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Global generalized symmetries  
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Fradkin-Shenker model 
for Z2 gauge group

Higgs=SPT

How does it work for 
gauge theories with 
non-Abelian groups? 

Chung et al 2024



Transverse field 
Ising chain

Qubit chain with NN Ising interaction and transverse field

Ising Z2 charge is generated by

<latexit sha1_base64="n1tGRCi0vRNlUbjLs6dfwh4pS1o=">AAACXHicbVHLSgMxFE3HV31UrYIbN8EiuKozIupS7EJxVdFqoS3lTnrbBjOZIbkjlqGf4Fa/zY3fYvoQbPVC4HDOfZ2bMFHSku9/5ryFxaXllfzq2vpGYXNru7jzaOPUCKyJWMWmHoJFJTXWSJLCemIQolDhU/hcGelPL2isjPUDDRJsRdDTsisFkKPub4/77e2SX/bHwf+CYApKbBrVdjFXaXZikUaoSSiwthH4CbUyMCSFwuFaM7WYgHiGHjYc1BChbWXjXYf80DEd3o2Ne5r4mP1dkUFk7SAKXWYE1Lfz2oj8T2uk1L1oZVInKaEWk0HdVHGK+cg470iDgtTAARBGul256IMBQe48M1PGvRMUM06y11RLEXdwjlX0SgYcaZEikHrkKruWSvF70PaHdw3nBHf2YP7If8HjSTk4K5/dnZYur6YfkGf77IAdsYCds0t2w6qsxgTrsTf2zj5yX96it+4VJqleblqzy2bC2/sGKZe4WQ==</latexit>

J/h
ferromagnetparamagnet

<latexit sha1_base64="OExgiztpoqslKi86liyQmXr3hpw="></latexit>

U =
∏

i

Xi

<latexit sha1_base64="6lGFZShDgHhKtM9lBrd1ZlNmz8M="></latexit>

|00 . . . 00〉
<latexit sha1_base64="9xnLyRjRTsN/HG49quSGmtCGuLI="></latexit>

|11 . . . 11〉
<latexit sha1_base64="etl3/AK9fKbfnBZMT5M8XBTbArk="></latexit>

|++ · · ·++〉

<latexit sha1_base64="VT4NIrlD5/KXj1BDefpNjS60x7c="></latexit>

HTFIM = −J
∑

i

ZiZi+1 − h
∑

i

Xi



Transverse field 
Ising chain

Qubit chain with NN Ising interaction and transverse field

Ising Z2 charge is generated by
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J/h
ferromagnetparamagnet

<latexit sha1_base64="OExgiztpoqslKi86liyQmXr3hpw="></latexit>

U =
∏

i

Xi

Spontaneous 
symmetry 
 breaking

order parameter Zi 

charged under 
symmetry U

<latexit sha1_base64="6lGFZShDgHhKtM9lBrd1ZlNmz8M="></latexit>
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<latexit sha1_base64="9xnLyRjRTsN/HG49quSGmtCGuLI="></latexit>

|11 . . . 11〉
<latexit sha1_base64="etl3/AK9fKbfnBZMT5M8XBTbArk="></latexit>

|++ · · ·++〉

Hilbert space of qubit:
<latexit sha1_base64="tjmKsEsqp2w/kP4rqg229MX6TaU="></latexit>

|0〉 , |1〉 Z2 group

<latexit sha1_base64="VT4NIrlD5/KXj1BDefpNjS60x7c="></latexit>

HTFIM = −J
∑

i

ZiZi+1 − h
∑

i

Xi



ZN clock models
Two state qubit N-state qudit

<latexit sha1_base64="kZpUNlWEp2lIHk9h31GAKALkP3M="></latexit>

Z |n〉 = ei2πn/N |n〉
<latexit sha1_base64="z86jFTEQ+U1UfWKR/Xiq4+k5neU="></latexit>

