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Introduction

QCD phase diagram

» Goal: we want to investigate the critical points in the QCD phase
diagram

» We can think of at least three critical regions:
(1) The Roberge-Weiss transition region
(2) The chiral transition region

(3) The region around the critical endpoint of QCD

Tpoe=156.5 MeV

Temperature

critical
. point?

| p 3 T
0 /m=u, /(xT) Net-quark density

Fig. from Phys.Rev. D 93, 74504 (2016)

» More broadly, we aim to investigate the singularities of QCD in the
complex p-plane.



Introduction

Yang-Lee edge singularities

» There is a deep connection between phase transitions and the
singularities in the complex plane.

h

The free energy has a branch cut on

the imaginary axis for the symmetry +ha(T)
breaking field h. The branch point is ) b’
known as Yang-Lee edge singularity. ~hy(T)

[Yang, Lee (1952)] TsTc

Fig. from New J. Phys. 19, 083009 (2017)

» Why are YLE singularities useful?

(1) If for T — T. the YLE singularities end up on real axis this signals
the presence of a physical phase transition

(2) At T # T the presence of a YLE singularities determines a finite
radius of convergence

» Strategy: find the location of critical points by tracking the location
of the YLEs as a function of the thermodynamical parameters.



Introduction

The multi-point Padé method

» How do we get the information that we need from lattice data?

Because of the sign problem we cannot directly explore regions at
real (or even complex) chemical potentials.

» In our approach:
(1) We perform simulations at imaginary p
(2) We calculate the Taylor coefficients of a given observable

(3) We merge the results using multi-point Padé approximants

We can extract information about the singularities of the observable
by studying the uncanceled poles of the rational approximants.

» This Padé resummation scheme is a combination of the Taylor
expansion and analytic continuation methods.

Multi-point vs single-point Padé: replace the need for expensive
high order Taylor coefficients with cheaper low order Taylor
coefficients at multiple points.



Introduction

The multi-point Padé method

» We look for a function of the form

P ():p,,(u):a0+alu+agu2+...+anu”
o am(p) 1+ bipp+ bopi? + ...+ by

that matches the Taylor coefficients of the observable.

» Multi-point Padé: we determine a;, b; by imposing
j Ky — o (k)
8, Rom(1n®) = 3,0) (1)

This yields a nonlinear system of egs, but the problem can be linearized

pn(u 1) = (0) (1) gm ()
A ) (0) (1) qm(19) + (O) (1) g (1))
P (1) = (0)" (1) gm(1®) + 2(0) (1) g (X)) + (O (1)) g (1))

Alternatively we use a x? minimization approach, i.e. we minimize

Xéeneralized = Z(aibjRn,m(/‘(k)) - ajw<o>(lu’(k))) /(Aaj < >( k)))

ki



A first success: the Roberge-Weiss transition

Numerical set-up

As a first practical application, we consider Nf =2 + 1 QCD in the
high-temperature regime.

» We simulate highly improved staggered quarks (HISQ) in
Nf =2 +1 QCD using 36° x 6 lattices
1

o1 1 8z TN .
> Observables: xp o = Z 95 and their first [ip-derivative
» 4 temperatures (T = 195.0,190.0, 185.0,179.5 MeV)
» O(10) imaginary chemical potentials in [0, i7]
» Enlarge interval to [0, 2i7] by mirroring data using periodicity and
parity
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A first success: the Roberge-Weiss transition

Padé approximation

We approximate x5 with R2 and Rl in the interval [0, 2i7] using the x?

method:
@ ==rosofthe numeratorR? 4 zeros ofthe denominator R @ ==rosofthe numerstor R} 4§ zeros of the denominator RI

40 20
55 55 " .
1o + 01000 ¢ sod L g
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S o : i : s S5 X = 0 : : : s
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= signature of branch cut singularities lying at ug/T = im

» Some zero/poles cancellations appear when we increase the order of
the ansatz, but the location of the branch cut singularity is stable

The location of the branch cut singularity is also stable with respect
to the method used for building the approximation (x? vs linearized
system)



A first success: the Roberge-Weiss transition

Temperature dependence

= signature of branch cut singularities pinching the imaginary axis
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TIlu/T]
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A first success: the Roberge-Weiss transition

