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Motivation

Roadmap

Full QCD in 3+1 dimensions is too complicated

Start with simpler models that share some of the relevant
features of QCD

Incrementally increase complexity to develop new
techniques

Schwinger model
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Motivation

Roadmap

> Full QCD in 3+1 dimensions is too complicated

> Start with simpler models that share some of the relevant
features of QCD

> Incrementally increase complexity to develop new
techniques

Challenges

> Techniques for the Hamiltonian formulation?
> How to discretize and deal with fermions?
> Resource efficient bases?

Schwinger model
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Outline

Motivation

Tensor Network States

Application to lattice field theory
Synergies with Quantum Computing

Summary & Outlook
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Tensor Network States (TNS)

Basic idea of tensor networks states
> Wave function for an interacting N-body lattice system

d

W)= D Ciriseiy 1) ®i2) ® - @ |in)

i1,i2,ein=1

— Tensor ¢;, i, With " entries, exponential number of parameters
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Tensor Network States (TNS)

Basic idea of tensor networks states
> Wave function for an interacting N-body lattice system

)
W= 3 Eﬂmmriﬁ@m@um

11,82, iN=1

— Tensor ¢;, .. i, With d" entries, exponential number of parameters
> Tensor Network State: express |¢)) as a network of smaller tensors

wy= > |i1) ® lig) ® -+ ® [in)

11,82,..,iN=1
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Tensor Network States (TNS)

Basic idea of tensor networks states
Wave function for an interacting N-body lattice system

)
W= b\m@umm@w

11,02,...,iN=1

Tensor ¢;, .. i, With dN entries, exponential number of parameters
Tensor Network State: express |¢)) as a network of smaller tensors

d
Wy = Y APAR LAY i) @)@ @ liy)

11,82, AN =1

Matrix product state with open boundary conditions
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Tensor Network States (TNS)

Why does such a decomposition work?
> Number of parameters in the MPS O (dD*N)

d
W)=Y 00000000 li)®li)®-alin)

11,82, i N=1

> Maximum entanglement entropy is limited by log D

M. B. Hastings, J. Stat. Mech. 2007, P08024 (2007)
M. M. Wolf Phys. Rev.v Lett. 96, 010404 (2006)
P. Calabrese and J. Cardy, J. Stat. Mech. 2004, P06002 (2004)
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Tensor Network States (TNS)

Why does such a decomposition work?
Number of parameters in the MPS O (dD*N)

d
W)= Y 00000000 li) @) e ®liy)

i1,i0,...,in=1
Maximum entanglement entropy is limited by log D
Quantum information theory: D = poly(V) for many physically interesting scenarios

Entanglement in many relevant situations is moderate
TNS efficiently parametrize the subspace of slightly entangled states

H

e )product states
M. B. Hastings, J. Stat. Mech. 2007, P08024 (2007)

M. M. Wolf Phys. Rev.v Lett. 96, 010404 (2006)
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Tensor Network States (TNS)

Tensor Network States in one dimension

— T

Matrix product state Tree Tensor Network MERA

Tensor Network States in two dimensions

Projected Entangled Pair State Tree Tensor Network
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Introduction to Tensor Network States (TNS)

Tensor Network States in one dimension

e

Matrix product state Tree Tensor Network MERA

Tensor Network States in two dimensions

Projected Entangled Pair State Tree Tensor Network
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Tensor Networks as numerical tool

Finding ground states of Hamiltonians
> Computing ground states: variationally minimize the energy

(Y|H|)

Ey = min ———*~

) (YY)

(¥]
33333333,
H
|¥)
|¥)
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Tensor Networks as numerical tool

Finding ground states of Hamiltonians
Computing ground states: variationally minimize the energy

5, — min (I

) (YY)

Successively minimize the energy with respect to a single tensor Afj while keeping
the others fixed

Heg Atk = NA

g e
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Tensor Networks as numerical tool

Computing time evolution of a quantum state
> Computing time evolution

[ (t + At)) = exp(—iHAL)[¢(1))

F. Verstraete, D. Porras, J. |. Cirac, Phys. Rev. Lett. 93, 227205 (2004)
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Tensor Networks as numerical tool

Computing time evolution of a quantum state
Computing time evolution

Y(t + At)) = exp(—iHAL) (1))

ggggggggm;m

Dimension of bonds grows exponentially in the number of time steps
Approximate |1 (t + At)) with a MPS of |¢) with smaller bond dimension D

[ e(t + At)) — |)[l, — min

As long as the entanglement grows moderately one can follow the time evolution

F. Verstraete, D. Porras, J. |. Cirac, Phys. Rev. Lett. 93, 227205 (2004)
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Application to lattice field theory
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Quantum electrodynamics in 1+1 dimensions: the Schwinger Model




