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* Accurate long-time quantum simulations
are challenging in complex systems

e Limits on access to observables ano

5
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« Accumulation of errors in time both on 1079}

classical and quantum hardware —— Order 2
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Motivation
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* Quantum computers also tace /
hardware problems, e.g. 1077 -
Decoherence and gate depth

107} :

» Improving theoretical methods could /

S
reduce simulation error 51077
» Time evolution operator: 1091
__—i1Ht t/h — Order 2
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* Quantum computers also tace
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hardware problems, e.g. Y an
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» Time evolution operator:
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Motivation

* Quantum computers also tace

Accuracy

hardware problems, e.g.

Decoherence and gate depth t = 4h
» Improving theoretical methods coulo }Error — ¢
reduce simulation error
» Time evolution operator:
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Trotter-Suzuki decompositions

Time evolution

» Schrodinger equation: z’%h&(t)} = H|(1))

- Solved by the time evolution operator U(t) = e " : |1(t)) = U(t)[¥(0))

» Imaginary time evolution (t = —i7) : [¢(0)) = lim e "7|¢(0))

T—00



Trotter-Suzuki decompositions

Time evolution

» Schrodinger equation: z’%h&(t)} = H|(1))

- Solved by the time evolution operator U(t) = e " : |1(t)) = U(t)[¥(0))

» Imaginary time evolution (t = —i7) : [¢(0)) = lim e "7|¢(0))
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» Analytical solutions possible for simple, small and symmetric systems

» Exact diagonalization possible for small systems (e.g. spin chains with L < 20)

» Exchange scalability for a discretization I
U (t) = [Sn(h)]"

error using Irotterizations



Trotter-Suzuki decompositions

Baker-Campbell-Hausdorf formula

» Hamiltonian with two terms: H = A + B

2 3 3
. BCH formula: AheBh _ J(A+B)h+ " (A, B~ [A[A,B]l+ 1 [B,[B,A]+O(h*)



Trotter-Suzuki decompositions

Baker-Campbell-Hausdorf formula

» Hamiltonian with two terms: H = A + B

2 3 3
. BCH formula: AheBh _ J(A+B)h+ " (A, B~ [A[A,B]l+ 1 [B,[B,A]+O(h*)

2
* Non-commuting case: eAheBh — €(A+B)h+(9(h ) _Ordern =1

A A
» Leaptrog (Verlet) scheme: ezheBhezh = (ATBIHOM) _Order n = 2

* Symmetric schemes lead to even orders without much cost



Trotter-Suzuki decompositions

Scheme construction

- Construction of higher order decompositions (7 = 4)
» Suzuki and Yoshida methods - Construction using lower order schemes

» Both methods fail to find maximally efficient schemes



Trotter-Suzuki decompositions

Scheme construction

. Construction of higher order decompositions (7 > 4)
» Omelyan’s method - Construction from scratch

- Assume symmetric (not necessarily real) parameters (a1 = a,11, b1 = by)

€(A+B)h—|—01h—|-03h3—|—05h5 _ a1Ah by Bh . quh aq+1Ah

€ € * o € €

. . . aiAf,;h
Notation: - Stage, ¢ by by b1 b,

- Ramp (up, down) ¥ /\/ \/\

- No. cycles A
y q a1 a9 Qg Ag+1

/



Trotter-Suzuki decompositions

Omelyan’s method

» Assume symmetric (not necessarily real) parameters (a; = a,.1, by = b,)

€(A+B)h+01 h+03 h3—|—05 ho° __

*Validit, ¥ = 0 = 1 which
is guaranteed by:

D =) ;b =1

€

O,=(v—1)A+ (o —1)B,
03 — OzCl -+ 502, Cl — [A, [A, BH,

6

a1Ah biBh | bgBh

€

aq+1Ah

Cy = [Ba [BvA]]a

05 — Zkzl ’Ykaa Dy = [Av [Av [Av [Av BH”? Dy = [A7 [A7 [Bv [Av BHH»

Ds
Ds

B,
B,

A, [A, 14, Bll]},

B, A, B, All]l,

D, = A, [B,[B, B, All]],
D¢ = [B7 [B7 [Bv [BaA”H



Trotter-Suzuki decompositions

Omelyan’s method

» Assume symmetric (not necessarily real) parameters (a; = a,.1, by = b,)

