 150
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b̃k = k1+�bk (�MF = 1/2)
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Figure 7: Comparison of the Fourier coe!cients from the plain piece-wise Filon

quadrature on N sub-intervals with the exact results for the case of the mean-field

quark-meson model at T = 150 MeV.

lattice QCD data that is available from simulations at imaginary chemical potentials

[6]. However, we note that the error is only decaying polynomially in 1/k, while the

absolute value of the Fourier coe!cients are expected to decay exponentially. I.e., the

relative error will nevertheless start to grow above a certain order.

Here we test the plain piece-wise Filon quadrature for N = 10, 20 and S = 1 for the

case of the mean-field quark-meson model at T = 150 MeV, as discussed in Sec. III A.

In Fig. 7 (left) we compare the results with the exact Fourier coe!cients, and in Fig. 7

(right) we show the decadic logarithm of the absolute value of the error log10 |b
exact
k →

b
Filon
k |. The expected asymptotic behaviour of the quadrature is indicated by the solid

line. Despite the fact that the absolute value of the error decays as expected, we find

that the period of the Fourier coe!cients is obscured already at O(N). We note that

more advanced extended Filon-type quadrature methods do exist, which we leave for

future investigations.
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17Fourier coefficients from Lattice Data

• Determination of Fourier coefficients from lattice data is 
very hard 

• Need precision of  for  

• Need to calculate   30 coefficients, i.e.  30 -values 
when using FFT 

10−3 − 10−4 Im[χ1]
≳ ≳ μ

Idea: 

• Use complex ML model with build in periodicity for  

• Use automatic differentiation to learn from 

ln Z
χ1, χ2, χ3, . . .



18Network architecture

-periodic layerC∞

v1
v2

⋮

vn

Dense NN

 μ  ln Z(μ), χ1(μ), χ2(μ), ⋯

vk = σ(Ak cosh(ωμ + ϕk) + ck), ω =
2π
L

• Non-linear activation function generates higher harmonics 

• We generalise the -periodic layer from [Dong, Ni, J. Comp. Phys 435 (2021) 110242] to 
complex numbers and replace cos by cosh functions. 

C∞

⇒ v(n)(μ) = v(n)(μ + L)



19Learning strategy

Re[μ]

Im[μ]
• Learning data:  

• In order to break the symmetry we generate a number of complex points, normal 
distributed around the simulations points Taylor expand the data to that points 

χ1, χ2, χ3, ⋯  with 
 points

Uϵ
O(100)

• Analytic continuation of 
, can we identify LYZ? 

• Work in progress: use 
 to calculate 

canonical partition 
functions 

χ2

ln Z



20Taylor coefficients from and analytic continuation from imaginary μ

z
D

C
⌦
z0

Figure 1: See the Cauchy Integral formula, Eq. (1).

where ⇠k is the kth root of the nth Legendre polynomial Px(⇠); the weights Hk are defined by

Hk =
2

nPn�1(⇠k)P 0
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, (4)

and the error E is given by

E =
22n+1 (n!)4

(2n+ 1)
⇥
(2n)!

⇤3 g
(2n)(⇠0) , (5)

where the (2n)th derivative of the function is computed at some point ⇠0 2 (�1, 1).
For arbitrary finite integration interval [a, b] we make use of the transformation

x =
b+ a

2
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2
⇠ , (6)

so that
Z

b
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g(x) dx =
b� a

2

Z 1

�1
g(⇠) d⇠ . (7)

The quadrature nodes (i.e., the shifted zeros of the Legendre polynomial) become

xk =
b+ a

2
+

b� a

2
⇠k , (8)

and the quadrature formula for the integral of the (lhs) of Eq. (7) is now given by (here for simplicity
we do not write the error)

Z
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g(x) dx '
nX

k=1

wk g(xk) , (9)

where wk = [(b� a)/2]Hk and the shifted zeros xk are written in Eq. (8).
We can directly apply Eq. (9) to the integral of the (rhs) of Eq. (2); by setting a = 0 and b = 2⇡,

we get
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2

With your favourite  QUADRATURE method … you can go numeric! 

with wk = ⇡Hk and ✓k = ⇡ (1 + ⇠k), k = 1, 2, . . . , n. Eq. (10) provides the set up for the numerical
determination of the Cauchy Integral formula through the Legendre-Gauss quadrature. From
several numerical exercises that we performed provide the indication that Eq. (10) works in practice
very well. For instance, if we consider the function f(z) = sin(z) we notice that the numerical
di↵erences between the estimated values obtained from the Legendre-Gauss quadrature and the
respective true values of the function are of the order, at least, of O(10�8), by using n = 40 , 50
quadrature nodes (and R = 1). Moreover, we are able to verify numerically that for the Laurent
coe�cient C�1 we get

C�1 =
1
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i.e., C�1 is zero (as it should) to a very good precision by employing a number of n = 50 quadrature
nodes and R = 1.