The Schwinger model

Example: Schwinger model
> Lagrangian of the theory: QED in 1+1 dimensions

o foor (- - - D

Kinetic term Coupling to gauge field Mass

> Matter fields: U = (”¢1)
o

Electromagnetlc term

J. Schwinger, Phys. Rev. 128, 2425 (1962)
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The Schwinger model

Example: Schwinger model
> Lagrangian of the theory: QED in 1+1 dimensions

o foor (- - - D

Kinetic term Coupling to gauge field Mass Electromagnetlc term

> Matter fields: U = (”¢1)
o

> Hamiltonian formulation in temporal gauge (A° = 0)

- oo ot D

Kinetic term T Coupling to gauge ﬁeld Mass Electnc energy
> Additional constraint on the physical states: Gauss law
OE = guy'v

J. Schwinger, Phys. Rev. 128, 2425 (1962)
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The Schwinger model

Lattice Hamiltonian formulation
> Kogut-Susskind staggered fermions in temporal gauge A° = 0

e 5 (o o) S e
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The Schwinger model

Lattice Hamiltonian formulation
> Kogut-Susskind staggered fermions in temporal gauge A° = 0
N-1

W o) S

kinetic part + coupling to gauge field staggered mass term electric energy + topological term

én: single-component fermionic field, U, = e‘*: Iink operator, [Ly, ] = iy
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The Schwinger model

Lattice Hamiltonian formulation
> Kogut-Susskind staggered fermions in temporal gauge A° = 0
N-1

S ) S -

kinetic part + coupling to gauge field staggered mass term electric energy + topological term
én: single-component fermionic field, U, = e‘*: Iink operator, [Ly, ] = iy
1
> Gauss law: L,, —Lnl_Qn_¢n¢n—2 — (=)™

O Qo Qo Qo Q. - - - e )
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The Schwinger model

Lattice Hamiltonian formulation
> Kogut-Susskind staggered fermions in temporal gauge A° = 0
N-1

S ) S -

kinetic part + coupling to gauge field staggered mass term electric energy + topological term
én: single-component fermionic field, U, = e‘*: Iink operator, [Ly, ] = iy
1
> Gauss law: L,, —Lnl_Qn_¢n¢n—§ — (-1

O“MOANWOWWOWWOW

> Toy model for QCD sharing many relevant feature
Confinement
Nontrivial topological vacuum structure
Chiral symmetry breaking
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The Schwinger Model

Dealing with the fermionic degrees of freedom
Tensor Network algorithms can deal with fermionic degrees of freedom

For one 1d problems it is often more practical to translate them to spins using a
Jordan-Wigner transformation ¢, = [[,_,, (iZ)) o,

P. Corboz, R. Orus, B. Bauer, G. Vidal, Phys. Rev. B 81, 165104 (2010)
C. V. Kraus, N. Schuch, F. Verstraete, J. |. Cirac, Phys. Rev. A 81, 052338 (2010)
C. Pineda, T. Barthel, J. Eisert, Phys. Rev. A 81, 050303 (2010)
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The Schwinger Model

Dealing with the fermionic degrees of freedom
Tensor Network algorithms can deal with fermionic degrees of freedom

For one 1d problems it is often more practical to translate them to spins using a
Jordan-Wigner transformation ¢, = [[,_, (iZ)) o

Resulting Hamiltonian in spin language

; N-l N 9 N—1

2
H=—— *Uno, ., —h.c. +§ 1)'ms (L + Zn) + 2

3

Gausslaw: L, — Lp,_1 = Q,, = %(Zn — (—1)”)

$\AMMO\AMN‘$\NV\N‘Q\N\NV‘$\AMN‘°°°\N\MI‘O

P. Corboz, R. Orus, B. Bauer, G. Vidal, Phys. Rev. B 81, 165104 (2010)
C. V. Kraus, N. Schuch, F. Verstraete, J. . Cirac, Phys. Rev. A 81, 052338 (2010)
C. Pineda, T. Barthel, J. Eisert, Phys. Rev. A 81, 050303 (2010)
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The Schwinger Model

Dealing with the gauge degrees of freedom

> Electric field on the links is unbounded = infinite dimensional Hilbert spaces
> These cannot be directly treated in numerical simulations

Truncation Removing the gauge fields

> Truncate the links to a finite number > Only possible for 1+1d and OBC

of degrees of freedom > Use Gauss law to express the
> Quantum link models

electric field
Un — S+, Ly — Sz O Qe Qi Qoo Qs - - - (D)
. lo Q1 L1 Q2 L» Q3 -
> Unitarity of link operators is lost

> Long-range interactions
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The Schwinger Model

Dealing with the gauge degrees of freedom

> Electric field on the links is unbounded = infinite dimensional Hilbert spaces
> These cannot be directly treated in numerical simulations

Truncation Removing the gauge fields

> Truncate the links to a finite number > Only possible for 1+1d and OBC

of degrees of freedom > Use Gauss law to express the
> Quantum link models

electric field
Un — St, Ln— S OO Qe O Qs - - - (D)
: lo+Q1 + Q=L Qs ---
> Unitarity of link operators is lost

> Long-range interactions
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The Schwinger Model