X |n〉 = |n+ 1〉
clock operator

shift operator

SSB states:
<latexit sha1_base64="9h0k1TErR6nj50nUEILYQ88je3c="></latexit>

|n〉 ≡
⊗

i

|n〉i

<latexit sha1_base64="FtEgmSqeOv2oHl9R12rwGIkBdCI="></latexit>

U |n〉 = |n + 1〉

order parameter 
ZN SSB

<latexit sha1_base64="g4eWZ8w2QPgWI6rGyUTQ41ODOGk="></latexit>

〈n| Zj |n〉 = e2�in/N
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clock operator
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SSB states:
<latexit sha1_base64="9h0k1TErR6nj50nUEILYQ88je3c="></latexit>

|n〉 ≡
⊗

i

|n〉i

<latexit sha1_base64="FtEgmSqeOv2oHl9R12rwGIkBdCI="></latexit>

U |n〉 = |n + 1〉

order parameter 
ZN SSB

<latexit sha1_base64="g4eWZ8w2QPgWI6rGyUTQ41ODOGk="></latexit>

〈n| Zj |n〉 = e2�in/N

How to generalize to 
non-Abelian SSB?

<latexit sha1_base64="W3hOrt2vMOrZLtw+vW4y9etN92Q="></latexit>

ZkXm = ei2�km/NXmZk



G-qudit
Group-valued basis:

<latexit sha1_base64="0HCuAEpU7wGvvLXYghiwUNtX760="></latexit>

|g〉 for each
<latexit sha1_base64="BmXgf7fM5ScmEClrYEjSyW5E+x8="></latexit>

g � G

<latexit sha1_base64="c2k0Z+Bsds3OJZxcSAgNcf2pd1A="></latexit> →
X h |g〉 = |hg〉 ,

←
X h |g〉 = |gh�1〉shift operators

clock operators
<latexit sha1_base64="0Q1+MGxj4cxyIxueIf6vXwiSzSQ="></latexit>

Z�
�� |g〉 = �g

�� |g〉 Γ labels irreps
Brell, 2015
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Z�
��

�
X g = �g

��
�
X gZ�

��

non-Abelian generalization 
of Pauli algebra

<latexit sha1_base64="/Md8tcxtGdF6n5yXkkju0CIlOI4="></latexit>∑

�

d2
� = |G| # of Z= # of X

Brell, 2015



Tensor network 
representation

Matrix product operator
<latexit sha1_base64="lSZYWB19/2hCAwvgoR/OIs8H2do="></latexit>

�, � = 1, . . . , d�



Tensor network 
representation

Matrix product operator
<latexit sha1_base64="lSZYWB19/2hCAwvgoR/OIs8H2do="></latexit>

�, � = 1, . . . , d�

The algebra can be now written

here
<latexit sha1_base64="9rstmvtC/LyjqhpYXReRgjfYmR0="></latexit>

�
g

= �g�1



G-symmetric TFIM

<latexit sha1_base64="WGLt1xIdKtw2SAgzhft0R6eCzx4="></latexit>

HG = �J
∑

i

∑

�

d� Tr[Z�
i · Z�

i+1] � h
∑

i

∑

g

�
X g

i + h.c.

On a chain of G-qudits introduce

G symmetry generated by
<latexit sha1_base64="32LdTmsXbu2Xsbjmgy35Hi3dvhI="></latexit>

Ug =
∏

i

�
X g

i

SSB states

<latexit sha1_base64="r4BEsyHEcno2O0PQhNcB4Y3u4wo="></latexit>

|g〉 ≡
⊗

i

|g〉i

Paramagnet

<latexit sha1_base64="0ikIqSa6ZZ2rPa6P9nR3jL3lqZ8="></latexit>

|+〉 ≡
⊗

i

∑

g

|g〉i

<latexit sha1_base64="n1tGRCi0vRNlUbjLs6dfwh4pS1o=">AAACXHicbVHLSgMxFE3HV31UrYIbN8EiuKozIupS7EJxVdFqoS3lTnrbBjOZIbkjlqGf4Fa/zY3fYvoQbPVC4HDOfZ2bMFHSku9/5ryFxaXllfzq2vpGYXNru7jzaOPUCKyJWMWmHoJFJTXWSJLCemIQolDhU/hcGelPL2isjPUDDRJsRdDTsisFkKPub4/77e2SX/bHwf+CYApKbBrVdjFXaXZikUaoSSiwthH4CbUyMCSFwuFaM7WYgHiGHjYc1BChbWXjXYf80DEd3o2Ne5r4mP1dkUFk7SAKXWYE1Lfz2oj8T2uk1L1oZVInKaEWk0HdVHGK+cg470iDgtTAARBGul256IMBQe48M1PGvRMUM06y11RLEXdwjlX0SgYcaZEikHrkKruWSvF70PaHdw3nBHf2YP7If8HjSTk4K5/dnZYur6YfkGf77IAdsYCds0t2w6qsxgTrsTf2zj5yX96it+4VJqleblqzy2bC2/sGKZe4WQ==</latexit>