Furthermore, we have verified that the application of the Legendre-Gauss quadrature to functions
with pole singularities –of whatever number and order– is able to reproduce the correct results i.e.,
the results that come out thanks to the application of the residue theorem) to a high precision.

2. The inverse Cauchy problem

One of the interesting features of the Cauchy Integral formula is that the function f(z) appears
both in the left and the right hand side of the formula. Actually, this feature in combination with
the implementation of the Legendre-Gauss quadrature can provide a new way of achieving an
analytical continuation of the function f(z). This is accomplished by numerically resolving what
we will call as the inverse Cauchy problem.

Imagine that we are given a finite set of values {yi} , (i = 1, 2, . . . , n) that can be the values that
some function f(z) of unknown form takes at a respective set of points, namely {zi} (i = 1, 2, . . . , n),
on the complex z-plane. Let us assume for the moment that the (unknown) function f(z) is
analytical on and inside a circle that is centered in the origin and has radius R. Then for each of
the points zi we can apply the Legendre-Gauss quadrature formula of Eq. (10) and write:

yi =
1

2⇡

nX

k=1

wk

Re
i✓k

Rei✓k � zi
f̂k , i = 1, 2, . . . , n , (12)

where, we remind the reader that, wk = ⇡Hk are the shifted weights and ✓k = ⇡ (1 + ⇠k) are the
shifted zeros of the nth Legendre polynomial whose zeros in the interval (�1 , 1) are denoted with
⇠k, k = 1, 2, . . . , n. It is easy to see that from the form of Eq. (12) for i = 1, 2, . . . , n we end up with
a system of n equations with n unknowns; the unknowns are the values of the (unknown) function,
namely {f̂k}, (k = 1, 2, . . . , n), on the quadrature points which lie on the circle of radius R. Hence,
once the set {f̂k} is known, one can use again the quadrature formula in the (rhs) of Eq. (12) at
any point z̃ that lie inside the circle to get the respective value for the (uknown) function. What
we have just described is a novel procedure of a numerically performed analytical continuation.

3

… and then you are ready for your (BRAVE) INVERSE PROBLEM!

De facto, you would like to think of Legendre quadrature 

➡ Talk by F. Di Renzo on Friday on analytic 
continuations from imaginary  dataμ

^

Working Notes on the Inverse Cauchy problem

unipr

July 1, 2024

In this note we study (a) the Gauss-Legendre quadrature method applied on the Cauchy Integral
formula and on the theorem of residues; (b) the inverse Cauchy problem aiming at the implementation
of numerical analytical continuation; (c) the two previous problems which under the light of a
modified Cauchy Integral formula are suitable for the implementation of di↵erent types of quadrature;
(d) a modified version of the Cauchy Integral formula with the help of which we show that it is
possible in case of an analytical function to get its values at points that stand beyond the contour
integral, as long as both the contour and the points of interest belong entirely to a simply connected
domain of analyticity of the function. In the Appendix we discuss the possibility of implementing a
generic type of quadrature to attack the inverse Cauchy problem.

1. Gauss-Legendre quadrature method implemented on the

Cauchy Integral formula

A fundamental theorem in complex analysis states that: if a function f(z), defined in a domain D

of the complex plane, is analytic everywhere within and on a simple closed contour C, taken in the
positive sense, and if z0 is any point interior to C (see Fig. 1), then the following equation holds:

f(z0) =
1

2⇡i

I

C

f(z)

z � z0
dz . (1)

Eq. (1) is the well known Cauchy Integral formula and says that for an analytic function f on a
contour C and in its interior, all values of f inside C are entirely determined by its values on the
contour.

If for the contour C we assume a circle of radius R centered in z = 0, the Cauchy Integral
formula can be equivalently written in the form

f(z0) =
1

2⇡

Z 2⇡

0

f(Re
i✓)Re

i✓

Rei✓ � z0
d✓ , (2)

where now the Cauchy Integral formula has been translated onto the real axis. The integral on the
(rhs) of Eq. (2) can be computed numerically with the use of some quadrature method. Being the
weight function a constant, the Legendre-Gauss quadratute is the appropriate method to employ.
Let us remind that for some function g(⇠) the standard formula for the Legendre-Gauss quadrature
takes the form [1]:

Z 1

�1
g(⇠) d⇠ =

nX

k=1

Hk g(⇠k) + E , (3)
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CAUCHY FORMULA

If you know the function on the contour, you can compute it at any point inside… sounds good!