Particle spectrum of the Schwinger model with MPS
Both approaches have been used in the context of Tensor Networks
Low-lying particle spectrum of the Schwinger model after full extrapolation

-2382—
—2384
56 [ m/g | exact DMRGT [ mps3 [ wpsT ]
- 0 0.5641895 0.5641859 0.56414(26) 0.56418(2)
-2388 0.125 - 0.53950(7) 0.53946(20) 0.539491(8)
0.25 - 0.51918(5) 0.51915(14) 0.51917(2)
-2390 1 0.5 - 0.48747(2) 0.48748(6) 0.487473(7)
£
-2392 Scalar binding energy
[ m/g | exact | sSCE® [ wmps® [ wps? |
2304 0 712838 | 1.128379 | 1.1283(10) -
| Tz5 T Tz e
I tate a - - - .
2308l & Scalar state | 05 - 720(3) 7231(5) | 1.2004(T)
Ground state
—2400 1c.J. Hamer, Z. Weihong, J. Oitmaa, Phys. Rev. D 56, 55 (1997)
02 04 206 0.3 1 2T. M. R. Bymnes, P. Sriganesh, R. J. Bursill, C. J. Hamer, Phys. Rev. D 66, 013002 (2002)
P 3M.C. Bafiuls, K. Cichy, K. Jansen, J. I. Cirac, JHEP 2013, 158 (2013)
4B, Buyens, J. Haegeman, K. Van Acoleyen, H. Verschelde, F. Verstraete, Phys. Rev. Lett. 113, 091601 (2014)
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Tensor Networks for lattice field theories: 1+1d problems

Chemical potential

Banuls et al., Phy. Rev. Lett. 118, 071601 (2017)
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Tensor Networks for lattice field theories: 1+1d problems

Chemical potential Topological term

o izs 025 0s

Banuls et al., Phy. Rev. Lett. 118, 071601 (2017) Funcke et al., Phys. Rev. D 101, 054507 (2020)
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Tensor Networks for lattice field theories: 1+1d problems

Chemical potential Topological term Non-Abelian theories

6
008 01 012 0.14
05, 1S g

Banuls et al., Phy. Rev. Lett. 118, 071601 (2017) Funcke et al., Phys. Rev. D 101, 054507 (2020) Bai’j:;f;i Jgg)”( 30;:,1 (1;32 gg]g;

o izs 025 05
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Tensor Networks for lattice field theories: 1+1d problems

Chemical potential

1 18
1 =2 6
o8 o S 0.5 R 15 0.08 0.1 ago.lz 0.14
Banuls et al., Phy. Rev. Lett. 118, 071601 (2017) Funcke et al., Phys. Rev. D 101, 054507 (2020) SK et al., JHEP 2015, 130 (2015)

Scattering

(E)

Topological term Non-Abelian theories

Banuls et al., PRX 7, 041046 (2017)

+0.1]

+40.0| ! .
I A
. 20 40 0 50

100 100
position = position z
Rigobello et al., PRD 104, 114501 (2021)
Papaefstathiou et al., PRD 111, 014504 (2025)
Chai et al., arXiv:2505.21240
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Tensor Networks for lattice field theories: 1+1d problems

Chemical potential Topological term Non-Abelian theories

6
0.08 0.1 012 0.14
ag

Banuls et al., Phy. Rev. Lett. 118, 071601 (2017) Funcke et al., Phys. Rev. D 101, 054507 (2020) SK et al., JHEP 2015, 130 (2015)

Banuls etal PRX 7, 041046 (2017)
Finite temperature

Scattering

(B s »
+0.1]
+40.0| +! ) .
' / N

position = posmcn z

Rigobello et al., PRD 104, 114501 (2021) #
Papaefstathiou et al., PRD 111, 014504 (2025) Buyens et al., PRD 94, 085018 (2016)
Chai et al., arXiv:2505.21240 Banuls et al., PRD 92, 034519 (2015)
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Tensor Networks for lattice field theories: 1+1d problems

Chemical potential Topological term Non-Abelian theories

i

0.08 0.1 012 0.14

o . . 0.5 1.5
° o e " 8/2m t g
SK et al., JHEP 2015, 130 (2015)
Banuls et al., Phy. Rev. Lett. 118, 071601 (2017 Funcke et al., Phys. Rev. D 101, 054507 (2020
ENRS ULy I W% HE (o) SISO Gl [HIS, RO (2020) Banuls et al., PRX 7, 041046 (2017)
Finite temperature PDFs
g 6 T 1 100
; 50 0.4
/ LS I g 50 o1

0 2 4 6 8 % 0 100

position [lattice units] positioni
Kang et al., arXiv:2501.09738
Bariuls et al. arXiv:2504.0750

osition = osition = F
P > STz e a5 6T 8o

Rigobello et al., PRD 104, 114501 (2021)
Papaefstathiou et al., PRD 111, 014504 (2025) Buyens et al., PRD 94, 085018 (2016)
Chai et al., arXiv:2505.21240 Banuls et al., PRD 92, 034519 (2015)

