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Symmetry of massless Dirac fermions

2

• In even spacetime D, a free massless Dirac fermion  has 
the symmetry  

ψ

• Mixed ’t Hooft anomaly:  turning on a  background 
gauge field  breaks , and vice versa. 

• This is the origin of the ABJ anomaly.

U(1)V
Aμ U(1)A

<latexit sha1_base64="vuAs+aaEwmtS6IcXLp2K/w/A78M="></latexit>

U(1)V :  ! ei↵ 

U(1)A :  ! ei�� 

<latexit sha1_base64="pNYcT4/CZC0jAvwkNLPxB/uD9b0="></latexit>

{�, �µ} = 0

<latexit sha1_base64="RggIZFA+3G8Dhs6zypRweb4pQMs="></latexit>

Gω =
U(1)V → U(1)A

Z2



Massless fermions of the lattice
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• We all know that discretizing QFTs on lattices is very useful. 

• It is also subtle, especially when dealing with massless 
fermions. 

• The basic reason is that it is tricky to get anomalies right on 
the lattice. 

• There is a famous no-go theorem, the Nielsen-Ninomiya 
theorem, that says it can’t be done, under some 
assumptions.
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Nielsen-Ninomiya Theorem

• Rough statement: there is no discretization of the Dirac 
operator  which enjoys all of 

1. Continuity in  

2.  for  

3.  invertible except at  

4.

𝒟 = γμ∂μ

pμ

𝒟(p) = γμpμ a |p | ≪ 1

𝒟 |p | → 0

{Γ, 𝒟} = 0 Chiral symmetry

No doublers

Free fermion as a → 0

Locality
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• Replacing the continuum derivatives by naive lattice 
finite difference operators gives the naive lattice fermion 
discretization. 

•  invertible except at each corner of the Brilloin zone, 
leading to  massless fermions.
𝒟

2D

Naive lattice fermions Wilson, …
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• The Wilson fermion discretization explicitly breaks chiral 
symmetry completely as well as the degeneracy 
between doubler modes. 

• Must tune the bare mass to get a massless fermions in 
the continuum limit.

Wilson fermions
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• The reduced staggered fermion discretization preserves 
a discrete subgroup of chiral symmetry. 

• This is enough to forbid a fermion mass term from being 
generated, but leaves a smaller number of doubler/
`taste’ modes in .  

• Example: two `tastes’ in  rather than  
doublers with naive fermions.

D > 1
D = 2 22 = 4

Staggered fermions Kogut, Susskind, …
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• Overlap lattice fermions preserve a modified version of 
chiral symmetry, and the associated Dirac operator is not 
ultra-local. 

• The same is true for domain-wall fermions when the 
extent of the extra dimensions goes to . 

• Hersh’s talk:  the resulting chiral symmetry is , not .

∞
ℝ U(1)

Domain wall fermions Kaplan; Shamir; 
Neuberger; …
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• The NN theorem has an extra assumption, which is that 
the lattice fermion action is bilinear. 

• In the SMG approach (which is extremely closely related 
to older mirror fermion ideas), the idea is to give some 
unwanted lattice fermion excitations large masses by 
introducing carefully designed interactions, so that the 
lattice action is not bilinear in  .ψ

Symmetric mass generation

Golterman + Shamir; You + Xu, …

• Near the continuum limit, one ends up producing an 
effective Dirac operator with its own non-localities 
associated with propagator zeros.

Eichten, Preskill, … ; Poppitz, Giedt, …;  Wang, Wen, …
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Recent developments

Sulejmanpasic, Shao, Seiberg, Lam, Fazzi, Gorantla, Gattringer, Cheng, Seifnashri… 
2019 - now

Cond-mat, hep-lat antecedents: 
Catterall et al, Lieb+Shutz+Mattis, Kitaev, Kapustin+Thorngren, …

• It has become relatively widely appreciated that even 
scalars can have anomalies, and some anomalies can be 
preserved on lattice, without making the symmetry action 
any less local than it is in the continuum. 

• People also found ways to preserve topological symmetries 
on lattice.

• I’ll focus on a single 2d Dirac fermion for the rest of talk.
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Idea of the talk

Continuum 
fermion ψ

Continuum scalar 
φ

Bosonization

Fermionization

Villain lattice 
scalar φ

Some lattice 
fermion theory?