… at any point, including the (only) ones we can compute (on the imaginary axis) in our case… 

What does ANALYTICITY mean? … (analytic functions aka olomorphic…)

❖ New method to calculate Taylor coefficients 
and analytic continuations from discreet data 
at imaginary , based on Cauchy’s formulaμ

❖ Once the function on the contour is known, 
every point in the interior is known 
➡ Replace the integral by a Quadrature rule 
➡ Use Legendre weights  
➡ Set up a linear system and solve for the 

function values on the contour

z
D

C
⌦
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Figure 1: See the Cauchy Integral formula, Eq. (1).

where ⇠k is the kth root of the nth Legendre polynomial Px(⇠); the weights Hk are defined by
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and the error E is given by
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where the (2n)th derivative of the function is computed at some point ⇠0 2 (�1, 1).
For arbitrary finite integration interval [a, b] we make use of the transformation

x =
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⇠ , (6)

so that
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The quadrature nodes (i.e., the shifted zeros of the Legendre polynomial) become

xk =
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and the quadrature formula for the integral of the (lhs) of Eq. (7) is now given by (here for simplicity
we do not write the error)
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where wk = [(b� a)/2]Hk and the shifted zeros xk are written in Eq. (8).
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With your favourite  QUADRATURE method … you can go numeric! 

with wk = ⇡Hk and ✓k = ⇡ (1 + ⇠k), k = 1, 2, . . . , n. Eq. (10) provides the set up for the numerical
determination of the Cauchy Integral formula through the Legendre-Gauss quadrature. From
several numerical exercises that we performed provide the indication that Eq. (10) works in practice
very well. For instance, if we consider the function f(z) = sin(z) we notice that the numerical
di↵erences between the estimated values obtained from the Legendre-Gauss quadrature and the
respective true values of the function are of the order, at least, of O(10�8), by using n = 40 , 50
quadrature nodes (and R = 1). Moreover, we are able to verify numerically that for the Laurent
coe�cient C�1 we get

C�1 =
1
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f(z) dz =
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i.e., C�1 is zero (as it should) to a very good precision by employing a number of n = 50 quadrature
nodes and R = 1.

Furthermore, we have verified that the application of the Legendre-Gauss quadrature to functions
with pole singularities –of whatever number and order– is able to reproduce the correct results i.e.,
the results that come out thanks to the application of the residue theorem) to a high precision.

2. The inverse Cauchy problem

One of the interesting features of the Cauchy Integral formula is that the function f(z) appears
both in the left and the right hand side of the formula. Actually, this feature in combination with
the implementation of the Legendre-Gauss quadrature can provide a new way of achieving an
analytical continuation of the function f(z). This is accomplished by numerically resolving what
we will call as the inverse Cauchy problem.

Imagine that we are given a finite set of values {yi} , (i = 1, 2, . . . , n) that can be the values that
some function f(z) of unknown form takes at a respective set of points, namely {zi} (i = 1, 2, . . . , n),
on the complex z-plane. Let us assume for the moment that the (unknown) function f(z) is
analytical on and inside a circle that is centered in the origin and has radius R. Then for each of
the points zi we can apply the Legendre-Gauss quadrature formula of Eq. (10) and write:

yi =
1

2⇡

nX

k=1

wk

Re
i✓k

Rei✓k � zi
f̂k , i = 1, 2, . . . , n , (12)

where, we remind the reader that, wk = ⇡Hk are the shifted weights and ✓k = ⇡ (1 + ⇠k) are the
shifted zeros of the nth Legendre polynomial whose zeros in the interval (�1 , 1) are denoted with
⇠k, k = 1, 2, . . . , n. It is easy to see that from the form of Eq. (12) for i = 1, 2, . . . , n we end up with
a system of n equations with n unknowns; the unknowns are the values of the (unknown) function,
namely {f̂k}, (k = 1, 2, . . . , n), on the quadrature points which lie on the circle of radius R. Hence,
once the set {f̂k} is known, one can use again the quadrature formula in the (rhs) of Eq. (12) at
any point z̃ that lie inside the circle to get the respective value for the (uknown) function. What
we have just described is a novel procedure of a numerically performed analytical continuation.

3

… and then you are ready for your (BRAVE) INVERSE PROBLEM!