DESY. | Tensor Networks for ,Lattice Field Theory | Stefan Kiihn | Hamiltonian Lattice Gauge Theories: Status, Novel Developments and Applications, ECT*, 02.09.2025 Page 19



Higher dimensions




Quantum Electrodynamics higher dimensions

Hamiltonian formulation
Kogut-Susskind staggered fermions in temporal gauge A° = 0

H——tZ((ann,uganru—{—hC)—{—mZ an(b’fqz) +gez 27“

_g?m > (Dp+h.c.>

plaquettes p

O,: plaquette operator representing magnetic interaction

Gauss law: Vn Gy |[¢) =0, G = Z“ Lnyu —Qn

Fermions can no longer be integrated out

Gauge degrees of freedom have to be truncated L
1n
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Tensor Networks for lattice field theories: beyond 1+1d

Tin (2+

Robaina et al., Phy. Rev. Lett. 126, 050401 (2021)

G. Magnifico, G. Cataldi, M. Rigobello, P. Majcen, D. Jaschke, P. Silvi, S. Montangero, Commun. Phys. 8, 322 (2025)
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Tensor Networks for lattice field theories: beyond 1+1d

7, L6Tin 2+1)
zjf ? : ;MK

nent entropy S

Robaina et al., Phy. Rev. Lett. 126, 050401 (2021) Di Marcantonio et al., arXiv:2505.23853
Xu et al., arXiv:2507.01950

G. Magnifico, G. Cataldi, M. Rigobello, P. Majcen, D. Jaschke, P. Silvi, S. Montangero, Commun. Phys. 8, 322 (2025)
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Tensor Networks for lattice field theories: beyond 1+1d

Z LGT in (2+1)d 7, LGT in 2+1d

0 1

Robaina et al., Phy. Rev. Lett. 126, 050401 (2021) Di Marcantonio et al., arXiv:2505.23853
Xu et al., arXiv:2507.01950

U(1) Quantum Link Model in (2+1)d

T. Felser et al., Phys. Rev. X 10, 041040 (2020)

G. Magnifico, G. Cataldi, M. Rigobello, P. Majcen, D. Jaschke, P. Silvi, S. Montangero, Commun. Phys. 8, 322 (2025)
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Tensor Networks for lattice field theories: beyond 1+1d

ZLGTin (2+1 7, LGT in 2+1d

Di Marcantonio et al., arXiv:2505.23853

Robaina et al., Phy. Rev. Lett. 126, 050401 (2021)
Xu et al., arXiv:2507.01950

u(1) Quantum Link Model in (2+1)d U(1 Quantum Link Model in (3+1)d
: :: RE e

G. Magnifico et al., Nat. Commun. 12, 3600 (2021)

T. Felser et al., Phys. Rev. X 10, 041040 (2020)

G. Magnifico, G. Cataldi, M. Rigobello, P. Majcen, D. Jaschke, P. Silvi, S. Montangero, Commun. Phys. 8, 322 (2025)
Page 22
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Different fermion discretizations




The Schwinger model

Wilson fermions
Staggered fermions fail to fully remove the doublers beyond one spatial dimension
Wilson fermions remove doublers by adding a second derivative r“2—2 >, o0 gn
Wilson formulation fully removes all doublers in any dimension

T. V. Zache, F. Hebenstreit, F. Jendrzejewski, M. K. Oberthaler, J. Berges, P.. Hauke, Quantum Sci. Technol. 3 034010 (2018)
T. Angelides, L. Funcke, K. Jansen, SK, PRD 108, 014516 (2023)
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The Schwinger model

Wilson fermions

> Staggered fermions fail to fully remove the doublers beyond one spatial dimension
> Wilson fermions remove doublers by adding a second derivative r%- Z Gn0? by,

> Wilson formulation fully removes all doublers in any dimension

> Hamiltonian formulation with Wilson fermions with » = 1

N-1 o, 1+ i gQN—l
H= ( n( ) Pn +hc>+ Pndn +
> (¢ B o) > -~ >

T. V. Zache, F. Hebenstreit, F. Jendrzejewski, M. K. Oberthaler, J. Berges, P.. Hauke, Quantum Sci. Technol. 3 034010 (2018)

T. Angelides, L. Funcke, K. Jansen, SK, PRD 108, 014516 (2023)
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The Schwinger model

Wilson fermions

> Staggered fermions fail to fully remove the doublers beyond one spatial dimension
> Wilson fermions remove doublers by adding a second derivative r“z—Q >, o0 gn

> Wilson formulation fully removes all doublers in any dimension

> Hamiltonian formulation with Wilson fermions with » = 1

Ry 1+4+im GQQNl
H= ( n( ) Dn +hc>+ PP +
(o (5 M) 3 - S

kinetic part + coupling to gauge field mass term

electric energy + topological term

¢n: Two-component Dirac spinor, U, = e'®: link operator, [Ly, ] = 0y

T. V. Zache, F. Hebenstreit, F. Jendrzejewski, M. K. Oberthaler, J. Berges, P.. Hauke, Quantum Sci. Technol. 3 034010 (2018)
T. Angelides, L. Funcke, K. Jansen, SK, PRD 108, 014516 (2023)
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The Schwinger model

