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Summary

D=3 ONLY!!

• EST predictions for generic interfaces τ = α + iu, perturbative only
in the Wilson coefficients.

• Modified multicanonical algorithm for high-precision free energy
data;

• Preliminary value of γ3;
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Flux tubes, confinement and string theory

At leading order flux tubes are
described by “string theory”

SNG = σ

∫
d2ξ

√
∂µX i (ξ) ∂µXi (ξ)

(1)
More generally, symmetry allows

S =
∫

d2ξ
√

−h [σ︸ ︷︷ ︸
NG

+2γ3
K 4

σ
+ . . . ] ,

(2)
with γ3 ≥ − 1

768 [1906.08098]. Figure: Lattice QCD simulation of a
proton. Source:
physics.adelaide.edu.au/theory/staff/
leinweber/VisualQCD/Nobel/
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EST
Effective string theory in the static gauge:

S = A + Sfree boson + S1

A + S2

A2 + S3

A3︸ ︷︷ ︸
model-independent

+2γ3
SNU

A3 + O
(
A−4) A ≡ σRT ,

(3)

S1 = 1
8

∫
d2ξ

(
∂i π∂ i π

)2

S2 = − 1
16

∫
d2ξ

(
∂i π∂ i π

)3

...

SNU = 2γ3σ2
∫

d2ξ
(
∂i ∂jπ∂ i ∂ jπ

)2
.

Neatly packaged as

2δ (s) = s/4 + γ3s3 + γ5s5 + · · · (4)

plus non-integrable corrections at s8 in 2 → 2; lower orders in other
channels.
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Polyakov formalism

It is equivalent to the EST description [Billò, Caselle, Ferro ’06]

Z =
∫

d2τ

τ2
Z b (q, q̄) Z gh (q, q̄) Z b (q, q̄) = Tr

[
qL0−1/24q̄L̄0−1/24

]
,

(5)
It is better to compute the universal partition function

ZU =
√

2π

(
σL2

z
π2u

)1/2 √
A

∑
k,k′

ckck′ εk,k′ K1 (Aεk,k′ ) (6)

where ck are the partitions of k and

εk,k′ =

√
1 + 4πu

A

(
k + k ′ − 1

12

)
+

(
2πu
A

(k − k ′)
)2

. (7)
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Free energy expansion

The free energy at any order is

FU = − log ZU = A − 1
2 log

( σ

2πu L2
z

)
+ 2 log |η (iu)| +

∞∑
n=1

gn (iu)
An , (8)

with

g1 = π2u2

72 |E2 (iu)|2 − πu
12 E2 + 3

8

g2 = −π4u4

5184

(
2E4 (iu) E2 (iu) 2 − 2E4 (iu)2

)
+ π3u3

432 E4 (iu) E2 (iu)

− π2u2

576

(
6E2 (iu)2 + 2E4 (iu)

)
+ πu

16 E2 (iu) − 3
16

g3 = ommited for space
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What is the validity of the asymptotic expansion?

2 3 4 5 6 7 8 9 10
A

0.6

0.8

1.0

F
( n

)

U
−

lo
g

( Z
0)

−
lo

g
( Z

U
/Z

0)
1st order

2nd order

3rd order

− log(ZU)

F (n)
U + log (Z0) = 1 +

n∑
n=1

gn (iu)
An ” = ” − log (ZU) + log (Z0) (9)

with

Z0 = e−A
(

σL2
z

2πu

) 1
2 1

|η (τ)|2
.