2.1 Numerical experiments of the inverse Cauchy problem

We have performed several numerical experiments of the inverse Cauchy problem using data that
are produced from known functions with the aim to compare the exact function values with those
we get from the analytical continuation procedure. From the numerical point of view the inverse
Cauchy problem consists in resolving the matrix equation

Ax = b , x = A
�1 b, (13)

with A a n⇥ n matrix with elements

Aik =
1

2⇡
wk

Re
i✓k

Rei✓k � zi
(14)

The value for the radius R is fixed, ✓k are the shifted zeros of the nth Legendre polynomial and zi

are the points on the complex plane for which the input data set is initially available, namely the
set {yi} , i = 1, 2, . . . , n. The latter is represented by the vector b. Finally, x denotes the vector
solution we are seeking which stands for the set of {f̂k}, (k = 1, 2, . . . , n) of Eq. (12).

Figure 2: Comparison between analytically continued results obtained from the study of the inverse
Cauchy problem and the exact curve for the function f(x) = sinx, x 2 R. The input data has been
assumed on the imaginary axis.

Our main conclusions follow:

1. The condition number of the matrix A tends to be high even using a modest number n of
input data.

2. As a consequence of 1. the values of the (unknown) function at the quadrature points, which
are the various components of the vector solution {f̂k}, (k = 1, 2, . . . , n), di↵er from the true
values of the function at the respective points. Therefore, it seems that this way of analytical
continuation is not quite promising.
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SOLVE for the        !

with wk = ⇡Hk and ✓k = ⇡ (1 + ⇠k), k = 1, 2, . . . , n. Eq. (10) provides the set up for the numerical
determination of the Cauchy Integral formula through the Legendre-Gauss quadrature. From
several numerical exercises that we performed provide the indication that Eq. (10) works in practice
very well. For instance, if we consider the function f(z) = sin(z) we notice that the numerical
di↵erences between the estimated values obtained from the Legendre-Gauss quadrature and the
respective true values of the function are of the order, at least, of O(10�8), by using n = 40 , 50
quadrature nodes (and R = 1). Moreover, we are able to verify numerically that for the Laurent
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i.e., C�1 is zero (as it should) to a very good precision by employing a number of n = 50 quadrature
nodes and R = 1.

Furthermore, we have verified that the application of the Legendre-Gauss quadrature to functions
with pole singularities –of whatever number and order– is able to reproduce the correct results i.e.,
the results that come out thanks to the application of the residue theorem) to a high precision.

2. The inverse Cauchy problem

One of the interesting features of the Cauchy Integral formula is that the function f(z) appears
both in the left and the right hand side of the formula. Actually, this feature in combination with
the implementation of the Legendre-Gauss quadrature can provide a new way of achieving an
analytical continuation of the function f(z). This is accomplished by numerically resolving what
we will call as the inverse Cauchy problem.

Imagine that we are given a finite set of values {yi} , (i = 1, 2, . . . , n) that can be the values that
some function f(z) of unknown form takes at a respective set of points, namely {zi} (i = 1, 2, . . . , n),
on the complex z-plane. Let us assume for the moment that the (unknown) function f(z) is
analytical on and inside a circle that is centered in the origin and has radius R. Then for each of
the points zi we can apply the Legendre-Gauss quadrature formula of Eq. (10) and write:
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where, we remind the reader that, wk = ⇡Hk are the shifted weights and ✓k = ⇡ (1 + ⇠k) are the
shifted zeros of the nth Legendre polynomial whose zeros in the interval (�1 , 1) are denoted with
⇠k, k = 1, 2, . . . , n. It is easy to see that from the form of Eq. (12) for i = 1, 2, . . . , n we end up with
a system of n equations with n unknowns; the unknowns are the values of the (unknown) function,
namely {f̂k}, (k = 1, 2, . . . , n), on the quadrature points which lie on the circle of radius R. Hence,
once the set {f̂k} is known, one can use again the quadrature formula in the (rhs) of Eq. (12) at
any point z̃ that lie inside the circle to get the respective value for the (uknown) function. What
we have just described is a novel procedure of a numerically performed analytical continuation.
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De facto, you would like to think of Legendre quadrature 

̂fkyi

https://conference.ippp.dur.ac.uk/event/1265/contributions/7254/


21Summary

❖ Need to understand the analytic structure of the universal scaling function better. Identify features to that are 
most sensitive to LYE

❖ Need more precise data on the imaginary quark number density  

⇒ Develop new stable numerical methods to calculate Fourier coefficients

⇒ Possibly explore power of AI for analytic continuation and Fourier transformation 



22New STAR results from BES-II

22HRG CE: P. B Munzinger et al, NPA 1008, 122141 (2021)  
Hydro: V. Vovchenko et al, PRC 105, 014904 (2022)

Net-proton cumulant ratios

Energy Dependence: Model Comparison
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STAR

27HRG CE: P. B Munzinger et al, NPA 1008, 122141 (2021)  
Hydro: V. Vovchenko et al, PRC 105, 014904 (2022)

Net-proton cumulant ratios

Energy Dependence: Model Comparison
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Proton/antiproton  
factorial cumulant ratios

1. Smooth variation vs  in  and 

 observed.  decreases with 
decreasing . 