Temperature dependence

In summary,
45
196.01 MeV
10 4
196.01 MeV
3.5 190.00 MeV
- W _________________________ 190.00 MeV.
=% 185.00 MeV
= 251 185.00 MeV
3 179.50 Mev
T 201 179.50 Mev
~ 1.5 4
1.0 4
0.5
0.0 :
0 2 1 6 8
Relup/T)

» For all temperatures we find singularities lying on fig = im. We find
compatible results using the Padé approximants for x5 (upward
triangles) and x¢, (downward triangles).

» Are these the YLE singularities associated to the RW critical point?



A first success: the Roberge-Weiss transition

Scaling analysis
Theoretical expectations:
> Magnetic EoS: M(h,t) = hi fg(z) + Mi,eg(h, t), where

> t=1t"! T’;‘ﬁ; T and h= hy 1“5 T are scaling fields

» fc is a scaling function depending only on the scaling variable
1
z=t/hws
» (3 and § are the critical exponents [3d, Z(2) universality class]
1 [T
» We can solve t/h?s = z. = |z.|e'?55

= e = :l:ﬂ—(‘zc‘)ﬁé( TRTM,/?,,_VT)M By =

Scaling analysis:
» We can fit the real part of the singularities using the ansatz:
AR _(Trw—T\B6
fvie = a( g T )7 + b

— estimate non-universal parameter Tgy from fit parameters



A first success: the Roberge-Weiss transition

Scaling analysis

» By fitting our data using 3§ = 1.5635 we obtain the estimate
TRW =207.08(35) MeV. We can also estimate the continuum
limit by a global fit of N; = 4, 6,8 data, assuming

a(N;) = ap + aa/N?
TRW(N,) = TRW + TR N2

> We find TRW = 211.1(3.1) MeV, in good agreement with a
previous work by the Pisa group

Combined fit -
Xz ~ 0.4 — contnuum

Ta () [MeV]
H
/
/
/
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Phys.Rev.D 93 (2016) 7, 074504



The critical endpoint

Interval sensitivity

What happens at lower temperatures? At T = 120 MeV we find what
looks like a second singularity when we restrict the fit interval from
[0,2i7] to [0, iw]. This hints at the existence of a second critical point in
a distinct region of the phase diagram.

Interval [0, 7] Interval [0, 2]
“ “ l
35 * 35 x
. X . L x4
- ; oo
320 ° ° EX
£ -~ X e £
10 x 10
Re(ug/T) Re(ug/T)
X zerosp33 attice] X zeros Raa Lattice] X zerosR33 [Lattice] X zeros Rad (Lattice]

We can also look at the density plots of the solutions from several
intervals of different length and center:

s 1 o 1 2 a s 1

3 3
Relus/T] Relus/T]



The critical endpoint

Interval sensitivity

For comparison, see the density plot at T ~ TRW (the dashed line is in]

4 H 6

4 s 6 o 1 2

3
Relus/T]

o 1 2

3
Relus/T]

Poles are strongly localized in a single spot lying at im, with possibly a
second, faint and sparsely distributed spot which is barely noticeable.
We observe two regimes:

» High temperatures: almost no interval sensitivity, strong signal for
the Roberge-Weiss YLEs

> Low temperatures: interval sensitivity, signal for a second kind of
YLE singularity?



The critical endpoint

Interval sensitivity

» Notice that the interval sensitivity is ) Imy]
something we have been aware for a % .
while, from our experiments with toy 5 L -
§ 0 DU nalytic Zeroes || ¢
models. 3 S e
] -5 4 Zeroes of Pade
g « Poles of Pade
e . . 4 2 0 2 4 6 8 10
» 1-d Thirring model: B Il
Multi-point Padé approximation using T
an R]{ ansatz with different fit ranges, % o .l .y
: e 2o
p € [+2,2],[-4,4],[0,4] . G
. . .. E . Poles of Pade
— we recover different singularities I e e S I B
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N(u) g7
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The critical endpoint

Numerical set-up

We performed new simulations in the low-temperature regime. Similar
set-up:

» HISQ action, Nf = 2 + 1 flavours, =3
36° x 6 lattices o1
0.0 %38‘2385

iy

> Observable: x2,(T, 1)

5 temperatures Teee
(T =120.0,136.1,157.5,166.6 MeV)

0.1 ® @

» 10 imaginary chemical potentials
between 0 and i 2

0.0

%3]

Ri

—0.14 _®

» Observable extended to a larger -02

interval [—im, i7] using periodicity and R P
parity




The critical endpoint

Numerical set-up

We need to account for the interval sensitivity —

>

>

Approximate x2,(T, ug) with a
rational function

Calculate zeros of the numerator and
denominator

Remove near cancelling pairs, keep
poles in the first quadrant closest to
the center of the interval

Boostrap over the data

Iterate over 55 intervals of varying
length (from 7 to 27) and center

Perform scaling fits on randomly
chosen intervals and collect the results
for further analysis

Im[y ]

Re[xf’

sliding window analysis
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The critical endpoint

Scaling analysis

As for the scaling fits:
» The scaling fields for the CEP critical region are unknown. We can
make use of a linear ansatz [Stephanov (2006), Basar (2021)]
t =a:(T — Tcer) + Be(1B — picep)
h=an(T — Tcep) + Bn(ps — ticep)

» This leads to the scaling equations:
Re(pyie) = pcep+ci(T—Teep)+ (T — Teer)*+O((T — Tcep)?)
Im(uyie) = c3(T — Teep)??

» The fit coefficient ¢; = —ay,/ B is the inverse slope of the critical
line at the critical point



The critical endpoint

Numerical results

Numerical results from O(10°) fits using an
R3 ansatz and 55 intervals:

» Histograms show a signal for a CEP
candidate at

TCEP = 10578, MeV
pSEP = 42278 MeV

» Small differences between AIC
weighted (orange) and non AlIC
weighted (blue)

» 1o confidence ellipses from best
scaling fit

> ‘uCEP/ TCEP 4

Density

Density
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The critical endpoint

Systematics - sources

The analysis is subject to several sources of systematics that we should
discuss.
Systematics from the Padé approximation:

» Interval chosen for the rational approximation

» Order of the rational approximation ansatz

» Others: approximation method? truncation order? observable?

Systematics from the lattice:
» Finite-size effects

» Cut-off effects



The critical endpoint

Systematics - interval sensitivity

The density plots show a temperature-dependent non-trivial structure.

Blob at im moving to lower Re(ug) as T increases. Second blob moving
to larger Re(ug), Im(pg), either merging with first blob or becoming
fainter.

4 s 6 o 1 2 4 H 6

3 3
Relug/T] Relug/T]

4 5 6

3
Relpg/T]

[T = 120, 145, 157.5 MeV, clockwise order, 1o confidence ellipses from best scaling fit for Rg’ (black) / Rg’ (grey)]



The critical endpoint

Systematics - interval sensitivity

We took the interval sensitivity into account by using a sliding window
analysis. Moreover, we can also compare the results with and without the
statistical bootstrap.

—r— —T—
—— e — S —]
oot
001 3 wio aic 3 wio aic
w/ aic w/ aic
003
2003 =
g i 2 Approxi R
&o02{  Approximation: 1} o gon p”'°""“§“?"| :
Error: systematical Error: statistical+systematical
0.01 0.01 ‘
e T B e T me
7 ) I R T TR 0 0 T R T TR T
TCE [MeV] T [MeV]
—0— ——
L —
0.008 3 wioaic 0.008 [ wio aic
w/ aic w/ aic
L0006 L0006
&0 Approximation: 3 80004 Approximation: Iz}
0.002 Error: systematical 0.002 Error: statistical+systematical
0 0
0 m0 a0 6o so w0 @0 1o L T TR TR T T TP
1T MeV) 1 MeV)

— statistical errors on ,ugEP ~ systematic uncertainty



The critical endpoint

Systematics - order of the ansatz

By visual inspection, we have seen that usually poles are stable with
respect to the ansatz. Still, we can be more systematic and rerun the
analysis with R3, Ry and R? approximants.

o
———
0s 1 woaic 30 A
W aio

o _
> 25
oo Approximation:

o { o s |

el e =
R T R T T 3
15 V) E15] o BaPas
E] <« [53]Padé
] 10 T = 166.6 MeV'
0008 £ wio aic B T = 157.5 MeV
=

o e . T = 145.0 MeV
z 059 mmm T = 136.1 MoV
& 000 Approximation: R} T = 120.0 MeV.