€(A+B)h+01 h+0Os3 h3—|—05 ho° __

« Order n = 4 satistied by:

ala;, b)) = Bi(a;, b)) =0

* Order n = 0 satisfied by:
vi(as, b;) =0

€

01 — (V — 1)A—|- (O’ — 1)B,
03 — OéCl -+ 502, Cl — [A, [A, BH,

alAheblBh o equh

€

aq+1Ah

Cy = [Ba [BaA]]a

05 =" wDi Di=[A[AA 4B, D=[AA[B 4 B,

Ds
Ds

B,
B,

A, [A, 14, Bll]},

:B7 [A7 [B7 A”H7

D, = A, [B,[B, B, All]],
D¢ = [B7 [B7 [Bv [B7Am]



Trotter-Suzuki decompositions

Omelyan’s method

» "A decomposition is efficient it its leading order errors are small

compared to the no. cycles ¢ it requires”

» Error definition: Errs(a;, b;) = /|a? , Erry(a;, b \/33@ il

I/

where we assume orthogonality of the basis

» Efficiency definition: Eff; =

Efty =

¢?Frrs q*Err,




Trotter-Suzuki decompositions

Omelyan’s method

» With increased order and no. cycles the error manifold complexity rises

Polynomial manifold for 2 cycles

Error function, Errs
- -) -) -) -)
> 5 5 = 4
FEN @) Qo - DO

=

S

DO
I

0.0 0.2 0.4 0.6 0.8 1.0
Free parameter
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Trotter-Suzuki decompositions

Omelyan’s method

» With increased order and no. cycles the error manifold complexity rises

Polynomial manifold for 4 cycles

Branch 1

Branch 2

Branch 3

=== (Complex branch -

Error function, Erry

—1.5 ~1.0 —0.5 0.0 0.5 1.0 1.5
Free parameter

10



Efficiency results

Order 2
» Verlet or Leapfrog scheme (¢ = 1)

- Simple, yet performs very well

- Valid, if high precision is not desirea

« Omelyan’s scheme (¢ = 2)
- One free parameter to optimize

- Comparable to Leaptrog

11

30.0F

10.0p~

Efficiency at different orders n

B Verlet/Leapfrog -
‘ Omelyan
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Number of cycles ¢



Efficiency results

Order 4
 Forest-Ruth scheme (¢ = 3)

- Poor performance

» Omelyan’s Forest-Ruth scheme (¢ =
- One free parameter

» Suzuki's scheme (¢ =5)
- Favourable error accumulation

» Blanes-Moan (¢ = 6)

- Highly efficient order 4 scheme

4)
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10.0p~

Efficiency at different orders n

Forest-Ruth
Omelyan’s Forest-Ruth ;
Suzuki (¢ = 5) :
Blanes-Moan (¢ = 6)

)
W
Vb Ad]|

B Verlet/Leapfrog -
‘ Omelyan

s’  Global minimum
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Number of cycles ¢
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Order 4
 Forest-Ruth scheme (¢ = 3)

- Poor performance
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- Favourable error accumulation
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- Highly efficient order 4 scheme
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30.0F

10.0p~

Efficiency at different orders n

Forest-Ruth
Omelyan’s Forest-Ruth ;
Suzuki (¢ = 5) :
Blanes-Moan (¢ = 6)
Non-unitary (¢ = 4)

>
EVEAA]

Non-unitary (¢ = 5)

B Verlet/Leapfrog -
‘ Omelyan

s’  Global minimum
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Efficiency results

Order 6
» Yoshida (¢ =7)

- Unusual scheme (n, = 8,n, = 10)
- Extremely poor efficiency
« Blanes-Moan (¢ = 10)
- One of the best order 6 schemes
» New found schemes

- Improvement over the known schemes

13
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Efficiency at different orders n

20.0F

Yoshida 6 % * W *%
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w
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Efficiency results

FEthciency at different orders n (Flrst 100 schemes)

¢ Blanes-Moan (¢ = 10)

Order 6 0 e Yomde % %§6?
8

« Yoshida (¢ =7) o
Eﬁ 1072
- Unusual scheme (n, = 8,n. = 10) T * g
| I I ? Q I . .
- Extremely poor efficiency ¥ Forest-Ruth _
101_ t ' : gmega?s l*ﬁ(5)];‘esiz—Ruth§
: < uzuki (¢ =
 Blanes-Moan (¢ = 10) < wp N IR TS GO
i v ¢
I 3
1071 |
- One of the best order 6 schemes LA
30.0F Q B Verlet/Leapfrog A
« New found schemes @ Omelyan
agZ0.0' |
- Improvement over the known schemes -
10 O-- % Global minimum (O Local minimum