Bosonization

Fermionization

Continuum 
limit

Continuum 
limit
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Idea of the talk

Continuum 
fermion ψ

Continuum scalar 
φ

Bosonization

Fermionization

Villain lattice 
scalar φ

Continuum 
limit

I’ll explain this 
part first
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Idea of the talk

Villain lattice 
scalar φ

Bosonization

Fermionization

Then I’ll focus 
on this part.

• Much remains unclear about the lattice 
fermion theory. 

• I’ll focus on what we understood so far, and 
highlight how it connects to the NN theorem.

Some lattice 
fermion theory?



14

Free 1+1d Dirac fermion QFT 

with gauged fermion parity (−1)F

2d Abelian bosonization

• Some entries in the dictionary:

-periodic boson QFT 2π

ℒ =
R2

4π
(dφ)2, R2 =

1
2

=

<latexit sha1_base64="2f0zP3q/p/qme5h+MfHZVZ3rAfI="></latexit>

ω̄→ω+ → eiω

<latexit sha1_base64="SY8mDimjdZeQAgCEfM1qsBSUHqQ="></latexit>

ω̄εµω → ↑ 1

2ϑ
ϖµωϱωω

<latexit sha1_base64="aAnJeRoA+ObMUxBdEzfUAhXbr1M="></latexit>

ω̄εµ!ω → i

4ϑ
ϖωω

<latexit sha1_base64="VyFa/I0zMxV19Q8y0nBrIsmyzME="></latexit>

ω+ω→ → e2iω
<latexit sha1_base64="yMbcV9icIrJ1XOs9hJyoshYPbKo="></latexit>

R2dω = i ε dϑ
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Free 1+1d Dirac fermion QFT 

with gauged fermion parity (−1)F

2d Abelian bosonization

• The left-hand side is ill-defined on its own.  It must live at the 
end of the suitable topological line operator.   

• Natural given that  is gauged.(−1)F

-periodic boson QFT 2π

ℒ =
R2

4π
(dφ)2, R2 =

1
2

=

<latexit sha1_base64="cJyTDeldViiFJrEXiKbZbA7sFBg="></latexit>

ω± → eiω±iε/2

• What about ψ±?
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Compact boson review

• Conserved currents:

ℒ =
R2

4π
(dφ)2, φ ≃ φ + 2π

jA =
R2

2π
dφ jV =

1
2π

⋆ dφ

• Conserved charges:

QV(C) = ∫C
⋆ jV =

−1
2π ∫C

dφQA(C) = ∫C
⋆ jA =

R2

2π ∫C
⋆ dφ

Winding number charge shift chargeφ

Conserved due to e.o.m. Tautologically conserved
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• Work on a square lattice with sites s, links , plaquettes p, 
and cells on dual lattice .  

• “Hodge star” map from lattice to dual lattice 
 

•                                      , so that 

ℓ
s̃, ℓ̃, p̃

⋆ s = p̃, ⋆ ℓ = ℓ̃, ⋆ p = s̃

The lattice

<latexit sha1_base64="RMz7MghLXQPPn7miBnoA8+RTaDg=">AAACwXicbZHbahRBEIZ7x1NcTxu99KZ1ESLCMiNBvRGCAfEygpsEtselpqdm06QPQ3ePuvTOG/k03ok+jD27Q3QTCxp+/vqKquoqaimcT9Ofg+Ta9Rs3b+3cHt65e+/+g9Huw2NnGstxyo009rQAh1JonHrhJZ7WFkEVEk+K88Muf/IFrRNGf/LLGnMFCy0qwcFHaz56v1dSZhQu4Pk88M/Bvsjalr6lzDVqY7SUCU1ZDdYLkPSC2VR1TETmo3E6SddBr4qsF2PSx9F8d8BZaXijUHsuwblZltY+D10XLrEdssZhDfwcFjiLUoNCl4f1wi19Fp2SVsbGpz1du/9WBFDOLVURSQX+zF3Odeb/crPGV2/yIHTdeNR806hqJPWGdr9HS2GRe7mMArgVcVbKz8AC9/GPt7pw0Bxl3EPjV26UAl0GFidWULh2luVhtRpnq1 UESqyYLEEvJIbA5FpQ9oT2su0Re4HYv4jdQrwNzOM3b1XwNprDeJbs8hGuiuOXk+zVZP/j/vjgXX+gHfKYPCV7JCOvyQH5QI7IlHDynfwgv8jv5DARSZ3YDZoM+ppHZCuS8AfRu936</latexit>