ZU =
(

σL2
z

π2u

)1/2 √
A

∑
k,k′

ckck′ εk,k′ K1 (Aεk,k′ )
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Non-universal corrections: Path integral

The correction is

VNU [π] = −2 γ3
A3

∫
d2ξ

(
∂i∂jπ∂ i∂jπ

)2
, (10)

Requires regularizing series of the type [Dietz, Filk ’83]∑
(m,n)̸=(0,0)

n4

m2 + u2n2 (11)

The non-universal correction for τ = iu is

FNU (A, iu) = −32γ3π6

225A3 u4E 2
4 (iu) , (12)

The ground state shift matches TBA [1906.08098]

∆E0 (R) ≡ lim
L→∞

∆FNU (A, iu)
L = −32π6

225

√
σγ3

(
√

σR) 7 . (13)
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QM approach

Considering an object with internal quantum numbers I and momentum
pz in the transverse direction. The partition function is

Z = Tr
[
e−LH]

=
∑
I,pz

CIe−AEI,pz (14)

where CI is their degeneracy and EI its their energy density

EI,pz =
√

E2
I + p2

z
σR2 . (15)

The integral over pz can be done explicitly (matches [Billò, Caselle, Ferro
’06])

Z =
√

2A
π

( σ

2πu

)d−2
2

VT
∑

I

CIE
d−1

2
I K d−1

2
(AEI) . (16)

Twist is added by inserting eαLP into the trace.
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TBA
Using

2δ (s) = s/4 + γ3s3 (17)
TBA spits out

∆Ek,k′,s,s′

R = −32π6u4γ3
225A4

(240s + 1) (240s ′ + 1)

Ek,k′

(
(Ek,k′ + 1)2 − π2u2

A2 (k − k ′)2
)3 + O

(
γ2

3
)

(18)
with k =

∑
i ni , s =

∑
i n3

i and

εk,k′ =

√
1 + 4π

A

(
k + k ′ − 1

12

)
+

(
2πu
A

(k − k ′)
)2

. (19)

Ground state shift

∆E0(R) = −32π6γ3
225R7

1√
1 − π

3R2

(√
1 − π

3R2 + 1
)6 + O

(
γ2

3
)

= −32π6γ3
225R7 − 64π7γ3

675R9 − 2π8γ3
45R11 − 22π9γ3

1215R13 + O
(
R−15)

+ O
(
γ2

3
)

.
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Non-universal partition function: TBA
Then

Z = ZU + γ3Zγ3 + O
(
γ2

3
)

=⇒ F = − log (ZU) − γ3Fγ3 + O
(
γ2

3
)

(20)

with

Fγ3 = A
∑

k,k′,s,s′ p(k, s)p(k ′, s ′)∆Ek,k′,s,s′ Ek,k′ K0 (AEk,k′ )∑
k,k′ p(k)p(k ′)Ek,k′ K1 (AEk,k′ ) , (21)

whose large area expansion for square interfaces (τ = i) is

Fγ3 = 32π6

225 A3 E4(i)2
(

1 − 13
2A + 14013 + 280π4E4(i)2

432A2 + O(A−2)
)

101 102

A
0

1

2

F
γ

3
22

5A
3

32
π

6 E
4(
i)

2

Numeric evaluation of eq.(2.35)

0th-order

1st-order
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Higher-order Wilson Coefficients

The spectrum at first order in γn is

∆Ek,k′,s,s′ = −26n−1π2nζ (−n)2

(
1 + 2

ζ(−n) s
) (

1 + 2
ζ(−n) s ′

)
R1+2nEk,k′

(
(Ek,k′ + 1)2 − 4π2 (k − k ′)

R4

)n ,

(22)
with k =

∑
i ni and s =

∑
i nn

i . The free energy correction is

Fγn = A
∑

k,k′,s,s′ p(k, s)p(k ′, s ′)∆Ek,k′,s,s′ Ek,k′ K0 (AEk,k′ )∑
k,k′ p(k)p(k ′)Ek,k′ K1 (AEk,k′ )

= −1
2 (4nπnζ (−n))2 un+1

An

(
|En+1 (τ)|2 + O(A−n−1)

)
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How can we realize an interface? Ising... It is always the Ising.
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The 3d Ising
Domain wall in the 3d Ising