2. Non-CP models used for comparison:  
A.  Hydro: Hydrodynamical model 
B.  HRG CE: Thermal model with canonical treatment of 

baron charge 
C. UrQMD: Hadronic transport model 

 (All models include baryon number conservation)  

3. Proton factorial cumulant ratios deviates    
from poisson baseline at 0.    

  Antiproton ,  closer to 0. 
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STAR ❖ Final BES-II data on proton number cumulants 
(in collider mode) was presented in CPOD ’24 
[A. Pandav, CPDOD ‘24] 

❖ Error is significant reduced compared to the 
BES-I results 


❖ Non-monotonic behaviour in  is 
considered a signal for the QCD critical point 
[Stephanov et al. ‘99] 

❖ Significance of non-monotonicity still needs to 
be estimated


❖ General structure is in agreement with the 
expectation: first a dip then a bump

[Stephanov ‘11]

C4/C2

https://conferences.lbl.gov/event/1376/contributions/8772/attachments/5163/4984/CPOD2024_PandavA_e9.pdf
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.60.114028
doi:%2010.1103/PhysRevLett.107.052301


23QCD vs. BES-II Results
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❖ QCD and STAR results are in good agreement for 



❖ Slight vertical shift might suggest that freeze-out 
temperature is slightly below 

sNN < 19.6 GeV

Tpc

6

FIG. 4. The ratio µS/µB on the pseudo-critical line in (2+1)-
flavor QCD versus µ̂B obtained for strangeness neutral matter
with nQ/nB = 0.4. The bands show continuum estimates for
second and fourth order Taylor expansion results of µS/µB on
the pseudo-critical line that have been obtained from fits to
data obtained in simulations on lattices with temporal extent
N⌧ = 8 and 12. Also shown are results obtained by the STAR
Collaboration [9, 13, 32] and HRG model calculations using
the PDG-HRG and QMHRG2020 particle lists, respectively.

(NNLO [5,4]) shown in this figure are statistically well
controlled for µ̂B  1.5. For large values of the chem-
ical potential, µ̂B  2, we only show the result (NLO
[3,2]) based on O(µ̂3

B) and O(µ̂2
B) Taylor series for �B

1
and �B

2 , respectively. These continuum estimates are ob-
tained from fits to data taken on lattices with temporal
extent N⌧ = 8 and 12. As can be seen, the ratio RB

12
starts to deviate from HRG model calculations at about
µ̂B ' 1. The Taylor series, however, is still well con-
trolled at least up to µ̂B ' 1.5. We compare RB

12(T, µ̂B),
calculated in (2+1)-flavor QCD, with the corresponding
ratio of net proton-number and its variance, Rp

12(
p
sNN ),

[33] as follows. In order to convert the experimental con-
trol parameter,

p
sNN , to a chemical potential value on

the freeze-out line we use the set of freeze-out temper-
atures (Tf ) and baryon chemical potentials (µf

B) deter-
mined from the analysis of particle yields using fits based
on the thermodynamics of a hadron gas in the Grand
Canonical Ensemble [13, 33].

As can be seen in the figure, the experimental re-
sults for Rp

12(Tf , µ
f
B) are close to the line of values for

RB
12(T, µB) on the pseudo-critical line. We thus deter-

mined a set of freeze-out parameters obtained by de-
manding Rp

12(
p
sNN ) = RB

12(Tpc(µ
f
B), µ

f
B). In Table I we

compare the thus determined set of freeze-out parame-
ters, {µf

B , Tpc(µ
f
B)}, with the experimental set of freeze-

out parameters, {µf
B , Tch}, obtained by comparing mea-

sured particle yields to hadronization models [12–14].
As can be seen in Fig. 5, NLO and NNLO QCD re-

sults agree well with each other up to µ̂B ' 1.5, where
the errors of the NNLO expansion start getting large. In
Tab. I, we tabulate the freeze-out parameters determined
from Rp