Wilson fermions

> Staggered fermions fail to fully remove the doublers beyond one spatial dimension
> Wilson fermions remove doublers by adding a second derivative r“z—Q >, o0 gn

> Wilson formulation fully removes all doublers in any dimension

> Hamiltonian formulation with Wilson fermions with » = 1

Ry 1+4+im GQQNl
H= ( n( ) Dn +hc>+ PP +
(o (5 M) 3 - S

kinetic part + coupling to gauge field mass term

electric energy + topological term

¢n: Two-component Dirac spinor, U, = e'®: link operator [Ly, ] = 0y
> Gauss law: L _Ln 1 —Qn - n1¢n1+¢n2¢n2_1

EIWEIWOEIE IO - - - O

T. V. Zache, F. Hebenstreit, F. Jendrzejewski, M. K. Oberthaler, J. Berges, P.. Hauke, Quantum Sci. Technol. 3 034010 (2018)
T. Angelides, L. Funcke, K. Jansen, SK, PRD 108, 014516 (2023)
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The Schwinger model

Wilson fermions

> Additive mass renormalization

my Mat
g g
mass shift —T

> Determining the mass shift
At m,. = 0 physics is independent from 6
Electric field vanishes as it is o« m,./g

> Condition can be used to determine the
mass shift

T. Angelides, L. Funcke, K. Jansen, SK, PRD 108, 014516 (2023)
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The Schwinger model

Wilson fermions

@O Volume = 10
0.02r Volume = 15
Volume = 25
Volume = 40

> Additive mass renormalization

g g 7 0.00r
mass shift—T

O

g
> Determining the mass shift 0.02
At m, = 0 physics is independent from 6 e
Electric field vanishes as it is o« m,. /g
> Condition can be used to determine the 0.04b
mass shift ' . . . .
—0.14  —012 —0.10 —0.08
Mat
g

T. Angelides, L. Funcke, K. Jansen, SK, PRD 108, 014516 (2023)
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The Schwinger model
Wilson fermions

> Additive mass renormalization

my Mat
g g
mass shift —T

> Determining the mass shift
At m,. = 0 physics is independent from 6
Electric field vanishes as it is o« m,./g
> Condition can be used to determine the
mass shift
> Including MS improves convergence to
the continuum

Sy

0.050r
0.045r
0.040r
0.0351
0.030r
0.025¢

0.020r 7

Linear fit
Quadratic fit
—-= Cubic fit
==== Quartic fit
X Data incorporating mass shift
/N Data not incorporating mass shift

HRHAKNK XK—X X

0.00 0.05 0.10 0.15 0.20
ag

T. Angelides, L. Funcke, K. Jansen, SK, PRD 108, 014516 (2023)
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The Schwinger model

Wilson fermions

> Additive mass renormalization

9 g

mass shift

> Determining the mass shift
At m,. = 0 physics is independent from 6
Electric field vanishes as it is « m, /g
> Condition can be used to determine the
mass shift
> Including MS improves convergence to
the continuum

0.05r

0.04r

g 0.03r

0.02r

0.01r

0.00r

—— Mass perturbation theory
X Data incorporating mass shift
(D Data not incorporating mass shift

0.00 002 004 006 008 010
m

g
T. Angelides, L. Funcke, K. Jansen, SK, PRD 108, 014516 (2023)
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The Schwinger model

Twisted mass fermions in the continuum
Wilson fermions generally seem to require larger volumes to converge
Twisted mass fermions

1 i 573
£}M — Z Xf (Zryqu,(sff/ — (m6ff/ + Z,U/ysTf:Sf/)) Xf/ = )_< i’}/uDu — M e X
J.f'=0 I L
mass M = /m?2 + p2 twist angle

Applying an axial rotation 1) = ¢™7°™* /2y, 1) = yeiwr’T/2
For w = ¢ the Lagrangian reduces to

LM = P(ir" Dy — M)y

Standard Lagrangian, twisted mass corresponds to a basis rotation

R. Frezzotti, G. C. Rossi, J. High Energy Phys. 2004 (08), 007
A. Shindler, Phys. Reports 461, 37 (2008)

DESY. | Tensor Networks for ,Lattice Field Theory | Stefan Kiihn | Hamiltonian Lattice Gauge Theories: Status, Novel Developments and Applications, ECT*, 02.09.2025 Page 26



The Schwinger model

Twisted mass fermions on the lattice
At maximal twist ¢ = 7/2 the Lagrangian lattice formulation is O(a) improved
Since tan ¢ = u/m this corresponds m = 0
One needs to tune to vanishing renormalized mass (up to O(a))
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The Schwinger model