H[{s}; J ] =
∑
⟨i,j⟩

Jijsi sj (23)

and

Z [β, J ] =
∫

dJe−F (J) e−F (J) ≡
∑
{si }

e−βH[{si };J]. (24)

The interface free energy is

F Interface = − log
(

Z [β, −1]
Z [β, 1]

)
(25)

ξ2

ξ1

Lz

L1

L2

z
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Multicanonical method
Deform the partition function with a function ω

Z [J ; ω] =
∫

dJe−F (J)+ω(J) (26)

such that
e−F (J)+ω(J) = constant. (27)

Moreover, we split ω as

ω (J) = bJ + cJ2 + ∆ω (J) . (28)

The EST free energy becomes

F Interface = 2b + ∆ω (1) − ∆ω (−1) . (29)

−1 0 1
J

−5

0

5

∆
ω

(J
)

−1 0 1
J

0

200

400
bJ

+
cJ

2

Lz = 4

Lz = 8

Lz = 12

Lz = 16

Lz = 20

Lz = 24

Lz = 28

Lz = 32

Lz = 36

Lz = 40
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Free energy for different system sizes at u = 1

5 10 15 20 25 30 35
Lz

0.020

0.025

0.030

0.035

0.040

0.045

0.050

0.055

0.060
F A

Finite Lz γ3 measurements
Mininum Lz

(L1, L2) = (8, 8)

(L1, L2) = (9, 9)

(L1, L2) = (10, 10)

(L1, L2) = (11, 11)

(L1, L2) = (12, 12)

(L1, L2) = (13, 13)

(L1, L2) = (14, 14)

(L1, L2) = (15, 15)

(L1, L2) = (16, 16)

(L1, L2) = (17, 17)

(L1, L2) = (18, 18)
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Free energy as a function of the area

100 101 102

A

100

101

102

F Aσ

FU(σ)

FU(σ) (extrapolated)

Hagedorn phase transition

Monte Carlo

FU = − log (ZU) = − log

[(
σL2

z
π2u

)1/2 √
A

∑
k,k′

ckck′ εk,k′ K1 (Aεk,k′ )

]
(30)



Effective String
Theory on the

Torus

José Matos

Summary

Motivation
Flux tubes,
confinement and
string theory

EST
Low energy
universality and
non-universal terms

Known results

Non-universal

QM Approach
TBA and partition
function

Monte Carlo
The setup: 3d Ising

Multicanonical
method

Free energy for
different system sizes
at u = 1

Free energy as a
function of the area

Area-independent
contribution

γ3

Extrapolation to the
critical point

Finite transverse
volume corrections

Area-independent contribution

10−3 10−2 10−1 100

1/A

2.0

2.2

2.4

F
−
A

H
agedorn

P
TTheory

Numeric

c0 = −1
2 log

( σ

2πu

)
+ 2 log |η (iu)| (31)
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γ3

For τ = i the EST predicts

γMC
3 ≡ FMC − FU

Fγ3

+ O (γ3) γmin
3 ≡ − 1

768 (32)

1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0 5.5
A

−1.0

−0.8

−0.6

−0.4

−0.2

0.0

F
M

C
−
F

U

Z
γ

3
|γ

m
in

3
|

[1]

Bootstrap lower bound

β = 0.223102

β = 0.224

β = 0.227

β = 0.2285

β = 0.23
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Finite transverse volume corrections: to appear
251x.xxxxx

We define an effective string tension as

σeff(Lz) ≡ lim
A→∞

F (A, u, Lz ; σ)
A . (33)

The EST prediction is

σeff(Lz) = σeff(∞) ≡ σ∞ (34)

4 6 8 10

−0.2

−0.1

0.0

0.1

0.2

(σ
eff
−
σ
∞

)σ
−

1
∞

0 20 40 60 80 100

Lz

−0.0025

0.0000

0.0025

(σ
eff
−
σ
∞

)

β= 0.23

β= 0.227

β= 0.223102
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