(d!)cr+1 =
X

cr2@cr+1

!cr
<latexit sha1_base64="A6uvu5h2qV5+rV0PLM1WtmToVE4="></latexit>

(d�)` = �s+aˆ̀� �s, d
2 = 0.
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• A continuum scalar can be represented as

Villain scalar

• Discrete-gauge invariant derivatives look like

Villain 1970s; 
Gross, Klebanov 1990s; 

Cheng, Gattringer, 
Gorantla, Fazzi, Lam, 

Seiberg, 
Shao,Sulejmanpasic,… 

2019 - now

• Then  describe a -periodic scalar.{φ, n} 2π

<latexit sha1_base64="zv2uCHI9SFmsW+LpSzN1613WNbU="></latexit>

@µ'(x) ! (d')˜̀� 2⇡n˜̀

• Impose a discrete gauge redundancy involving ks ∈ ℤ

<latexit sha1_base64="w+3K4q9jdhAlJ5iLdytputbjFa4="></latexit>

ω(x) →
{
ωs ↑ R
nω ↑ Z

<latexit sha1_base64="LgYbVbGuiwXXE2ueEbF0S7yMS0g="></latexit>

ωs → ωs + 2εks

nω → nω + (dk)ω



19

• A U(1) gauge field has a similar discretization:

• The gauge invariant field strength is 

<latexit sha1_base64="krahrmYhoOU6AFqwHWrKyXPWSD8="></latexit>

aµ(x) !
(
a` 2 R
rp 2 Z

• Impose a discrete gauge redundancy involving  
and a continuous gauge redundancy involving 

mℓ ∈ ℤ
hs ∈ ℝ

<latexit sha1_base64="U9Pn8MWBFK4EIxK/Q3Oep3IuI4Q="></latexit>

fµ⌫(x) ! (da)p � 2⇡rp

• Then  describes a  gauge field.{a, r} U(1)

Villain gauge field

<latexit sha1_base64="D15celHgrN1UQtKB3xbBbHL/G9s="></latexit>

a` ! a` + (dh)` + 2⇡m`

rp ! rp + (dm)p

Villain 1970s;
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• The Villain discretization ensures that winding number and 
instanton number are quantized at finite lattice spacing:

<latexit sha1_base64="PMQotR43ocpONaH04+SORjPMA70="></latexit>

instanton number of aµ =
�1

2⇡

X

p2S

[(da)p � 2⇡rp] =
X

p2S

rp 2 Z

• Gives us a chance to get things right!

Topology on the lattice

<latexit sha1_base64="gXd6Y9RInyhfVvzN47TNxTj4RoI="></latexit>

winding of ' =
�1

2⇡

X

˜̀2C

⇥
(d')˜̀� 2⇡n˜̀

⇤
=

X

`2C

n˜̀ 2 Z
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• In the 70s Villain construct, the Cconservation equation for  isjV

Winding number conservation

d ⋆ jV = −
1

2π
d [(dφ)ℓ − 2πnℓ] = (dn)p

• dn can be any integer, so  is not conserved.   

• Physically,  whenever there’s a vortex at .  
Dynamical vortices mean that winding number can jump by 
any integer.

jV
(dn)p ≠ 0 p

• Modified Villain idea: constrain  to be zero!(dn)p
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Modified Villain lattice scalar
• Add a Lagrange multiplier  living on dual sites:θ

• Now both  and  are present on the lattice, and 
act as ,  respectively. 

•  is the lattice version of , the T-dual of . 

• ’t Hooft anomaly captured exactly:

U(1)V U(1)A
θs̃ → θs̃ + α φs → φs + β

θs̃ θ φ

Cheng, Gattringer, 
Gorantla, Fazzi, Lam, 

Seiberg, 
Shao,Sulejmanpasic,… 

2019 - now

<latexit sha1_base64="ZQDiTtFkHKLXLn/938gUVXoHTJI="></latexit>

S =
R2

4ω

∑

ω

[(dε)ω → 2ωnω]
2 + i

∑

p

ϑεp(dn)p

<latexit sha1_base64="luYuJ7aDcorOUYx3oZJDSK9Ynnc="></latexit>

d ω jA =
1

2ε
dAV → (d ω jA)p̃ =

1

2ε
[(dAV )p̃ ↑ 2εRp̃]
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QED and chiral gauge theory on lattice
• One can use this formalism to formulate e.g. U(1) gauge 

theory coupled to one or more massless Dirac fermions. 