Twisted mass fermions on the lattice
At maximal twist ¢ = 7/2 the Lagrangian lattice formulation is O(a) improved
Since tan ¢ = u/m this corresponds m = 0
One needs to tune to vanishing renormalized mass (up to O(a))
Hamiltonian lattice formulation in the twisted basis
N—1F-1

™
H' = . — K Z Z(_l)f(XIL,ﬁan,f,l — Xl,f,an,f,z)
Hamiltonian for Wilson fermions

Gauss law: Ln — Ln—l = Qn = Z}:O (XLJ'JX”JJ —+ XIL,f,QXn»fQ) —F
Care has to be taken with fermionic observables, need to be rotated in twisted basis

ey - o

T. Schwagerl, K. Jansen, SK, arXiv:2509.02329
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The Schwinger model

Twisted mass fermions on the lattice

> Electric field density of the Schwinger model for F' = 2, mass shift incorporated

¢» Combined O Staggered [J Wilson
& Twisted Mass
0.13
o
0.12 '.EI
o
0.1 = =
_©
o©
- 0.1 ’ e@
~ P
B 0.09 o
0.08
0.07
0.06 myat/g = 0.1
0 0.05 0.1 0.15 0.2 0.25
1/y/z = ag

Flg

= Dominant quadratic term for twisted mass
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0.3

0.295

0.29

0.285

0.28

0.275

0.27

0.265

1» Combined O Staggered 0 Wilson
<& Twisted Mass
=)
.'@
E‘Ef
=
o
o<

Miat/g = 0.4
0 0.05 0.1 0.15 02 0.25

1/yz = ag

T. Schwagerl, K. Jansen, SK, arXiv:2509.02329
Page 28



The Schwinger model

Twisted mass fermions on the lattice

Electric field density of the Schwinger model for F' = 2, no mass shift incorporated

Fermion Linear Quadratic

Mass Type A (12) B cm Contribution Contribution
Staggered —0.09919-017 0.220-01 0.92+0-01 0.0810-02

: +0.021 +0.01 +0.0007 +0.002 +0.004

0.1 Wilson 70.38:'16%%7 036;8'85 0.063910- 0007 0'835418'834 0.165;8882
Twisted Mass 0.1347" - 0.067" " 0.717 " 0.297 "

—0.028 —0.01 —0.06 —0.08

Staggered —0.050519-5015 0.08879-902 0.90479-993 0.09619-99¢

04 ’ +0.01 +0.004 ~+0.0001 +0.004 +0.006

- Wilson —0.2173-05 0.1847 7007 0.26657F 0005 0.82710-00% 0.17317-00%
Twisted Mass 0.0581+0-0013 0.000+9-002 0.02+9-99 0.98+0-02

Dominant quadratic term for twisted mass

T. Schwagerl, K. Jansen, SK, arXiv:2509.02329
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The Schwinger model

Twisted mass fermions on the lattice
> Electric field density of the Schwinger model for F' = 2, mass shift incorporated

O Staggered [ Wilson < Twisted Mass O Staggered [ Wilson < Twisted Mass
pec)
e
0.272 22
0.075 __'”_mmfb &
027 @
> 007 >
R R 0.268
mm ............................ BB g g Eem
[-==""-----88868-9-6—=8 0
0065 & - 0266 @ ‘N‘/g@ o
---------- 29,
e . -©--0
0.06 my/g = 0.1 0.264 my/g = 0.4
0 0.01 0.02 0.03 0.04 0.05 0 0.01 0.02 0.03 0.04 0.05
1/z = (ag)? 1z = (ag)?

T. Schwagerl, K. Jansen, SK, arXiv:2509.02329
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The Schwinger model

Twisted mass fermions on the lattice
> Low-lying spectrum of the Schwinger model for F' = 2

O Staggered [ Wilson < Twisted Mass O Staggered [ Wilson < Twisted Mass
0.4 8 f 8
035 @ @ g 01 ® o ©
03 g 8 8 % 008
> =
= 025 8 8 8 =
ﬁ 0.2 o © \M/ 0.06 e © g
Loots | & &
g % = 0.04
o ¥ 0.02
0.05 - 8 8 g
= 0.1
0 © 0o 8 ;ngrig()'ws
0 2 4 6 8 0 2 4 6 8
1% excited state 1™ excited state

> Isospin breaking at finite lattice spacing similar to Lagrangian lattice QCD
T. Schwagerl, K. Jansen, SK, arXiv:2509.02329
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The Schwinger model

Twisted mass fermions on the lattice
> Infinite volume extrapolation of m.

> Expected volume dependence AE = m, + ﬁ +0 (ﬁ)

O Mgtggered O Ton | O Mlwited Mase
. " 0 +0
O id e O HOSOtANT O Smilga o rgttme 4 0 Toteon < Mok visted Mass " Mohwisted Mass
0.28 0.06 //’@
0.05
0.26 &
o =
2 i\c 0.04
ml 024 S 003
I
) == 0.02
8
0.22 %
<= 0.01

my/g =0.1

02
0 ag = 0.273
0 00005 000 00015 0002  0.0025 0 00005 0001 00015 0002  0.0025
2 2
1/(Zg) 1/(Tg)schwagerl, K. Jansen, SK, arXiv:2509.02329
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The Schwinger model

Twisted mass fermions on the lattice
> Continuum extrapolation of m

O Msoggered, = TWilson © Tiated Mass

0.22
0.215

0.21

(Br — Eo)/g

0.205

0.2

001 002 003 004 005
1/z = (ag)?