- Also explored the local minima [ e e RS URSTRR RNy
Number of cycles ¢
13



Numerical experiments

L
» The Heisenberg XXZ model: H =) (J*ofof,, + JYolol  + JP07 071 + hio), J* =1

1=1
» Correspondence with quantum computers (local gates)
» Periodic spin chain of length L = 6
» Estimate error using the Frobenius norm:

Error(t) = |U(6) = S|, U(t) ~ [S(h)]"

Evolve until time ¢ = 10.0, using some time step h

14



FError

Numerical experiments

Scheme Error vs Computational Cost (¢t = 10.0)

| —— Verlet (n=2,q=1)
1 ===- Omelyan (n = 2,q = 2)

“100 102 1010
Computational cost, QQTH

15



Numerical experiments

Scheme Error vs Computational Cost (¢t = 10.0)
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Computational cost, ==
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Verlet (n =2,q=1)

Omelyan (n = 2,q = 2)
Forest-Ruth (n =4, q = 3)
Suzuki (n =4,q = 5)

Global minimum (n =4, ¢ = 6)

1st local minimum (n =4, ¢ = 6)



Numerical experiments

Scheme .

rror vs Computational Cost (¢t = 10.0)

“fiy

“fip
Computational cost,

10°
2g+1
h
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Verlet (n =2,q=1)

Omelyan (n = 2,q = 2)
Forest-Ruth (n =4, ¢ = 3)
Suzuki (n =4,q = 5)

Global minimum (n =4, ¢ = 6)
1st local minimum (n =4, ¢ = 6)
Yoshida (n =6,q =7)

Global minimum (n = 6,q = 9)

Global minimum (n = 6, q = 14)

1st local minimum (n = 6, q = 14)



Numerical experiments

Scheme .

rror vs Computational Cost (¢t = 10.0)
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Forest-Ruth (n =4, ¢ = 3)
Suzuki (n =4,q = 5)
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Numerical experiments

» Correspondence between the experimental and theoretical error is not exact

» Investigate the properties of the parameters (a;, b;)

. 1
» Optimally: All parameters are exactly the same: a; = b; = Topt.,  Topt. = —

q
« Add a term to the theoretical error function:

((1 — a)Err)” + (az)”

T = Z(@z‘ — Topt.) + Z(bz — Zopt.)

(

16
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Numerical experiments

Error comparison at 14 cycles, a = 2.000 x 107°
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Outlook and future work

» We extended Omelyan’s method to a general framework for optimizing

Trotter-Suzuki decompositions and found novel schemes
- In progress: - Theoretical-Experimental error correspondence
- Order 8 scheme optimization
- Research of non-unitary schemes with complex parameters
» Future work: - Order 10 recursive formulae

- Test optimized schemes on quantum hardware

18
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Additional slides

Arbitrary no. stages adaptation

- Every scheme with 2 stages is b1

b
applicable to an arbitrary no. stages /\/ \/\
A

» Transition from stage-based to a " o

ramp based approach: B i | i |
c1 = ay, di = by — ¢y, N
1 | 1 1 . 1 Cq y . .

ci =a; —d;—1, d; =b; —¢;



Additional slides

Arbitrary no. stages adaptation

» Every scheme with 2 stages is b1 by bg—1

b
applicable to an arbitrary no. stages /\/ \/\
A

» Transition from stage-based to a a a2 (g
ramp based approach: o E ,:\ : ,: Lo
: o 10 ' 4 N
€1 =d1, dy=by—ci, » ) :\\V - :V
: | | : | : : |
C;, — Q; — d’i—l : dz — b?, — C; C1 dl Co dq—l Cq

A A 1 A 1
h Ap+0O(RmTt!
. kgl k+O( ) _ (HeAkclh) (H eAkdlh) (HeAkcqh) (H eAkdqh>
k=1 k=A k=1 k=A



Additional slides

Framework details

» Coefticients «, 5 and 7); are polynomials of parameters a; , b;

(A+B)h+01h+03h3+O0s5h> _ %2 Ah _°LBh _ayAh °:Bh %2 Ah

€ € € 2 € € 2 €

e Denote a scheme ®(i4:iB) at jteration (i4,iB)

az b1 b1 az az (1,1) a2 (2,1)
€2Ah€23h€a1Ah€2Bh€2Ah_>€2Ah€<1> €2Ah4>6<1>

» General form:

plais) = (VIVA+ g8 B) h 4 (ai4P)Cy + UABICo) B + P " 4 Dy + - -

where: v =% "q; o0 = ibi
1=1

1=1



Additional slides

Framework details

e Use the BCH formula to derive the

H(i—1,2—1)

recursive formulae for the coefficients € — €2 €
» Order 2 coefficients recursive formulae:
abi—) = oi—1i-1) -+ af'(I/?(f('i_l) — "1,3(1’“1.1/(1'—1)0(1'—1).
2