• Preserves all Abelian symmetries at finite lattice spacing 

• Can also find a discretization of `3450’ chiral gauge theory 
with a dynamical gauge field that preserves all its 
symmetries. 

• And one can even do Monte Carlo simulations of it.

Berkowitz, AC, Jacobson 2024 
+ Work in progress with Evan Berkowitz
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Nielsen-Ninomiya theorem

• The NN theorem simply doesn’t apply to our construction.  
It constrains discretization of Dirac operators.   

• We do not start with a continuum Dirac operator at all. 

• Starting point is a different path integral that doesn’t 
even have fermions. 

• But it would be nice to make contact with the NN theorem! 

• Idea: if we compute the fermion-operator two-point 
function using the modified Villain theory, it will tell us what 
type of lattice fermion theory we are dealing with.
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Idea of the talk

Villain lattice 
scalar φ

Bosonization

Fermionization

Some lattice 
fermion theory?

• We can compute some correlation functions 
of the lattice fermion theory above to try to 
understand what it looks like.
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Fermion two-point function

• The thing to compute in the fermion theory is . 

• In the bosonic variables this is

⟨ψ+(x)ψ̄+⟩

<latexit sha1_base64="8/pnh7xS5VHpJbZPsSYkuy6OFIM=">AAADRXicbVFdb9MwFE3C1yhfHTzyYqiQOtF1STUBjxN74XFItJtUl+A4N60124lsZ7Ry8/uQ+Af8CN4Qr+CmKdCOK1m6Ovf4nGufpOBMmzD85gc3bt66fWfvbuve/QcPH7X3H490XioKQ5rzXF0kRANnEoaGGQ4XhQIiEg7nyeXpan5+BUqzXH4wiwImgkwlyxglxkFx+yvmkBnMiZxyQPDRMmxmYEh3flAhDPOinndxpgi1rL IDhzJpYnsa23kvrCqU4iuiihlDWLHpzBwg3MO9ldLhRipcSdVDrNY+CGsm0HVX9BI5nbXe0aByS+yKocNtRuj8GtG43Qn7YV3oehM1Tcdr6ize9ylOc1oKkIZyovU4CgszsUQZRjlULVxqKAi9JFMYu1YSAXpi60+v0AuHpCjLlTvSoBr994YlQuuFSBxTEDPTu7MV+L/ZuDTZm4llsigNSLo2ykqOTI5WCaKUKaCGL1xDqGJuV0RnxOVjXM5bLpRICty9Q8JnmgtBZGqx21iQRFfjaGKXy060XDpCChnmaf2P1m5ywc82EVUNRf2hqL8UtUUxymIDc6OENcqBLRdLtBvC9WY06Eev+sfvjzsnb5uA9ryn3nOv60Xea+/Ee+edeUOP+qE/8mP/U/Al+B78CH6uqYHf3HnibVXw6zd6ygy7</latexit>〈
eiω(x) exp

(
i

2

∫

Cx,0

dω

)
e→iω(0)

〉
→ ↑eiω+iε/2(x) e→iω→iε/2(0)↓

exp(iφ(x)/2)

exp(iθ(x))

exp
i
2 ∑

ℓ∈Cx,0

nℓ

• On the lattice, we should calculate a correlation function 
that looks like
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 correlatorsφ

• The thing we want to calculate is a bit complicated. 

• Warm up:
<latexit sha1_base64="BdaOkdX3i1iJuawvHCWiY4RybKs="></latexit>

→eiωse→iωs→ ↑ =?

• Idea:  if we integrate out , .  If we work on , we 
can fix a gauge where  everywhere. 