T. Schwagerl, K. Jansen, SK, arXiv:22509.02329
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The Schwinger model

Twisted mass fermions on the lattice
> Continuum extrapolation of m

+0
O mg 4 TWikson © Tiated Mass
O Hosotani [0 Smilga

0.22
0.215

0.21

(Br — Eo)/g

0.205

0.2

001 002 003 004 005
1/z = (ag)?

> Compatible with Y. Hosotani et al., J. Phys. A 31, 9925 (1998) ¢;.,.s40r. k. Jansen, sk, arxiv:22509.02329
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The Schwinger model

Twisted mass fermions for the two-flavor Schwinger moel

> Results are compatible with expected O(a) improvement
> Twisted mass fermions with mass shift have smallest lattice artifacts
> Tuning the renormalized mass to zero is expensive, are there better ways?
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Open systems




The Schwinger model

Setting of an open system
Couple the Schwinger model to a ¢* theory at high temperature in thermal equilibrium
Study the thermalization of mesonic particles
Toy model for quarkonium moving in a quark-gluon plasma

K. Lee, J. Mulligan, F. Ringer, X. Yao, Phys. Rev. D 108, 094518 (2023)
J. Lin, D. Luo, X. Yao, P. Shanahan, JHEP 2024, 211 (2024)
T. Angelides, Y. Guo, Karl Jansen, SK, G. Magnifico, JHEP 2025, 195 (2025)
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The Schwinger model

Setting of an open system
Couple the Schwinger model to a ¢* theory at high temperature in thermal equilibrium
Study the thermalization of mesonic particles
Toy model for quarkonium moving in a quark-gluon plasma
In the Markovian limit the dynamics can be described by a master equation

p(t) = “po
Liouvillian superoperator
N-1 1 1
L=—iH@I+il®@H+ Y D(n-k) (Jk®Jg— §J,§Jk®1— 21®J;Jk>
n,k=0

Evolution under £ can be simulated with MPS using time-evolution techniques

K. Lee, J. Mulligan, F. Ringer, X. Yao, Phys. Rev. D 108, 094518 (2023)
J. Lin, D. Luo, X. Yao, P. Shanahan, JHEP 2024, 211 (2024)
T. Angelides, Y. Guo, Karl Jansen, SK, G. Magnifico, JHEP 2025, 195 (2025)
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The Schwinger model

String thermalization in an open setting

> Create a noninteracting string

> Monitor the electric field and the charge
over time to study thermalization

T. Angelides, Y. Guo, Karl Jansen, SK, G. Magnifico, JHEP 2025, 195 (2025)
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The Schwinger model

String thermalization in an open setting

> Create a noninteracting string

> Monitor the electric field and the charge
over time to study thermalization

@) 8(0) ©):0(0)
000 025 650" 075 100 -10 05 %%
- S—

50. (0 m =0.75 S @m=1.0
00 012 0.25 0.38 05 00 012 0.25 0.38 05
l(l [ll

T. Angelides, Y. Guo, Karl Jansen, SK, G. Magnifico, JHEP 2025, 195 (2025)
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The Schwinger model

String thermalization in an open setting

> Create a noninteracting string

—— D=20,m=011=00 D=20,m=101=05 D =50,m=011I=05
. . . D =20,m=10,1l=00 —— D=50,m=011l =00 D=50m=101=05
> Monitor the electric field and the charge T peR0misLLo0s o Dosemoiol00

over time to study thermalization 030 0.0
> We can access the quantum correlations 0
In the State 0.20)

30.15

0.10)

0.05)

T. Angelides, Y. Guo, Karl Jansen, SK, G. Magnifico, JHEP 2025, 195 (2025)
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Synergies with Quantum Computing
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Synergies with Quantum Computing

Tensor Network States for simulating quantum computing
Tensor Networks States efficiently represent moderately entangled states
They can be used to simulate slightly entangled quantum computations
Unitary gate operations: evolution under some Hamiltonian for a time At

0) —{x1

0) —{H] E[E _
0) —{7] T -
0)

As long as the entanglement does not grow heavily with time this can be simulated
efficiently with Tensor Network States

G. Vidal, Phys. Rev. Lett. 91, 147902 (2003)
G. Vidal, Phys. Rev. Lett. 93, 040502 (2004)
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Synergies with Quantum Computing

Tensor Networks for circuit compilation and compression

> Implementing a trotterized version of e ~*/* typically leads to deep circuits
> Approximate the target unitary Vi5g as an MPO
= Can be multiple steps of a high-order trotter decomposition

