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QCD phase diagram
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What can Lattice QCD add to this phase diagram?
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Clausius Clapeyron equation
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Entropy and baryon susceptibility
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Taylor coefficients

m Taylor coefficients of the pressure

T4 T4 o2\

m These Taylor coefficients are equal to the Grand Canonical
fluctuations

p(us)  p(0) | 143 5(T) 1 pp 5(T) 1 p B(T)+ ...

e (g e

1 PlogZ(V, T, s, pq, 1is)
B T) = BZ (B 2 _ = ) 1y s Q>

m Higher fluctuations are the Taylor coefficients of lower fluctuations

B B 1#%3 B 1yug g
X2(MB):X2(ﬂB:0)+EﬁX4(HB:O) EﬁX6(M8:0)+'”

m Taylor coefficients can be used to reveal analytic structure of the
thermodynamic potential
m Repulsive interactions beyond ideal HRG
m Searching the critical end point

m Hints for chiral O(4) universality

5/48



How to calculate the y coefficients?

X536 +(Bu) + (AuAu)
Xigo = +(Du) +3(BuBu) — 3(Bu)(Bu) + 4(A,Cu)
+H{ALALALAL) — 3(ALAN(ALAL) + 6(AALB,) — 6(B,)(A,AL)
X666 +(Fy) +10(C,C,) + 15(B,D,) + 15(B,B,B,) + 6(A,E,) + 60(A,B,
+45(A,A,BLB,) + 20(A,ALALCy) + 15(AALALALB,) + (ALALALA
15< >< > - 45<Bu><BuBu> - 60<Bu><AuCu> - 90<Bu><AuAuBu
—15(B,)(ALALALAL) — 45(B,B,)(A,A,) — 60(A,C,) (A ALY — 90(A,
—15(A, AN (AALALAL) + 30(B,)(Bu)(By) + 90(Bu){(By) (AuAy)
+90(B,) (A AL (ALALY 4+ 30(ALAL) (ALAL) (ALAL)
Xaas 79 terms. ..
A, B, C,... are defined as

[det M(j,)]1/* = [det M(O)I/* exp (1+ Ay + 212 + i3 +..)
Data analysis uses computer generated code.
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contribution normalized to true sum

Sign problem in the Taylor coefficients
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4Hex continuum result [Phys.Rev.D 110 (2024) 1, L011501]
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[Wuppertal-Budapest, 1805.04445]

HISQ data: (ug =0, 323 x 8 lattice, inexact charge conservation) [BNL-Biclefeld,

2202.09184,2212.09043]

High order coefficients in a LT = 2 box
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High statistics data set
16° x 8 lattice, 4HEX action, full u-dependence is recorded.
T [MeV] # configurations at ug = iw(j/8)

j=0 j=1 j=2 j=3 j=4 j=5 j=6 j=7 j=28
100 0.9M - - - - - - - -
105 0.9M - - - - - - - -
110 0.8M - - - - - - - -
115 1.1M - - - - - - - -
120 1.1M - - - - - - - -
125 1.7M - - - - - - - -
130 2.1M - 96k - 96k - 96k - 96k
135 1.5M 111k 105k 104k 120k 103k 104k 103k 103k
140 40M 100k 105k 105k 359k 104k 99k 103k 114k
145 2.6M 107k 106k 105k 122k 104k 103k 102k 115k
150 1.7M 114k 114k 112k 117k 110k 98k 96k 109k
155 1.6M 109k 109k 107k 126k 104k 103k 101k 116k
160 22M 112k 111k 109k 128k 104k 96k 101k 109k
165 1.8M 104k 102k 90k 121k 96k 93k 87k 105k
170 1.2M -
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Baryon cumulant ratios

Status of 163 x 8 simulations
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[Wuppertal-Budapest 2507.13254]
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Fluctuations vs the HRG model

Do we see any differences to the HRG model?
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We see a clear signal from baryon interactions for T < 130 MeV.

[Data from Wupperta-Budapest 2507.13254]
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Searching for criticality in baryon fluctuations
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Baryon fluctuations in two scenarios

Stephanov [0809.3450,1104.1627] :
Non-monotonic high order fluctuations near a critical end point.

Detailed predictions for x4/x2 are given in various setups.

FRG-Lattice assisted LEFT QVdW gas
Fu et al. [2308.15508] Vovchenko et al [1906.019547

CEP = (98 MeV, 643 MeV) Liquid-Gas CEP = (19.7 MeV, 922 MeV)
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The Houston critical endpoint

Idea: look at contours of constant entorpy/ T3, find spinodal regions.
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[Black-Hole-Engineering model Hippert et al[2309.00579]] [QCD: Shah et al [2410.16206]]

Leading order: Entropy contours are exact parabolas: 7' = A + Bu%
Optimistic assumption on error propagation.

