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. I ———
Thermal CFTs Experimental results

@ A thermal CFT can be defined on the
manifold Mp = S} x RP~!

@ Enhanced number of CFT data

@ Critical Casimir amplitude
— one-point function of the

@ Attractive force between the bound-
stress-energy tensor

aries

. .4
(To) = (1 — DY(Tii) ° E.xperlm-en.tally_measured in “He and
binary liquid mixtures

[Garcia et al.; PRL 83 (1999)]

[Garcia et al.; PRL 88 (2002)]

[Hertlein et al.; Nature 451 (2008)]
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O(N) models

H=-J S; - 8j;
) O(1): Ising  O(2): XY  O(3): Heisenberg

(ij
0O(4) — particle physics  O(o0) : spherical model — AdS/CFT

Euclidean lattice, D = 3,
a=1
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General idea: long-range fluctuations are sensitive to the short direction [

ethods

uilibrium m

-eq

<
]
=
<
2
ko)
g
©

Casimir

relli (UniTo & INFN)

Andrea Bulga




Casimir effect: critical Casimir amplitude

[Vasilyev et al.; PRE 79 (2009)]
free energy density
in the limitl — L

—

F = L2lf = L2(/8_1fex + lfbulk)

—

excess of free energy due
to the compact direction

@ In the scaling limit L > 1> 1 @ The Casimir amplitude is part of the
CFT data of the theory
fox =A17

o Determined for different O(N) models

@ A is the critical Casimir amplitude with different methods
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A puzzling quantity...

—0.1471 ---- Large N PRE 58 (1998)
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A puzzling quantity...

—0.1471 ---- Large N PRE 58 (1998)
[ PRE 56 (1997)
—0.1481 A PRE 79 (2009)
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A puzzling quantity...

—0.1471 ---- Large N PRE 58 (1998)
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A puzzling quantity...

—0.1471 ---- Large N PRE 58 (1998)
—— 1/N correction JHEP 08 (2024)
—0.1481 @ PRE 56 (1997)
A PRE 79 (2009)
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A puzzling quantity...

—0.125, ---- Large N PRE 58 (1998)
—— 1/N correction JHEP 08 (2024)
—0.1304 @ PRE 56 (1997)
A PRE 79 (2009)
—0.1354 @  bootstrap PRL 134 (2025)
~~_ 1
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A puzzling quantity...

—0.1251 ---- Large N PRE 58 (1998)
—— 1/N correction JHEP 08 (2024)
—0.1304 @ PRE 56 (1997)
A PRE 79 (2009)
01351 @  bootstrap PRL 134 (2025)
~ _ |
4 0.140
—0.1451 {’
—0.1501 A
&
—0.155
0.0 0.2 0.4 0.6 0.8 1.0
1/N
Better understand- Discriminating be-
ing large-IN' behavior tween conflicting results
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How do we compute A?

only depends on L

—

F = L2lf = L2(ﬁ_1fcx + lfbulk)

p—

A 172 plus subleading dependence on L
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MCMC simulations

@ Markov chain Monte Carlo can be used to compute free energy differences
(although it is not an ideal method...)

-07=1
w B =1-)

Fyx=1 — Frx=o = F(l = 1) + Fsap — F(I)

oF
=~ _ﬁ + Fiab
From [Vasilyev et al.; PRE 79 (2009)]
unwanted term,
only depends on L

1 9F —1 O fex @ An iterative procedure is employed to
ﬁ(@TZB %+fbu1k P pioy

f_) remove fbulk and f51ab

we want to isolate this
x A3
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Can we do better?

Can we design a better strategy?

—

Non-equilibrium simulations Different target AF' to automat-
for efficient calculations of AF ically get rid of fouik and fsab
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NEMC for free energy calculations |

I |
Strategy Realization

o We want to compute F; — F} defined [Caselle et al.; PRD 94 (2016)]

by St and S
. S
@ Introduce a discrete protocol ¢(n) con- ¢ @ ® ®
necting S; and St ® g o
(] o ® | .
step
(] (] (]
@ Non-equilibrium Markov Chain follow- ® ® ®
ing c(n) in Ngtep ® o o
S 00000000000
Equilibrium MCMC
P, P, P
c(1) c(2) c(nstep)
Po — o1 —> ... = e,
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NEMC for free energy calculations Il

I
Jarzynski's theorem Advantages

@ How to compute equilibrium quanti-
ties?