12 using NLO QCD results for RB
12(T, µ̂B) and
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FIG. 5. The ratio RB
12(T (µB), µB) on the pseudo-critical line

in (2+1)-flavor QCD versus µ̂B obtained for strangeness neu-
tral matter with nQ/nB = 0.4. The bands show continuum
estimates for next-to-leading (NLO [3,2]) and next-to-next-
to-leading (NNLO [5,4]) order Taylor expansion results on
the pseudo-critical line that have been obtained from fits to
data obtained in simulations on lattices with temporal extent
N⌧ = 8 and 12 (see also discussion in the text). Also shown
are results obtained by the STAR Collaboration for the cor-
responding proton cumulant ratio, Rp

12 for various beam en-
ergies

p
sNN [33]. Results from [13] have been used to con-

vert
p
sNN to thermal parameters (Tf , µ̂

f
B). Furthermore,

we show recent results for Rp
12 obtained by the STAR Col-

laboration [34]. For data taken at two new beam energies,
p
sNN = 9.2 GeV and 17.3 GeV we used the parametrization

of interpolating curves for freeze-out parameters given in [12].
Solid curves show results from HRG model calculations using
the PDG-HRG and QMHRG2020 particle lists, respectively.

they agree well with the freeze-out parameters {Tf , µ̂
f
B}

obtained from particle yields down to
p
sNN

<
⇠17.3 GeV,

which also corresponds to µ̂B ' 1.5. For smaller
p
sNN or

µ̂B ' 2.0 the NNLO lattice QCD results have too large
errors for a detailed quantitative comparison. Results
from the NLO expansion are, however, still in good agree-
ment with the STAR data down to

p
sNN ' 11.5 GeV. In

order to compare QCD results with STAR data at even
lower beam energies statistically well controlled higher
order Taylor series will be necessary.
It also should be noted that the experimen-

tally determined Rp
12 becomes larger than unity for

p
sNN

<
⇠17.3 GeV. This is consistent with lattice QCD re-

sults for RB
12, which become larger than unity for µ̂B>⇠1.3

or µB>⇠200 MeV. On the other hand, HRGmodel calcula-
tions based on non-interacting, point-like hadrons will al-
ways lead toRB

12(T, µ̂B) < 1. The experimental data thus
seem to reflect interactions in strong-interaction matter
at freeze-out (on the pseudo-critical line) that go beyond
those taken care of in HRG models through the presence
of a tower of excited states and resonances.
We give a comparison of the chemical potentials and

pseudo-critical temperatures on the pseudo-critical line,
{Tpc(µ̂B), µB}, that are obtained by demanding RB

12 =

[Karsch, Goswami, XQCD ’24] [Bollweg et al. '24]

❖ HRG model calculations based on noninteracting, 
point-like hadrons will always lead to 

➡ HRG can not reproduce STAR data

RB
12 < 1

https://arxiv.org/abs/2407.09335


24Padé resummation of Taylor coefficients 

❖ Detecting phase 
transitions via Padé 
and post-Padé 
approximants has a 
long history in 
statistical and high 
energy physics 


❖ They are often used 
in combination with 
perturbation theory 


❖ QCD is non-
perturbative in the 
vicinity of the phase 


❖ The numerical 
calculation of the 
pressure series in 

 is difficult μB
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[HotQCD, PRD 108 (2023) 1, 014510, arXiv: 2212.09043]

➡ Talk by J. Guenther on continuum 
extrapolated  and  at LT=2χ B

6 χ B
8

22/25

Motivation State of the art Our set-up and analysis Results

Comparision with di↵erent actions
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➡ Talk by L. Pirelli on finite volume 
effects of chiral and deconfinement 
observables 

[Borsanyi et al. ‘24]
❖ Discrepancy between HotQCD 

and BW of unclear origin

➡ Talk by J. Goswami on electric 
charge fluctuations with MDWF

https://arxiv.org/abs/2212.09043
https://conference.ippp.dur.ac.uk/event/1265/contributions/7254/
https://conference.ippp.dur.ac.uk/event/1265/contributions/7274/attachments/5613/7331/lattice_pirelli.pdf
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.110.L011501
https://conference.ippp.dur.ac.uk/event/1265/contributions/7273/


25Universal scaling in the vicinity of the CEP

❖ Scaling fields are unknown, a frequently used 
ansatz is given by a linear mixing of T, μB

 t

 h T

 μB μcep

 Tcep

❖ For a constant  we obtain z = zc

<latexit sha1_base64="W5Ia+LU0Al8lua/U8dg0pxc1fNA="></latexit>

t = At�T +Bt�µB ,

h = Ah�T +Bh�µB ,

with  and ΔT = T − TCEP ΔμB = μB − μCEP
B

<latexit sha1_base64="fPN1oKy9BPkQzHaXwIVHY/j2poY="></latexit>

Re[µLYE] = µ
CEP
B + c1�T + c2�T

2 +O(�T
3)