J/h



Gauging G-symmetry
Introduce G-valued gauge field on links

<latexit sha1_base64="HNZeFMxq6rzC/P9127dC8VX7+1U=">AAAFAnicpVNNbxMxEN20AUqgtIUjF4sUCanqKtuWlgNIFUVqQUKU0o+ocRp5nUlixfaubC9NZfnGf0HihrjyR/g3eDep2iT0UGHJu+P3ZvxmPHaccqZNrfanNDNbvnP33tz9yoOH848WFpceH+skUxSOaMITVY+JBs4kHBlmONRTBUTEHE7i/k7On3wFpVkiD81FCk1BupJ1GCXGQ63F73stu+sQNgla/YCwzkSLDX8W7xIhiE </latexit>

HG � �J
∑

i

∑

�

d� Tr[Z�
i · Zi+ 1

2
· Z�

i+1] � h
∑

i

∑

g

�
X g

i + h.c.

with Gauss law constraints:
<latexit sha1_base64="4jitB+ewt/m5kxZA/8OcS3QfW1k="></latexit>

Gg
i ≡

←
X g

i− 1
2

→
X g

i

→
X g

i+ 1
2

!
= 1

gauge fileds
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Gg
i ≡

←
X g

i− 1
2

→
X g

i

→
X g

i+ 1
2

!
= 1

resolving this constraint we end up with
<latexit sha1_base64="FVnlh5HFp9rgaZf89SZzudUSp3Q="></latexit>

HG � �J
∑

i

∑

�

d� Tr[Zi+ 1
2
] � h

∑

i

∑

g

�
X g

i� 1
2

�
X g

i+ 1
2

+ h.c.

KW duals are different for non-Abelian G



Non-invertible symmetry
<latexit sha1_base64="azGvpVGKTUFu8fHryeJ6BMQ8h5o="></latexit>

H �G = �J
∑

i

∑

g

�
X g

i

�
X g

i+1 � h
∑

i

∑

�

d� Tr[Z�
i ] + h.c.

Symmetry genertors
<latexit sha1_base64="cuZKxPp/F9aMA+Eka8pCjqCu2gk="></latexit>

R� = Tr
∏

i

Z�
i

MPO form:

labeled by 
irreps



Non-invertible symmetry
<latexit sha1_base64="azGvpVGKTUFu8fHryeJ6BMQ8h5o="></latexit>

H �G = �J
∑

i

∑

g

�
X g

i

�
X g

i+1 � h
∑

i

∑

�

d� Tr[Z�
i ] + h.c.

Symmetry genertors
<latexit sha1_base64="cuZKxPp/F9aMA+Eka8pCjqCu2gk="></latexit>

R� = Tr
∏

i

Z�
i

MPO form:

<latexit sha1_base64="xAJKB7gqcuDAWY0GDWN2+0Yd9Gg="></latexit>

R�aR�b =
∑

c

N c
abR�c � �a � �b =

⊕

c

N c
ab�c

Symmetries multiply according to irrep Rep(G) algebra

For non-Abelian groups G this algebra is non-invertible



Spontaneous symmetry 
breaking

To find SSB states, introduce a dual basis of G-qudit

which block-diagonalizes X operators
<latexit sha1_base64="KZ59Rn5ZQqWE8uqBaMSjaN6+aSk="></latexit> →
X g |���〉 = �g�1

�� |���〉

SSB states for h=0:

local 
order parameter

<latexit sha1_base64="8HMHqhLSAu4izBdB4ECz2eUnc24="></latexit>

〈�| →
X g |�〉 = Tr[�g]/d�



D3 group

Symmetries of equilateral triangle: non-Abelian 
<latexit sha1_base64="3GmGClFszVsGcdVE0VR/71HEFow="></latexit>

sr = r�1s

Three irreps: one-dimensional— A1, A2 two-dimensional— E



Rep(D3) SSB

iDMRG: local order parameter, transition at h=J



Rep(G) SSB: new features
<latexit sha1_base64="tP0FYM8IxnFVBAgHfXBNF299Ud8="></latexit>

