Spontaneously Broken
Non-Invertible symmetries

in Transverse-Field Ising Qudit Chains

SR EREE

”

(OSSR S
ast (A PEKD)
Ze 1y B D0 4

G-Qui f/\\ /N AN

D3 ') le) |"> [sr7)

together with
Kai Chung, Umberto Borla and Andriyy Nevidomskyy




Generalized symmetries



Generalized symmetries

® Multipole symmetries Oy Jt + 0;0;J7 =0



Generalized symmetries

® Multipole symmetries Oy Jt + 0;0;J7 =0

 § A

oi f
® Higher-form symmetries @



Generalized symmetries

® Multipole symmetries Oy Jt + 0;0;J7 =0

 § A

oi f
® Higher-form symmetries @

® Non-invertible symmetries 0.0p = ., N O



Generalized symmetries

® Multipole symmetries Oy Jt + 0;0;J7 =0

 § A

oi f
® Higher-form symmetries ©

® Non-invertible symmetries 0.0p = ., N O

Generalized Landau paradigm
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Hilbert space of qubit: |0), |[1)  Z; group



Two state qubit

clock operator /

shift operator X

SSB states:

order parameter
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ZnN clock models

Two state qubit » N-state qudit

clock operator / |n) = 6i27rn/ N n D7 INAN AN
| " e PN
shift operator X TL> — |’I’L -+ 1> &6 B2 10y 4
SSB states: n) = ® n). Uln)=|n+1)
;
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How to generalize to gk xm _ gi2nkm/N ym 7k

non-Abelian SSB?
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Group-valued basis: lg) foreach g¢cGG
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Brell, 2015
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Group-valued basis: lg) foreach g¢cGG

shift operators th |g> — ‘hg> 9 th |g> — ‘gh_1>
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non-Abelian generalization
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Tensor network
representation
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G-symmetric TFIM

On a chain of G-qudits introduce
Ho=—J3 Y dr Tzl - Z5) - 1Y Y X7 +he
i T g

G symmetry generated by U, = Hyig
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Gauging G-symmetry
Introduce G-valued gauge field on links » l S

Hg — JZdeTrZF b1 Zig] - hZZKg+h.c.
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Gauging G-symmetry

Introduce G-valued gauge field on links

Hg — JZdeTrZF b1 Zig] - hZZXﬁ+h.c.

with Gauss law constraints: X Y J

+%

resolving this constraint we end up with
g9 7 Y9I
Hg— —J) Y drTr[Z;, ] hLLX_§ 1 +he.
i T

KW duals are different for non-Abelian G




Non-invertible symmetry

He=-JY Y XX —hY Y dr Tr[Z]] + he.
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Non-invertible symmetry

He=-JY Y XX —hY Y dr Tr[Z]] + he.
1 g ) I

MPO form:

Rr=Tr ||z} erﬁzr—---—zr]

Symmetry genertors

Symmetries multiply according to irrep Rep(G) algebra

Ry, Rp, = ZN&)RFC &S 1,010, = EBN&’FC

For non-Abelian groups G this algebra is non-invertible




Proof of non-invertability

Consider the action of symmetry on the basis state

Rr|gy,---,gr) = Te[D 95 gy, -+ g

/

character

for irreps with dr>1 at least one group element must have zero
character

symmetry

Rr must have finite kernel — .
cannot be inverted



Spontaneous symmetry

breaking

To find SSB states, introduce a dual basis of G-qudit

dr

Tep) = \J Gl Fopl8) = jaye]imy e sl

geG

which block-diagonalizes X operators

1
SSB states for h=0: ') = {;}@ N7

local
order parameter
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iIDMRG: local order parameter, transition at h=|




Rep(G) SSB: new features

Rr |T'y) Z o Te) cat states for non-Abelian G

SSB ground states have different entanglement structure

D3 group: product states Aq),|As)

entangled MPS E) with bond dim=2



Rep(G) SSB: new features

Rr |T'y) Z o Te) cat states for non-Abelian G

Different SSB ground state have different entanglement

D3 example: product states |A1),|A2)
~ )
entangled MPS | E)
/ \_ ,
SPT-like edge entanglement string order

features: modes  spectrum degeneracy  parameter




Rep(G) SSB: new features

on open chain |G| SSB states

|

Edge modes: Top) = la)yeqIT)
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transitions between different SSB states
with local edge operators

partial fractionalization of G-qudit between two edges




Rep(G) SSB: new features

Entanglement spectrum: Schmidt decomposition
) BEIR RS R R
0] | e F e ) = AalaL)|aR)
Rt N
S T
Eol L4l T in the SSB entangled state |FE)
| + 1 , ,
5 S all Schmidt eigenvalues
PSSP are two-fold degenerate
0.5 1.0 1.5

h/J Pollmann et al
Perez-Garcia et al



Rep(G) SSB: new features

Ordinary symmetry multiplets: U,0% = (FZBC’)?) U,

multiplets of non-invertible symmetry contain
local and non-local operators

Bhardwaj et al

Sij = §: Hi<k<j 2?2)2;
d) l=5
SSB state |E) 0'15“\ et
=
supports both local = 0.10-
)
and non-local order =
~0.05
parameters
0.00 “



Anyonic domain walls

Domain walls can carry internal dofs- open legs of MPS

They fuse as non-abelian anyons with multiple possibilities

Two domain walls nearby:

Using Clebsch-Gordon
decomposition
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Outlook

Realization with quantum hardware
Applications to non-Abelian LGTs
Phase transition

extension to 2d:
non-Abelian anyons and quantum computing

arXiv: 2508.1 1003
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SSB details
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Multiplet of Rep(D3)

RpX! = |Re(w) X! +iIm(w (HZA2) Ry
\ I \ k<j

local local non local
string

Bhardwaj et al

with w = exp(i27w/3)