• This means the action simplifies to 

θ dn = 0 ℝ2

nℓ = 0

• The Green’s function of  with this action is known!φ

<latexit sha1_base64="MER2sq6D8675x9NckgYHXuDWY20="></latexit>

S =
ω

2

∑

ω

(dε)2ω ,ω =
R2

2ϑ
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 Green’s functionφ

<latexit sha1_base64="EWX5DD0rypSgDLKUyz2iZk0S8Qo="></latexit>

Gn1→0,n2→0 =
1

2ω

[
→ log 2→ ε(n1 + 1/2)→ ϑE →

n2 +
1
2

n1 +
1
2

3F2

(
1, 1, n2 +

3
2 ; 2, n1 +

3
2 ;→1

)

+

↑n1↓n2
2 ↔∑

k=1

(→1)k
(
n1 → n2

2k

)
B
(
2k, n1 → k + 1

2

)
2F1

(
2k, n2 + k + 1

2 ;n1 + k + 1
2 ;→1

) ]

• The exact expression for the Green’s function is a bit 
complicated:  

• G can also be defined recursively.   

• For large separations, it behaves as

<latexit sha1_base64="xuhV9Rc4mMlRALDgKssXUVnWkCI="></latexit>

Gr cos ω,r sin ω → ↑ 1

2ω
ln r ↑

εE + 3
2 ln 2

2ω
+O

(
1

r2

)
,
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 vertex operator correlatorφ

• Let us define
<latexit sha1_base64="6dECjTW1fRrIbY32a5lS2wZHxqY="></latexit>

→E(q)
C ↑ ↓

〈
exp

(
iq
∑

C

(dω↔ 2εn)

)〉

• When , this is just a two-point function of local 
operators.  Otherwise it is an open line operator. 

• We find 

q ∈ ℤ

<latexit sha1_base64="l9Wx36Bf9kpHXSBNI/ewj3KZC3s=">AAADRXicbVJdb9MwFHXC1yhfHTzyYqiQOlGqpEzAy6SJaYLHIdFuUp0Fx3FSq46T2Q60cvP7kPgH/AjeEK/gJlGhG1eKcnTPOdfOPYkKzpT2vO+Oe+36jZu3dm537ty9d/9Bd/fhROWlJHRMcp7LswgrypmgY800p2eFpDiLOD2N5kdr/vQzlYrl4qNeFjTIcCpYwgjWthV2v6GIpSniWKScQpRhPSOYm+MqPDo3/Yu9quFlyw 8O0ACiBQsvzkdogOiiQJwmug9RIjExI1QwaKnKoDkuCmzRu9AsXiwrJFk603sDa19XPQIewM2EaTOg9o42ZthMRynOMhweP29EL62kQlyM2qHNKwi7PW/o1QWvAr8FPdDWSbjrEBTnpMyo0IRjpaa+V+jAYKkZ4bTqoFLRApM5TunUQoEzqgJTL72Cz2wnhkku7SM0rLv/OgzOlFpmkVWut6ouc+vm/7hpqZM3gWGiKDUVpDkoKTnUOVwnCGMmKdF8aQEmktm7QjLDdjHa5rx1CsGCUG6/Q9AvJLcrFLFB9sYZjlQ19QOzWvX81coKYpogHtchG7P5G57AFlatRG4k8q9Ebkm0NEjThZaZ0dI2OzYW/3IIV8FkNPRfDfc/7PcO37YB7YDH4CnoAx+8BofgPTgBY0Acz5k4ofPJ/er+cH+6vxqp67SeR2Cr3N9/AJ3WDtE=</latexit>〈
E(q)
C

〉
= ω2q exp

(
2εq2

ϑ2
Gx→y

)
, ωq = exp

[
q2

2ϑ2

(
ϖE +

3

2
ln 2

)]

• Result is independent of the contour C, as one would 
expect.
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 vertex operator correlatorθ

• Next warm up step: let’s compute

• But we integrated out , so we have to view this as a  
correlator of defect operators. 

• This amounts to doing the path integral with the constraint

θ

<latexit sha1_base64="aD6ETLpqw+ZwuNO0ZcZFP/rwb0M="></latexit>

(dn)p = w, (dn)p→ = →w

<latexit sha1_base64="sGi6csz0C2Ovea5rEJhqVtp4Yuc="></latexit>

→M(w)(p, p→)↑ ↓ →exp (iwωp) exp (↔iwωp→)↑
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 vertex operator correlatorθ

• We find 

<latexit sha1_base64="gwD3C25KI0yuJJSfYBexXGYbsw8="></latexit>〈
M(w)(p, p→)