Im[µLYE] = c3�T
��
,

❖The fit parameter  gives the (inverse) slope of the 1st 

order line at the critical point: 

c1
c1 = − Ah/Bh

Mixing of scaling fields: 

Fit Ansatz: 

[Stephanov, Phys. Rev. D, 73.9, 094508 (2006)]

Lee-Yang edge: 
complex  planeh

hc = 0 Re h

Im h

t3
t2
t1

❖Poles approach critical point along 
imaginary -axis [Yang,Lee’59]


❖  is const. and universal
h

t/h1/βδ = zc



26Scaling window analysis to obtain first Lee-Yang zero
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expansion points

complex singularities

Procedure: 

❖ Perform simultaneous fits to  and  
for each temperature 


❖ Use [3,3]-Padé


❖ Varry length of the fit interval in  
and the center of the interval in 




❖ bootstrap over the data by assuming 
independent and normal distributed 
errors


❖ Calculate roots of the denominator and 
keep only roots in the first quadrant 


❖ Collect all the results for Lee-Yang 
scaling fits. We have 55 different 
intervals per temperature.

χB
1 χB

2

[π,2π]

[−π/2, + π/2]

 MeVT = 120

[Clark et al. (BiePar), arXiv: 2405.10196]

https://arxiv.org/abs/2405.10196


27Lee-Yang zero extrapolation
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❖ Ellipses show 1  confidence region, using the 
Pearson correlation coefficient 

σ

❖  singularities show here are chosen on 

the basis of the  of the scaling fit (“best fit”)

Nτ = 6
χ2

❖ Orange box shows the AIC weighted result for 
, based on  scaling fitsNτ = 6 𝒪(105)

❖ Perform one fit for  (LT=4) and  fits for  (LT=6)Nτ = 8 𝒪(105) Nτ = 6

<latexit sha1_base64="YLZdMdp5L7gU+oAxwdks8YdXlKE="></latexit>

Re[µLYE] = µCEP
B + c1�T + c2�T 2

Im[µLYE] = c3�T ��,



28Statistical analysis of the fit results

❖ Error bars are based on the inner 
68-percentile 

❖ Histogram over the  and  

from the   fits 

TCEP μCEP
B

𝒪(105)

❖ Observe interesting structure

❖ Dashed line indicates the continuum 
extrapolated crossover line

[Clark et al. (BiePar), arXiv: 2405.10196]

https://arxiv.org/abs/2405.10196


29Statistical analysis of the fit results
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5

N⌧ = 6 N⌧ = 8

multi-point Padé [4,4]-Padé

T
CEP [MeV] µ

CEP
B [MeV] µB/T T

CEP [MeV] µ
CEP
B [MeV] µB/T

best fit 90.7 ± 7.7 461.2 ± 220 5.09 ± 0.68 101 ± 15 560 ± 140 5.5 ± 1.7
weight-1 105.4 + 8.0 � 18.4 422.9 + 80.5 � 34.9 3.92 + 1.52 � 0.24
weight-2 100.8 + 11.6 � 26.8 430.9 + 208.2 � 42.2 4.20 + 4.13 � 0.47

c1 c2 c3 c1 c2 c3

best fit -6.2 ± 9.2 0.115 ± 0.090 0.424 ± 0.086 -12.3 ± 8.1 0.203 ± 0.059 0.55 ± 0.25

TABLE II. Obtained fit parameters from the fit with eq. (5) to the real and imaginary parts of the singularities of lnZ. For
N⌧ = 6, we show the results for the fit with the smallest �

2
/d.o.f. (0.067), as well as the median and 1�-percentiles of all

performed fits, weighted with (’weight-1’) and without the AIC (’weight-2’).

determination of the crossover line.
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30Lee-Yang zeros with 4HEX 

➡ Talk by A. Adam@Lattice24: single point Padé 
approximation of the pressure based on , , ,  
(LT=2)

χ B
2 χ B

4 χ B
6 χ B

8

❖ Interesting to check results with the 
Budapest-Wuppertal data 

❖ Preliminary results for single Point 
Padé analysis on  lattices, 
multi-Point is work in progress 

❖ Preliminary result on the transition 
temperature based on extrapolations 
432 on different approximations and 
fit ranges 

❖  around 90 MeV, in agreement 
with [BiePar, 2405.10196] 

❖ Results are very sensitiv to noise 

163 × 8

TCEP

Histogram of the  resultsTCEP

One example of the extrapolations

https://conference.ippp.dur.ac.uk/event/1265/contributions/7269/
https://arxiv.org/abs/2405.10196


31Finite size correction to the fist Lee-Yang zero

➡ Talk by T. Wada: Finite size scaling of 
Lee-Yang zeros in 3d Pots model and 
heavy-quark QCD

❖ Construct  ratios of the LYZ locations  

❖ Scaling is in accordance with a ratio 
of scaling function: non-universal pre-
factors cancel, intersection point of 
different volumes is universal.  