0.002 "‘ Eror 0.0

o M 0 1 2 3 1 5
L T T TR T R TR Relpwye/T)

S MV

— The results for the CEP are compatible, the small difference between
AIC weighted and non AIC weighted becomes even smaller. The YLEs
from the best fits are compatible as well, but within very large errors.



The critical endpoint

Systematics - approximation method

Approximation method: zeros/poles structure from linear solver (left) vs
Xaen Minimization (right) at T = 145 MeV/, for intervals [0, in] (top) and
[0, i27] (bottom) — no difference (apart from cancelling pairs)

Linear Solver Generalised y? fit
6 + Zeroes 6 + Zeroes
* P .
S|+ Interval used ST| « Interval used
ix i
4 -ix 4 -ix
S 4 S s +
= Py 3 .
E 2 i E 2 R
E . "0t . E . ¢ .
1 . 1 .
) .0. 0 0
1 -1
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3
Relg/T] Relpg/T]
O+ Zeroes . 51+ Zeroes
. : . :
ST| - Interval used 5 ST+ interval used| -
4 o . 4 . .
E .= ’ . E 4 .
E 2 3 £ 2 -
1 é 1 :
0 ‘ 0 +*
*
-1 -1
3 -2 1 0 1 2 3 3 2 0 1 2 3




The critical endpoint

Systematics - truncation order

Truncation error: difficult to obtain a complete estimate because we
don't have a good SNR for high order derivatives.

However, we can explore the effects of the truncation on the zeros-poles
structure at T = 157.5 MeV. At this temperature, the signal for X:'? is
not entirely hidden by noise (and the effects of truncation seem small).

Eﬁﬁ. e,
'ii 1
g it

Imix3]

P 7 T :
Imlus/T]
Interval [0, 1] Interval [0, 2]

s s

B B
IS5 i cs « X ) ]
3 3
3 2
£: oy ® L E:

) )

o 0

= P o 7 T = P o 7 i
Re(us/T) Re(us/T)

X zerosR33(m X zerosR33(f+an X zeros R33 (f+df+d2f) X zerosR33(n X zerosR33(f+an X zeros R33 (f+df+d2f)
® polesR33 (N A polesR33(f+dn ¥ polesR33 (t+df+a2n) ® polesR33(N A polesR33(f+dn ¥ polesR33 (t+ar+a2n)



The critical endpoint

Systematics - observable

Observable: the rational approximations for Xls and Xlo at T =1575
MeV (top) and 120 MeV (bottom) yield compatible results for the poles.

Interval [0, 1] Interval [0, 2]
s s
B B
s S5 . X L]
3 3
E E
£ ‘e L £
1 1
o 0
= 3 o T = 3 o H T
Re(kig/T) Rel(kg/T)
X zerosR33 (chi1B) X zeros R33 (chilQ) X zerosR33(chiB) X zeros R33 (chilQ)
© boesRaz (e A polesRas (chi0) © boesRaz (e A polesas (chi0)
Interval [0, 1] Interval [0, 2]
s s
B B
s s X ]
3 3
E E
E: E:
£ 2 A B
Lok 4 aftsl
1 1
o 0
= 3 o 7 T = 3 o H i
Re(ug/T) Re(ug/T)
X zersha3 @ite) X zeros R33 (child) X zerosrs @ne) X zeros R (@i

® polesR33(chilB) A polesR33 (chilQ) ® polesR33(chilB) A polesR33 (chilQ)



The critical endpoint

Numerical results

Numerical results from O(10°) fits using R, Ry, R and 55 intervals:

[ wio aic
w/ aic

[ wio aic

0031 = wi aie

2002 Approximation: £, i, i
3t Rs c
Approximation: £5, Ry, K] Error: statistical+systematical
Error: systematical
0.01
0.00 -
o 20 40 60 80 100 120 0 20 40 60 80 100 120
TCE [MeV] T [MeV]
N, =6
multi-point Padé
CEP CEP
T [MeV] up o [MeV] un/T

best fit 111.9 £ 54 4517 £ 72 4.04 £ 0.37

w/ AIC 102.2 + 10.5 — 22.7 427.5 + 161.9 — 73.9 4.14 + 2.65 — 0.58

w/o AIC 1017 + 10.9 — 24.1 424.2 + 147.9 — 77.3 4.11 + 2.58 — 0.59
Cc1 C2 C3

best fit -6.2 £ 76 0.15 £ 0.12 0.83 £ 0.14




The critical endpoint

Numerical results

Our current estimate is T<EP = 102733 MeV and pu§EF” = 4287182 MeV/.

w/ AIC

W} = me / b Y
= BHE ! N pAMeV

. /
400 600 800 1000 1200 1400 0 200 400 600 800 1000
Ha [Mev]

» Results in agreement with [Basar, arXiv: 2312.06952] and [Adam,
arXiv: 2507.13254] (with some tension)

» Location of the CEP fits nicely with the chiral crossover line

» Parametrization for the chiral crossover line:

L. Tpc(ng) = Tpc(0) [+ k3 (18 / T)* + ki (ue/ T)*]
2. Tpe(ng) = Tpc(0) [1+ k3 (us/ Tpc(0))* + ki (1s/ Toc(0))*]

Parameters: Tpc(0) = 156.5(1.5), k¥ = k& = —0.015(1), kf = kf = —0.0002(1)



The critical endpoint

Systematics - lattice
» Finite-size effects: they are likely small. We use an N,;/N; = 6 ratio,
larger than most finite temperature simulations.

» Chiral and deconfinement observables below 170 MeV very close to
the infinite volume limit.

» We estimate that the correction to the infinite volume scaling ansatz
would amount to shifting TEP to larger values by ~ 10 MeV.

m=my27 m = mg/27
20 0.05 4 ™ T
A
18 is M
@ 0.04
16 R Ng =32 Ny =32 &
14 B, 24 & 24 &
12 , R 16 & 0.03 16 ==
10
0.02
8
8 0.01 e
4 @ RRUT e
. T [MeV] 'S O T oo T [MeV]
0
175 180 185 190 195 200 205 210 215 220 175 180 185 190 195 200 205 210 215 220

Figs. from [Cuteri arXiv: 2205.12707]



The critical endpoint

Systematics - lattice

» Cut-off effects: we can try to compare our N; = 6 results with the
N; = 8 results by HotQCD.

Single-point Padé approximation for the 8-th order Taylor expansion
of pressure, Ap = ﬂ%} - 5#2 =300 Po(T)p%

T 0.06 —

"ap, 4IP,
02 0.05 [~ cont. extr. == {
P No=6 ket
015 |- cont. e, == J 004 el
No=6 14 s
= 0.03 W Tren i —
01 12181 B
16 1
(QMHRG2020 = 002 Ideal Gas
0.05 |- High T pert. th. 1 0.01
A e, T
140 160 180 200 220 240 260 280 140 160 180 200 220 240 260 280
0.15 T T T T T T T 15 T T T T T
61Pg Splne :N, =8 = 8P Spine :N =8 =
04k Np-6 i | 1 N=8 |
8 5 QUHRG2020 —
12 01
0.05 QMHRG2020 — 05
[ B 0
-0.05 B -0.5
-0.1 B -1
T[MeV] T[Mev]
ol TP 45— . . h
140 160 180 200 220 240 260 280 130 140 150 160 170

Fig. from [Bollweg, arXiv: 2212.09043]



The critical endpoint

Systematics - lattice

> After mapping the Taylor coefficients to an Rf rational ansatz

400 ) — _Peiat(Pat(PrPs)/ Pyt
Ri(R8) = ((pory) P2yie— (s Pi) %

they calculate its complex poles and find poles approaching the real
axis as T is decreased.

jio = 0, s =0

3.0 4
“ in
25
2 ﬁ
T
520 < -0 ‘
E | S =T
S15 £

To1ss
T-160
) To165
5| w7 = 1360 Mev

T 1200 MeV -4

0 1 2 3
Refjuye/T]



The critical endpoint

Systematics - lattice

» Results in agreement within errors. Difference in central values
between N; = 6 (green ellipse) and N; = 8 (blue ellipse) could point
to cutoff effects which shift ug towards ~ 650 MeV.