Critical endpoint estimate: T. = 114.3 +6.9 MeV, up,c = 602.1 £ 62.1 MeV
Is this a first principles result on a CEP?

No, an expansion is defined, where

each order can be computed from first principles,

this expansion does not automatically break down near the CEP.
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New imlicit T'-expansion for the entropy [Houston]

The Houston group introduced a sysematic scheme to expand the
entropy [2410.16206]

S[T/(UB;T)al’LB] = S[THUB:O]

1
T'(ue; T) = T—i—az(T)Eufg—i—...

UBe = —2/a5(T.), where a5 (T,) =0
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Steps that lead to an exclusion range

1. Calculate entropy at imaginary ug 3. Pick a pp = s(Ts, pg) = s(To,0)
2. Extrapolate constant s contours 4. pg > KUB,c Mmeans multivalued s,
toug >0 that is Ts(Tl) = TS(T2)
0.17 180 F —
-, Ty=140 MeV +—e— _—
L Er iR gu— 160 |- e
E Ty=155MeV —e— || e T
o S 4 o 140 e i3 B
= 0.15 - Z IFHHHIIIHIHIHHI
e . 2 ]
| 2o e
= |
0.13 - 100 4-th degree polynomial
=400 MeV
0.12 . ) ) 80 17 ) ) ) ) | Hp=000 MeV +—— 7|
-0.1 0 0.1 0.2 0.3 130 135 140 145 150 155 160 165 170 175
g2 [GeVY Ty [MeV]

For how big pug can we show that Ts(To) is strictly monotonic?
That will be the exclusion range.
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Result for an exclusion range

This is valid for the strangeness neutral case:

' ! WB Transition line [2002.02821 '
B ‘WB finite volume transition line [2410.06216 |
170 Freezeout Andronic et al [1710.09425
Freezeout estimate Lysenko et al [2408.06473] =
STAR freezeout [1701.07065| ——a—
DSE-crossover [2106.08356] = = =
160 26 exclusion range [This work] = _|
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[Wuppertal-Budapest 2502.10267]
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Fugacity series
Exact symmetries of the QCD thermodynamic potential log Z ~ pV:

p(T,ug) = p(T,pug+i27T) Center symmetry
p(T,ug) = p(T,—us) Charge conjugation symmetry

With p = p/T* and jig = jug/ T we can define the fugacity series
B(T,fig) = po + p1 cosh(fig) + p2 cosh(2fig) + p3 cosh(3fig) + ...

which is the Fourier series of the pressure in imaginary ug.

% > T At low T only B states contribute:
Xt ~ sin(ue/T)

Te<T<Taw

At high T fractional charges are required to
make a first order transition at ug = 7 T:

Xt ~ sin(ue/T/3)

0 n}Z 7‘[ 37;/2 2n
Im ug/T
Is this an alternative to Taylor?

No straightforward truncation.
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Lattice data on the coefficients

The sub-leading coefficients are small. (In HRG: almost zero)

Xn(ig=0) = pi+2"p2+3"ps+...
BB = p(12—1%) 4+ p(22 -2~ —12p,
X5 —xE = pi(12—1% 4 pa(2% — 2°) ~ —60p,
X5 (ig = in/2) p1 cos(m/2) 4+ 2% py cos(m) 4 - - - = 4py
10° \ : : : ‘ ‘
10" ///A ]
. * * * x
= 102} w M ) » " ®
.2 g ? a A A A A
2 factor 500 a pi(T)
3 107 - ]
g, % e P ) pp—
oot 1 i xoim/2)/16
105 [ T - a2 —e— |
(A6 - X260 —a—
10 : : ‘ ‘ : :
130 140 150 160 170 180 190 200
T [MeV]

Factor 500 means that we need 6% relative error on ¢ for 50% error on ps.
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Pj

Higher fugacity coefficients

(too) simple rational model:

h( /i T
cosh(/is) implies LENN 178&, L *6( )

1+ ¢(T)cosh(fig)’ P2 pr’ p1 4
Other models (e.g. cluster expansion powheno 1711.012611) differ
in the temperature independent coefficient.