R�a |�b〉 =
∑

c

N c
ab |�c〉 cat states for non-Abelian G

SSB ground states have different entanglement structure

D3 group:                   product states 

                                  entangled MPS

<latexit sha1_base64="cBxiC/O3r5nGGiTZ2jnHFRpJzQg="></latexit>

|A1〉 , |A2〉

<latexit sha1_base64="4UWknpzyL4LAkt16SR/vyHusXZc="></latexit>

|E〉 with bond dim=2



Rep(G) SSB: new features
<latexit sha1_base64="tP0FYM8IxnFVBAgHfXBNF299Ud8="></latexit>

R�a |�b〉 =
∑

c

N c
ab |�c〉 cat states for non-Abelian G

Different SSB ground state have different entanglement

D3 example:                product states                                 
<latexit sha1_base64="cBxiC/O3r5nGGiTZ2jnHFRpJzQg="></latexit>

|A1〉 , |A2〉

<latexit sha1_base64="4UWknpzyL4LAkt16SR/vyHusXZc="></latexit>

|E〉

edge  
modes

entanglement 
spectrum degeneracy

string order 
parameter

entangled MPS

SPT-like 
features:



Rep(G) SSB: new features

Edge modes:

on open chain |G| SSB states

partial fractionalization of G-qudit between two edges

transitions between different SSB states  
with local edge operators



Rep(G) SSB: new features

Entanglement spectrum:
<latexit sha1_base64="jdDFOZJWmp5J/1dZIpgVrTdj18M="></latexit>

|�〉 =
∑

�

��|�L〉|�R〉

Schmidt decomposition

in the SSB entangled state
<latexit sha1_base64="4UWknpzyL4LAkt16SR/vyHusXZc="></latexit>

|E〉
all Schmidt eigenvalues 

are two-fold degenerate

Pollmann et al 
Perez-Garcia et al



Rep(G) SSB: new features
Ordinary symmetry multiplets:

<latexit sha1_base64="UlFJZGxHNzgjxvC32o7LzkmIXUw="></latexit>

UgO�
� =

(
�g

��O�
�

)
Ug

multiplets of non-invertible symmetry contain 
 local and non-local operators Bhardwaj et al

SSB state
<latexit sha1_base64="4UWknpzyL4LAkt16SR/vyHusXZc="></latexit>

|E〉
supports both local 
and non-local order 

parameters

<latexit sha1_base64="vYmhUjooaPN2yJwFh+noP7ybsUA="></latexit>

Sij =
��
X r

i

∏
i<k<j ZA2

k
!Xr

j



Anyonic domain walls

Domain walls can carry internal dofs- open legs of MPS

They fuse as non-abelian anyons with multiple possibilities

Two domain walls nearby:

Using Clebsch-Gordon 
 decomposition

<latexit sha1_base64="Z4pbHjcp0EciyYqBABxI6xNzeLY="></latexit>

|Γcn , γ〉 =
∑

α,β

[Ccn
āb ]

γ
ᾱβ |Γā, ᾱ〉 ⊗ |Γb,β〉

different fusion 
channels



Outlook
• Realization with quantum hardware 

• Higgs=SPT with non-Abelian groups 

• Phase transition  

• extension to 2d:  
non-Abelian anyons and quantum 
computing

arXiv: 2508.11003



Extra slides



Proof of non-invertability

Consider the action of symmetry on the basis state

<latexit sha1_base64="4/zuI16Cb/zwVx7TMcopQ+avLts="></latexit>

R� |g1, · · · , gL〉 = Tr[�g1···gL ] |g1, · · · , gL〉

character

for irreps with dΓ>1 at least one group element must have zero 
character

RΓ must have finite kernel symmetry  
cannot be inverted



SSB details

Using

we find
eigenvalue 

+1

therefore



Multiplet of Rep(D3)
<latexit sha1_base64="EmBULIONG3wlhL7GuWh6/WbUN64="></latexit>

RE
→
X r

j =



Re(ω)→X r
j + i Im(ω)

(∏

k<j

ZA2
k

)→
X r

j



RE

local local non-local 
string

Bhardwaj et al

<latexit sha1_base64="7xeIsqBM0G/MNzUIC/hv7b4jLpY="></latexit>

� = exp(i2�/3)with