〉
= ω2w exp

(
2εϑ2w2Gp↑p→

)
, ωw = exp

[
ϑ2w2

2

(
ϖE +

3

2
ln 2

)]

• The techniques involved in the calculation are fairly 
standard, so I’m not explaining them in this talk.
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Fermion correlator from Villain scalar

• We find that 

<latexit sha1_base64="LRDqVNVznyPrqjTI+RiY6/KU9YQ="></latexit>〈
ω+(s)ω̄(s

→)
〉
=

〈
M(1)(p, p→) E(1/2)

Cs,s→

〉
• The fermion two-point function can be written as

<latexit sha1_base64="PX97eYIWSR6OsGRZmA5lTh2GTmg="></latexit>

〈
M(1)(p, p→) E(1/2)

C

〉
=

〈
M(1)(p, p→)

〉 〈
E(1/2)
C

〉
exp

[
→iω

∑

ω↑C

(
εGp → εGp→

)
ω

]

where .δ = ⋆ d ⋆

• The first two factors are positive, while the last factor is a 
non-vanishing phase.  This is the same structure one sees 
in a continuum CFT calculation.



33

Magnitude of lattice Weyl correlator
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Phase of lattice Weyl correlator
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Fermion correlator from Villain scalar

where  .s↑ = 1
2 (s1 + s2), s↓ = 1

2 (s1 − s2)

• For large separations, we find 

• This is exactly what we expect in the continuum, where

<latexit sha1_base64="0MRTF6kHuqIiNMyrUASTtZdIq4o="></latexit>

→ω±(s1)ω̄±(s2)↑ =
1

s→ ± is↑
+ O

(
1

|s2 ↓ s1|3

)
, |x| ↔ ↗

<latexit sha1_base64="AYEbM5kS8+ohKXVVoOwmH/TaZq4="></latexit>

→ω±(x1)ω̄±(x2)↑ =
1

x1 ± ix2

• So the lattice Weyl correlators reduce to the continuum 
correlators in terms of lattice `light-cone’ coordinates. 
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What about the NN theorem?

• To see how this can be reconciled with the NN theorem, 
we can study the Fourier transform of the lattice Weyl 
correlator. 

• The result is easiest to explain via pictures. 

• Sublety:  numerically we do the Fourier transform in a 
spacetime box.  This leads to some artifacts in the plot that 
should be ignored.
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Magnitude of momentum-space lattice 
Weyl correlator
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What about the NN theorem?

• The momentum-space correlator has a pole at the origin. 

• It also has three zeros in the Brilloin zone at 
.(π, π), (π,0), (0,π)

• This means that the associated Dirac operator is not local!

• Is this a disaster? Yes and no.
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Yes, it’s a disaster
• The non-locality means that is not at all obvious how to 

couple the `fermionic’ lattice theory to gauge fields. 

• Moreover, we have calculated the fermion four-point 
function using our lattice theory, and compared to what it 
would be if the theory was quadratic. 

• The results are not the same. 

• So the lattice fermion theory associated to the modified 
Villain scalar is both non-local and interacting. 

• At least we can see how the NN theorem is obeyed. 

• The NN theorem certainly does not apply to lattice 
fermion models of this sort. 
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Idea of the talk

Continuum 
fermion ψ

Continuum scalar 
φ

Bosonization

Fermionization

Villain lattice 
scalar φ

Non-local, 
interacting lattice 
fermion theory

Bosonization

Fermionization

Continuum 
limit

Continuum 
limit
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No, it’s not a disaster

• We have the bosonic version of the theory, which is very 
nice for concrete calculation, and does not suffer from any 
of these problems! 

• We can just use it. 

• Also, despite the weird features of the related lattice 
fermion model, we suspect it is worth exploring further.
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Conclusions
• The modified Villain approach allows one to describe the 

physics of massless Dirac fermions while preserving all 
their symmetries and anomalies, thanks to bosonization. 

• The symmetries act locally on the lattice scalar fields, 
enabling clean discussions of lattice gauge theories. 

• The lattice fermion theory associated to the modified 
Villain scalar turns out to be neither local nor free, so 
Nielen-Ninomiya theorem does not apply to it. 

• Yet it has the desired continuum limit anyway, by 
construction. 

• It would be nice to describe this exotic lattice fermion 
theory more explicitly!
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Thanks for listening!