X5 (fig) ~

10° : 5 ‘ : ‘ —
Full circles: 167x8, all data (2025) e e X
ol et L p1(T): baryon
P I I abundance,
102k e 7 ]
1 pa(T)/pa(T): baryon
ot L T & ] Interactions,
w0s kT 5 .
} e p3(T)/p1(T): two-body
106 | PoAT) e + three-body effects
. py(T) —e—
107 F Py(T) —o— A
N - p3 from p; and p, in an 1/1 rational Ansatz for XZB —o— Goal: calculate
10 . ) ) ! . . . ~ .-
120 130 140 150 160 170 180 190 200 p3(T) - model prediction.
T [MeV]

[this result: Wuppertal-Budapest preliminary, see also Vevchenko et al 1708.02852]
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Roberge-Weiss

Extrapolation schemes on the phase diagram

extrapolation
crosses “phase boundary”

2|.42 2.'02 1i62 1|.22

lattice simulations

real chemical potentials
p L2/T?
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How is physics distorted in a smaller volume?

165
160
3 155
=150
£ 145
s}
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5
@ 135 | peak of xgy F—¥—
g peak of xgig, F——i
130 pbp = constant 1
peak of Sq F——i
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2 2.5 3 35 4 45 5 55
LT

Chiral observables suffer from the reduced volume, but heavy quark observables
(e.g. Polyakov loop) are much less affected. (wuppertar-Budapest 2405.1232]
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Transition temperature from chiral observables

Upper curves: Full chiral susceptibility
Lower curves: Disconnected part of chiral susceptibility
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T, from the Polyakov loop

10 Ni=2+1, m =161 MeV
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[Right: Wuppertal-Budapest 2405.12320]
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T at finite density

We repeat the T. calculation at many imaginary chemical potentials.
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This plot: 48> x 12 lattice, 4stout

[Wuppertal-Budapest 2405.12320]
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[This result: Wuppertal-Budapest 2410.06216, first computed: D'Elia et al 1907.09461]
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Expansion of the Polyakov loop

:/DUefsg(“)-detMu(m my, ) *-det My(U, my, pg)™*-det Ms(U, ms, pis)*

The Polyakov loop depends on U only, ug appears in the determinant only.
Imaginary density

log det M'/*(U = logdet M;/*(U, AU

ogdet M;""(U, mj, nj) = logdet M;""( mj70)+ (U)o

+2IB(U) 2 4 IC(U) R

3!

To expand a variable X in the chemical potential p; we write 9; = o, /T

oX) = (XA) ) + (X7
o0 (X) = = <><A,~Ak> - % (X) (AA0) — (XA} (Ay)
T (X) (A (A7) + LBXVATT — (DX (Ad)
FSADBXT — 2 (X) () + (5 K)

B; = 0;A; and C; = 0;B; and so on . ..

N
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Expansion of the Polyakov loop in imaginary u

P="Pr+P

Magenta color: real and C-even.

Blue color: real and C-odd. Imagine 0; as imaginary-u derivative!

A straightforward application of these rules yields up to second order

95 (Pr)l,=o 0,
0 (Pl=g = (AiP1),
9Ok (Pr)l,=0 = 0 [(BiPr) — (Bj) (Pr)]
(AjAkPr) = (AjAx) (Pr)
Ok (Pl o = 0.

These can be combined into the following relation (all terms are real, even):

S0P =+ [(Pr) (BPR) — (PR (8)]
+ (Pr) (AjAcPr) — (AjP1) (AiP1)
— (AjA) (PR)?
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Expansion of the Polyakov loop in imaginary p

P= 'DR + PI T=130 MeV —=— T=150 MeV ——
0 (Pl = O, i
8J <PI>|;1,EO = <AJP/> ) iz 0 @>
90k (Pr)l =0 = O [(BiPr) — (Bj) (Pr)] a1
<AjAkPR> B <AjAk> <PR> ’ o 0.15-0.1-0.05 0 005 0.1 0.15
6j6k <P1> =0 0. Re Ploop

0.08 0.02
T=140 MeV T=140 MeV
16x8 lattice 0 16°x8 lattice

0.06 ¢ 002 |

0.04
A 004 2
& & -0.06
o
2002t E 08
0.1 »
0 ol O(ug ) ——
: Ol =

o2 direct data —#— 014 | direct data —®—

’ 007 057 1.0m 157 0.0m 057 1.0m 157
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Varying the imaginary ug, Pr stays real, P, stays imaginary.
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Expansion of the Polyakov loop in real u

P=Pr+ P
Magenta color: C-even (real or imaginary).
Blue color: C-odd (real or imaginary)

9 (Pr)| =g = 0,
(Pl = (AP,
Ok (Pr) =0 = O [{BiPr) — (B;) {Pr)]
(AjAkPr) = (AjAi) (Pr)
90 (Pl = O.

