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[opology of vacuum in gauge theories
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- How does the physical vacuum of QCD ook like?

- What topological properties does it have?

- What properties does matter have in the physical Source: Visual QCD Archive
vacuum? (chiral symmetry breaking, confinement,
etc.)



nstantons in Yang-Mills

- Yang-Mills action:

1 .
Sy = 2 Jd4xTr(GMUG””), where G, =0d,A,— 0 A, —18[A,, A ]

1 ~/ ~/ 1 ~
. _ 4 — \2 U 4 2
. Rewrite as Sy,, = v [d x(G,, ¥ G")” £ 21(G,,G") > 202 ‘[d xTr(G,, G*),

where G* = e"7°G .



nstantons in Yang-Mills

. Inequality saturated in case G, = * G/w — DﬂG”” — Dﬂéﬂ” = (), thus instanton solutions

H
of the YM equations.

2

] - 8
. Minimal value of Sy, = d*xTr(G,, G") = - | O, where
292 H g2

4 ~ . . .
O ,[d xTr(GWG””) is the Pontryagin (or topological) charge.
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[nstantons and topological vacua

. Distinct vacua with different topological number exist due to my(SU(NV)) = Z (index theorem)

(5

- Instantons connect different topological vacua |v) and |v £ Q).

. Therefore, physical vacuum is a superposition of topological vacua |0) = Z o' |v).

1%



Fractional instantons (fractons)

. Instantons provide microscopic explanation of chiral symmetry breaking; however, no
confinement «(

- On different geometries, index theorem doesn't restrict topological charge —> fractional
charges possible

- Fractons can carry center flux, thus might be important for confinement
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Multi-tlavour schwinger model as a prototype model for topological

gauge theory phenomena
Shifman, Smilga, PRD 50, 76359 (1994)

In SUSY Yang-Mills theories, gluino condensate Ty £ 0 Topological sectors;

(A ~ Majorana field, superpartner of gluon) (Ad) # usually v integer

However, from path integral (at small mass)  {(44) = = 0,,InZ ; withZ =) Z, where Z, = z,m"™
m=

which implies  (44) = 0[

How to reconcile? — Admit presence of fractional topological sectors

_ Z,
(2) = — lim —2

m—0 ZO

Can we probe fractons in a simpler theory (and on a quantum simulator)?
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Fractons in continuum Schwinger Model

Shitman, Smilga, PRD 50, 7659 (1994)

Because of e'¢ldxA1 = const, A; defined up to different windings

(&
# of windings of A define topological invariant (Pontryagin charge) v = 4_ﬂJV dxdze, (0,A, — 0,A)

Fractional windings are usually confined

AI(T)‘

L% .
Topological charge: v = e_J' A(t)dr = A(o0) — A(—o0) = 0.

fracton anti-fracton 27

2n/(eLNy) - (ﬁ

v 1
V= ﬁ UV = \\— ﬁ
| / R How to reveal them?
0 To

1



Fractons and chiral condensate

Path integral solution for chiral condensate =0

(py)=—0,InZ with Z = Z Z, where Z, = zym”]\?
U

. qm
T v integer (no deconfined fractons): () = lim I 0.
m—( 20
_ . | 1 . 2N,
Conversely (gry) # 0 implies the existence of v = — (py) = lim =+ ().
Ny m—0" 2
A (1) ‘
deconfined fracton | el (% . 1
Topological charge: v = — A(t)dr = A(0) —A(—0) = —.
27 oo Nf
w/(gl) r__
_ 1
Yt
A T Do these fractons become relevant?
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Multi-flavour schwinger Model on a lattice

Ny
Lattice Hamiltonian: H = Z JZ (l//:;,xe,x+ll//0,x+l+ h.c.) + mgz l//z,xl//g,x'l‘_ Z (Ex,x+1>2
o=1 X X

N
i
Discretized Gaussslaw: £ | — £ | —e Z l/?j,,xl/fa,x+1 = 0.

c=1

How much of the physics does the lattice model retain?
(cutoff S, lattice spacing a,...)
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Quantum link vs truncated schwinger model