❖ Ratios show reduced corrections to 
scaling and regular parts  

❖  is shifted to higher values, 
results from extrapolation of first LYZ 
can serve as a lower bound 

TCEP

Heavy-Quark QCD
2nd/1st LYZ Ratio 3rd /1st LYZ Ratio

u Consistent with B3 = 5.68578 22 from Binder cumulant (Kiyohara et al.)
u 3rd/1st ratio gives more precise result

% %

=) = 5.68607 16 7
A(/A5 = 3.707(37)(18)

2"/2# ≈ 2.40
Consistent with
3d-Z(2)

=) = 5.68585 26 10
A6/A5 = 2.404(30)(10)
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Speculation to Full-QCD result

+$?

1st LYZ data (HQ-QCD) 

%

Im
9

61 = 2 + 1 (Clarke, et al.)

• Finite-size effects is important.
• Once the 2nd LYZ is obtained, the LYZ ratio method is applicable!

B3

<latexit sha1_base64="i57Vs3shSmqUl1sRekIs3juE4ts="></latexit>

R12(t) =
h(2)
LY (t)

h(1)
LY (t)
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=
X1

X2
(1 + C(tLyt))(1 + D(tL2(yt�yh)))

+ higher orders

}
mixing with 

temperature like 

https://conference.ippp.dur.ac.uk/event/1265/contributions/7272/attachments/5854/7887/Lattice%202024.pdf


32Comparison with the pseudo-critical line and other results 

<latexit sha1_base64="oVNZ8KtOC9wuy5nNWfYXPhOBpUo="></latexit>

Tpc(µB) = Tpc(0)


1 + B

2

⇣µB

T

⌘2
+ B

4

⇣µB

T

⌘4
�

<latexit sha1_base64="MBLS+rOwPpv6IoB2vYzKe8D9XLE="></latexit>

Tpc(µB) = Tpc(0)

"
1 + ̄B

2

✓
µB

Tpc(0)

◆2

+ ̄B
4

✓
µB

Tpc(0)

◆4
#

Parametrizations of the crossover line: 

1.)

2.)

❖ No continuum estimate of the Lee-Yang zero 
extrapolation yet (possible large systematic errors) 
➡ Finite volume and finite cut-off effects will 

increase both  and  

❖ Results from other approaches seam to cluster in a 
narrow region (DSE, fRG, BHE)

TCEP μCEP
B

❖ κ2 = κ̄2 = − 0.015(1)

❖ Many results seem to favour a small 
κ̄4 ≈ − 0.0002(1)

[HotQCD, 2403.09390]

Toward the CEP: Evaluation
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[D. Clarke, RHIC 
BES Seminar ’24]

https://arxiv.org/abs/2403.09390


33Epilog 

❖ New experimental results are 
expected to arrive BES-II (fixed 
target), CMB@FAIR, …,   

❖ We start to calculate multi-
dimensional phase diagrams 

❖ Universal scaling and Lee-Yang 
zeros are powerful tools to explore 
the QCD phase diagram  
➡ New techniques are still being 

designed  

❖ However, for finite  we still rely on 
extrapolatory methods 
➡ we will need very precise data

μB
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installation of SIS100 dipoles Apr’24

cryogenic bypass lines placed
in SIS100 tunnel, Apr’24

transport of the first quadrupole magnet in tunnel, Mar‘24
start of cable pulling 
work, Q3/23 

Apr’24
six He tanks of the cryo
facility were installed

CBM cave, Jun‘24construction area south

4/26

CBM subsystems are on the 
verge of series production
2028 – ready for beam
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GSI GmbH – Helmholtzzentrum
für Schwerionenforschung

Existing facility: GSI Darmstadt 
(Foundation: 1969)

FAIR GmbH – Facility for 
Antiproton and Ion Research

Emerging facility: FAIR
(Ground-breaking: 2017)
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[T. Galatyu, 
Criticality II ’24]

Apologies to all speakers of the finite temperature and finite density 
sessions, how’s talks I could not highlight 

Thank you for your attention!