If 9; is a real chemical potential derivative:

(Pi(ps)) = (APi(us=0)pus+...,
1

(Py) was meant to be the imaginary part, but in fact,
it has a real expectation value, while being C-odd.
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The Taylor

Higher orders:
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Testing the expansion at imaginary yp

Two temperatures in the pus = 0:

440 600
3 direct simulation result T=,(140 MeV - direct simulation result T=3190 MeV
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Testing the strangeness neutral extrapolation:
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)
& 380 | ) —
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The extrapolated static quark entropy

The renoramalized Polyakov loop:

T=160 MeV O(u’) mmmmm T=130 MeV O(u®) sl Hp=400 MeV
o T=150 MeV O(up’) mmmmm T=130 MeV O(up®) —— ]'6 =300 MeV mmmm
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g — g
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.
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T, extrapolated to eighth order

S itself can be extrapolated (16° x 8 lattices).
The temperature of the Sg-peak is calculated for each pp.
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T, extrapolated to eighth order

Fg is extrapolated (16° x 8 lattices).
Strangeness neutral (ns = 0) and normal (us = 0) extrapolations differ.
The temperature of the Sp-peak is calculated for each ug for both cases.
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Width of the transition extrapolated to eight order

S itself can be extrapolated (16® x 8 lattices).
The width of the Sp-peak is calculated for each pg.

70
chiral width [2002.02821]
60°F O(u") ig=0
8.
O(j1") ng=0 M
50 |- B S

40

30

20

width of the transition [MeV]

10

O L L L L L L L
0 50 100 150 200 250 300 350 400

pg [MeV]

[Wuppertal-Budapest 2410.06216]

36/48



What is strangeness neutrality?

Besides light baryons hyperons are also generated with ug > 0: = (S) <0

In experiment (at chemical freeze-out) (S) = 0.
We achieve this by adding j1s > 0, this is T and pup dependent.

ws(ue, T) = su(T)pus + s3(T)ug + ss(Tpg + - .
One obtains s1(T), s3(T) and s5(T) from the standard Taylor coefficients

[HotQCD 1208.1220; 1701.04325]

Our recent continuum results wuppertal-Budapest 2312.07528]
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Strangeness neutrality in a crosscheck

Besides ligth baryons hyperons are also generated with pug > 0: =—

(§) <0

In experiment (at chemical freeze-out) (S) = 0.
We achieve this by adding pus > 0, this is T and pug dependent.

pe(pue, T) = si(T)us + s3(T)ug + ss(T)pg + s7(T)pg +so(T)ug + ...
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Extrapolated strangeness fluctuations

A naive extrapolation of 3 (ig) is governed by the coefficients xfﬁ(T).
With strangeness neutrality, however

X5 (e, 15 (1)) = 3 + (X5 +2xF si(T) + 16 (su(T))?) g + ...

Alternatively, one can work in the T’ expansion scheme

X5 (s, ws(ps)) = f (T(L+ Assfip +...))
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An observation about T, and strangeness fluctuations

Chiral susceptibility peaks at T,

The peak shifts with pug as
expected

Strange susceptibility x3(T) is

monotonic in T

Collapse plot: chiral susceptibility

as a function of starngeness

susceptibility is ug independent
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Strangeness susceptibility as a proxy for T,

This behaviour is specific to the strangeness neutral case:

T [MeV]

Observation at zero and imaginary pg:
The chiral susceptibility has a peak where Xf(TC) ~ 0.3
This proxy of T. has very small volume dependence.
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Constant x5 (T, ug) contour vs the crossover line

We can check the agreement between the x5 = 0.3 contour and the
extrapolated chiral transition line with published continuum data.
165
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There is a small tension between the curvatures, but line is within 1 o.
X5(T) is a result of NLO T’ expansion

Tc (chiral) is the cubic polynomial extrapolation of the peak of Xz,
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Taylor expansion coefficients with strangeness neutrality

X3 (e 15 (1e)) = x5 + (X5 +2xF si(T) + x5 (s1(T))?) i + . ..
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X2S

Strangeness susceptibility extrapolated

Taylor extrapolation from g = 0 of x3:
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Strangeness contour with high statistics Taylor coefficients
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Conclusions

It is still very expensive to access high density physics from the lattice.

m Continuum extrapolated high
order coefficients e onAtbrons

m Extreme statistics on 163 x 8
lattices
( 3 years in Jiilich
+1 year on LUMI)
one can attempt to extrapolate
to so far unattainable parts of
the phase diagram.
(today only on coarse lattices)

T [MeV]
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Testing continuum limits with the 4HEX action

4HEX staggered action with strongly reduced taste breaking.
Let’s look at those fluctuations e.g. chanrge, that is sensitive to it.

Continuum extrapolation T = 145 MeV with large volume up to N = 16
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