> Find an circuit Ugc approximating Viarg

group

—_—

J. Gibbs, L. Cincio, Quantum 9, 1789 (2025)
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Synergies with Quantum Computing

Tensor Networks for circuit compilation and compression

> Implementing a trotterized version of e ~*/* typically leads to deep circuits

> Approximate the target unitary Vi5g as an MPO
= Can be multiple steps of a high-order trotter decomposition

> Find an circuit Ugc approximating Viarg by minimizing C' =1 — 2%tr(U('ECVt‘.,lrg)2

J. Gibbs, L. Cincio, Quantum 9, 1789 (2025)

DESY. | Tensor Networks for ,Lattice Field Theory | Stefan Kiihn | Hamiltonian Lattice Gauge Theories: Status, Novel Developments and Applications, ECT*, 02.09.2025 Page 40



Synergies with Quantum Computing

Tensor Networks for circuit compilation and compression

> Implementing a trotterized version of e ~*/* typically leads to deep circuits
> Approximate the target unitary Vi5g as an MPO
= Can be multiple steps of a high-order trotter decomposition

> Find an circuit Ugc approximating Viarg

> Principle can also be used to find a circuit loading a state on a quantum device

J. Gibbs, L. Cincio, Quantum 9, 1789 (2025)
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Synergies with Quantum Computing

Tensor Networks for circuit compression: scattering in the Thirring model
> Lattice formulation with staggered fermions

N-2 N-1

. N-1
¢ g
M3 (e ctor) -+ > >~ D
n=0 n=0 =0
Kinetic energy —I Mass term Four-body interaction

3

Y. Chai, A. Crippa, K. Jansen, SK, V. R. Pascuzzi, F. Tacchino, |. Tavernelli, Quantum 9, 1638 (2025)
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Synergies with Quantum Computing

Tensor Networks for circuit compression: scattering in the Thirring model
> Lattice formulation with staggered fermions

—I n=0 J
Kinetic energy —T Mass term Four-body interaction

> Evolving particle wave packets: [¢(t)) = e7*#" [4)(0)) = =it DI (¢D)CT(¢¢) |Q)

la0) T — -

T [ et [ 0 (o) [ | eime [

lanv—1) —_ — — —

Y. Chai, A. Crippa, K. Jansen, SK, V. R. Pascuzzi, F. Tacchino, |. Tavernelli, Quantum 9, 1638 (2025)
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Synergies with Quantum Computing

Tensor Networks for circuit compression: scattering in the Thirring model

> Simulation after compressing the initial part of the evolution and the time evolution
operators

(m,g) = (0.2,0.4) (m, g) = (0.4,0.7)
20F | I 25 ] 02
20F
15¢ 0.1
15¢ =
=10 00
10} <
—0.1
5- 14
sk
—02
il || : I| . |I
0 19 390 19 39
n n

Y. Chai, J. Gibbs, V. R. Pascuzzi, Z. Holmes, SK, F. Tacchino, |. Tavernelli, arXiv:2507.17832
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Synergies with Quantum Computing

Tensor Networks for circuit compression: scattering in the Thirring model

> Simulation after compressing the initial part of the evolution and the time evolution
operators
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Synergies with Quantum Computing

Tensor Networks for circuit compression: scattering in the Thirring model

> Simulation after compressing the initial part of the evolution and the time evolution
operators
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Summary & Outlook
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Summary

Tensor Network States

> Entanglement-based ansatz for the wave function of quantum many body state
> Numerical techniques for computing ground states and time-evolution

> These algorithms not suffer from the sign problem

> So far most successful for (1+1)d theories, but first simulations in (3+1)d exist

G. Magnifico, G. Cataldi, M. Rigobello, P. Majcen, D. Jaschke, P. Silvi, S. Montangero, Commun. Phys. 8, 322 (2025)

DESY. | Tensor Networks for ,Lattice Field Theory | Stefan Kiihn | Hamiltonian Lattice Gauge Theories: Status, Novel Developments and Applications, ECT*, 02.09.2025 Page 44



Summary

Tensor Network States

> Entanglement-based ansatz for the wave function of quantum many body state
> Numerical techniques for computing ground states and time-evolution

> These algorithms not suffer from the sign problem

> So far most successful for (1+1)d theories, but first simulations in (3+1)d exist

Theoretical foundations

> Hamiltonian formulation for problems typically given in the Lagrangian formulation
> Techniques suitable for the Hamiltonian formulation
> Efficient basis formulations

G. Magnifico, G. Cataldi, M. Rigobello, P. Majcen, D. Jaschke, P. Silvi, S. Montangero, Commun. Phys. 8, 322 (2025)
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Summary

Monte Carlo Methods

v Expectation values v Ground states / O State preparation
x Access to the wave Loy Sy ik e o Scaling of resources
function O Time evolution

v Free from purely
X Sign-problem free v Sign-problem free numerical limitations

Tensor Network States Quantum Computing
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Thank you!
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