Original EM field

E-field: E
Link operator: U

Algebra:
(E, U] =+ UW

(U, U'1=0

Quantum link model

E-field: £ = e$*¢

Link operator: U = S+/\/S(S + 1)

Algebra:
(E, U] =+ UW

(U, U] = + ’ E
V/S(S + 1)

Nucl. Phys. B492, 455 (1997)

14

Truncated Schwinger model

E-field: E = eS¢
Link operator: U = S+

Algebra:
(E, UM =+ UW

[U, U] = (ISY(S| = | = S)}=S|)

PRL109, 125302 (2012)
PRB 107, 205112 (2023)



Boundary conditions with a twist

Flavour-twisted boundary conditions

“torons” l//p(x =L)= ezﬂip/]\?l//p(x =0)

s
break chiral symmetry
EE—

Normally, allowed large gauge transformation is

2
A®) — STA W] = Ay(0) + = and y,() — STy, = ¢

27X

Loy(x).
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Boundary conditions with a twist

Flavour-twisted boundary conditions

“torons” l//p(x =L)= ezﬂip/]\?l//p(x =0)

break chiral symmetry

Under torons, however, one can additionally transform

» 27X

A(x) — STA()] = A (x) + —— and y,(x) — STy (0] = e Ty (x), where

p=p+1 mod N,
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Testing the chiral condensate for Nf =

Flavour-twisted boundary conditions

yi(x = L) =y(x =0)

“torons”
y,(x = L) = —yn(x = 0)

break chiral symmetry

continuum Shitman, Smilga, PRD, 1994
//
RV R e ikt 1 71_
o 010 e Havour (Fy) & ——exp W =Neln
— e (chiral anomaly) NfL NfﬂL
|§ pd (at small L)
~—0.10- oo 2 flavours
. TR :
S ol XTI (twisted b.c.)
c III / \\‘~\::: ~~~~~~ o) ..
S AN TelTReal o / Note: In QED, finite volume effect
S T T e — . L
— 0.05- ,?5 S T T -ormulated positively: finite volume reveals fractons!
= ( A |
S v/ 2 flavours | | |
¢ N (periodic b.c.) Drastically different behaviour for
S I one-flavour and two-flavour models!
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Can we prope it on a guantum aevice”

NUMErICS NUMErICS
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[N the non-perturbative regime m/e ~ 1

. 10°
Z — Z elVQZI/ Ezw @ --------------------------------------------- n ------------------------------------------------
Periodic under g ! /\ ! ! /\ ! Twisted bc
00— 0+ 2x/v EO""“ X ¥ v=1/2
0- L S b S |
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Lattice result 20 15 -10 05 15 2
- Topological angle (9/27?) Fidelity suscepitibily
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Quantum simmu.

ation with qudits

- Integrate-out fermions and encode gauge fields into qudits (local qudit Hamiltonian)

- Formulate variational qudit circuit and use favourite minimisation procedure

(VQE, VarQ)l

E, SC-ADAP

VQE, etc. )

20

L
______ “T¥5/2
42P, C%\% __________ 13) 372
T 1) 773
N 4) -1/2
T Ds) " _16) =572
397nm| ¥ 52
3°D3/2 |729nm a
_____ 12)
— A [ 0y +1/2
4281/2 ----------- 7__’1 >2
Ringbauer et al., Nat. Phys. 18, 1053-1057 (2021)
T W=
X | | X
—] F -0’0,1 —fO'fz :O'gfl :0'1,2 O'Z |
1 o s =
X
1 F 00,1[191,2 fagfl 1912 0?




Quantum simu.

Energy Ej
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VarQITE (numerics)
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ation with qudits

Fnergy oscillations for periodic vs flavour-twisted bc (after a Z7—shifting in 6)
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conc.

usion and outlook

- Detection of non-trivial topology in gauge theories

- Fascinating target within reach: fracton excitations
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— Next steps: Implementation on a real guantum

device...
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Conclusion and outlook

- Detection of non-trivial topology in gauge theories

- Fascinating target within reach: fracton excitat
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