» However ellipses are still compatible within large uncertainties. Also
different systematics involved (single-point vs multi-point Padé).

8007 Re puve [MeV] D HotQCD [44]
O BiPar Muli

160

600 150

400 10

130

200

120
Tm preye [MeV] ¥ HotQCD [4,4] ‘

0 BiPar Multi

100 110

300 10

-
-=- DsE2
9W0F —m- mc
-&- BHE

200

LN
N eV

g T MV 0 200 100 600 800 1000
) 90 100 110 120 130 140 150 160 170

100

e

0

» But at the same time, [Basar arXiv: 2312.06952] also finds a larger
central value for ug for Ny = 8.



Conclusions

To summarize:

» We have estimated the location of the QCD critical point by
tracking the YLE singularities in the complex plane as a function of
the temperature

» The analysis was performed using multi-point Padé approximations
> We have found TP = 10273} MeV and uSEP = 428715 MeV

» These findings are consistent with other recent studies and with the
current determination of the chiral crossover line

P These results are not extrapolated to the continuum yet

» A preliminary estimate of cutoff effects suggests a potentially larger
pEEP ~ 650 MeV



Thank you for listening!



Backup slides

Comparison with the hadron resonance gas model

We can compare the Lattice data with mock data for the HRG model.

xg>: Lattice (green) vs HRG (black)

02 _.& }: e 0z %0 } g
o * = o1 - ‘. ‘c-'
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ous| E s
3 7 7 7 3 H 7 7
Imius/T) Imiua/T)

[T = 166.7 MeV (top), 120.0

MeV (bottom)]



Backup slides

Comparison with the hadron resonance gas model

Zeros-poles structure for [0, 7] and [0, 27] at 166.7 MeV:

Interval [0, ] Interval [0, 2]
0 0
|
35 35 +
20 20 ‘e ] (%]
. ¥ L]
g o2
3 & x S x
£ . ; ¢ £
10 10
os os
b
00 00 N
B o B 3 3 p 5 5 = o 3
Re(pg/T) Re(pg/T)
X zeros R33[Lattice] |- zeros R33 (HAG] X zeros R33 (Lattice] | zeros R33 [HRG)
@ polesR33[Lattice] 4 poles R33 [HRG] ® polesR33(Lattice] 4 poles R33 [HRG]
X zeros Ra [Lattice]  + zeros Raa [HRG] X zeros Raa [Lattice] - zeros Ra4 [HRG)
® polesRadlattice] @ poles R44 [HRG) ® polesRad[Lattice] @ poles R44 [HRG)

Zeros-poles structure for [0, 7] and [0, 27] at 120 MeV:

Interval [0, rT] Interval [0, 2]

¥
toiog

Im(us/T)
K+ onfwcioee
Im(us/T)

00 M

B 5 % 2 o G B 5 % o H i G
Re(s/T) Re(a/T)
X zerosR33(Lattice] 4 zeros R33 [HRG] X zerosR33 [Lattice] - zeros R33 [HRG]
® poles 3 [Lattice] ¢ poles R33 [HRG] ® boles 3 [Latice] ¢ poles R33 [HRG]
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Comparison with the hadron resonance gas model
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Density plots: Lattice (left) vs HRG (right)
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[T = 120.0 MeV (top), 157.5 MeV (bottom)]
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Comparison with the hadron resonance gas model

» Corrections to the HRG model become small at low temperature

> At T =120 MeV/, corrections to the observables are still
statistically significant

» However the zeros-poles structure of Lattice and HRG data are
compatible within errors

» Will (very) high-order Taylor coefficients be required for analyses at
lower temperatures?



	Introduction
	A first success: the Roberge-Weiss transition
	The critical endpoint
	Conclusions
	Backup slides