‘3(1',,'_1) B(z’—l.i—l) + ,,B(L.,; (U(i—l))

» Higher order derivations become much more involved



Additional slides

Framework details

» The error function defines a high-dimensional Errs(a;, b;) = v/|al? + |32

manifold in parameters a; and b;

Brr(as \/zk o

* Dimension: n, =q¢+1,n. € (2,4,10,...)

» Goal: minimize this manifold to identity

global and local minima



Additional slides

Framework details

» The error function defines a high-dimensional Erry(a;, b)) = v/|a]? + |82

Erry(a;, b \/Zk 1 Ak

manifold in parameters a; and b;

* Dimension: n, = ¢+ 1,n. € (2,4,10,...)

0.12F

» Goal: minimize this manifold to identify & 010
(]

global and local minima g 0o

4%0.06

» Example: g=2, 1 free parameter EOM

CL2 a 1 a 1 = 0.02

a(q — 2) — < A | 19’ ﬁ(q o 2) - 8 | 24 0.0 0.2 0.4 0.6 0.8 1.0

Free parameter, a



Additional slides

Framework details

» Optimization method: The Levenberg-Marquard algorithm

« Combination of the Gradient descent and the Gauss-Newton method

» Gradient descent: quickly accelerates toward

the minimum region

e« Gauss-Newton: Assumes the minimum

region and accurately pinpoints the minimum

» Fast convergence, but susceptible to local

minima — Many random initial parameters

0.12F

Frror function, Errs
- (-) -) -)
S > o =
H~ (@) o0 -

=

-]

DO
T

0.0

0.2

0.4 0.6
Free parameter, a

0.8

1.0




Additional slides

Local minima

Found Schemes (Minima) at 6 cycles, Order n = 4

10k *: | .
 Global minimum is usually close to the sl e
T o, o o o ®
2 )
average parameter value e ;- .
» Efficiency drops drastically far from R S B R

this mean

Distance from the mean 5

Found Schemes (Minima) at 10 cycles, Order n = 6
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g

* |t is good to study less efficient

Efficiency, Effg
=

—
S
B~

schemes, which are closer to the mean
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5 A 6 g 10 12 14

Distance from the mean —qil




Additional slides

Local minima

» Global minimum is usually close to the

average parameter value ——

2
g+1

» Efficiency drops drastically far from

this mean

* |t is good to study less efficient

schemes, which are closer to the mean

—_
3
[\

Efficiency, Effg
3

—_
S
W

Efficiency, Effg

10—1_

Found Schemes (Minima) at 12 cycles, Order n = 6

Distance from the mean qT21

Found Schemes (Minima) at 14 cycles, Order n = 6

. @
I O(%
@)
@ B8
O o
o % o
S ‘ ©q°
o 0 & %O © o
0% g)o ° ©
) oo ° %o
® oo
1.0 3.0 3.5

Distance from the mean _q—2H
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3 x 1070

2 % 1070

Error
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Additional slides

Numerical experiments

Scheme Error vs Computational Cost (¢t = 10.0)
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1% 102

6 x 102

Computational cost,

103
2q+1
h

—— Forest-Ruth (n =4, ¢ = 3)
==== Omelyan’s FR (n =4, q = 4)
Global minimum (n = 4,q = 5)
Suzuki (n = 4,q = 5)

—-— Global minimum (n =

1,q = 6)
—-— Blanes-Moan (n =4,q = 6)

1st local minimum (n =4, q = 6)
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Additional slides

Numerical experiments

Scheme Error vs Computational Cost (¢ = 10.0)

2q+1

Computational cost, =

Global minimum (n =6,q =7)
Global minimum (n = 6,q = 8)
Global minimum (n = 6,q = 9)
Global minimum (n = 6, ¢ = 10)
Blanes-Moan (n = 6,q = 10)
Global minimum (n = 6,q = 11)
Global minimum (n = 6,q = 12)
Global minimum (n = 6, ¢ = 13)
Global minimum (n = 6,q = 14)
1st local minimum (n = 6, ¢ = 14)