@ Jarzynski's theorem [Jarzynski; PRL 78 v Systematics well under control

(1997)]
1 _
AF = —— log (e BW>non,Cq v’ Linear scaling with the number of d.o.f.
6 [Bonanno at al.; JHEP 04 (2024)]
iy [AB et al.; PRD 111 (2025)]
= ) Sequin) (@n) = Sein) (90)
n=0

o Mathematically exact result, also for v Systematically improvable by increas-
expectation values ing nstep or using Stochastic Normal-

B izing Flows

<0€ W>nonfcq

<6_W>nonfcq

<O>eq =
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Second derivatives

0 ex 2 52 ‘(‘X —_
x Lo =9 4 B v %%Tf = Ll c A1

On the lattice second derivatives are computed as differences of first derivatives

BF ~ [F(1+ 1) — F(I)] = [F(l) — F( - 1)]
f'/ \\

Forward derivative Backward derivative

Drawback: not a primary observable, the two derivatives are uncorrelated.
We propose an alternative strategy

1

CE~F(I+1)+ F(I—1) —2F(l)

— —

Target F; Prior F;
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The slab-exchange protocol
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The slab-exchange protocol

* ‘s ‘s ‘s ‘s
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The slab-exchange protocol
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The slab-exchange protocol

’ 4 4 ’ 4
4 ’ ’ 4 ’
’ 4 4 ’ 4
* ‘. ’ 4 ’
1 1 1 1 W~ .
! ! ! ! ! ~ ~ ~ ~ ~
1 1 ] ] 1 ! hd ~ ~ ~

Andrea Bul, i iTo & INFN) Casimir effect with non-equilibrium methods



The slab-exchange protocol

Andrea Bul, i iTo & INFN) Casimir effect with non-equilibrium methods



The slab-exchange protocol

1 1 1 1 1
1 1 1 1 1

00— —0—©@
1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1 1
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The slab-exchange protocol

1 1 1 1 1
1 1 1 1 1

00— —0—©@
1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1 1

9*F
al2

1 ,
~ F(l+1)+ F(l—1)=2F() = 3 1og (™™ ) non—cq
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Our results

_0.147 ---- Large N PRE 58 (1998) —0.125 ---- Large N PRE 58 (1998)
) —— 1/N correction JHEP 08 (2024) —— 1/N correction JHEP 08 (2024)
—0.148 A PRE 79 (2009) —0.130 A PRE 79 (2009)
) D This work &  bootstrap PRL 134 (2025)
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Conclusions and outlook

Conclusions Outlook
o New methods and range of parameters o For better understanding N depen-
never explored before dence:

- simulations at larger N (~ 10)

Careful analysis of extrapolations and

systematic effects - calculations at higher orders (1/N?2)

e N =6 is not large- IV (differently from
SU(N) gauge theories) @ Understanding the discrepancy with
bootstrap

@ Our analysis aligns with other MC

studies over bootstrap o Why is N =1 so close to N = co?
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Scaling of NEMC

[AB, Cellini, Nada; PRD 111 (2025)]

@ Theory: SU(3) pure gauge theory in 4D

@ Protocol: linear interpolation from 3 = 6.02 (mild autocorrelation) to 8 = 6.178
(larger autocorrelation)

- B =6.02—6.178 o B=6.02 — 6.178
* ¢ NEMC, L/a=10
o 4 NEMC, L/a =12 089 ¢
T ¢ NEMC, L/a =16 | »
=15 y N 0.6
& +‘ ¢ NEMC, L/a=20 & & % NEMC La=10
S0 S IO S ~4- NEMC, L/a =12
& . * | * 4 NEMC, L/a =16
0.5 0.2 %
) SN “¢ ¢ NEMC, L/a =20
0.0 . . . hs 0.0 4% . ' . .
0.00 0.05 0.10 0.15 0.20 0.00 0.05 0.10 0.15 0.20
nep/(Lfa)* Naep/ (L)
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Calibration of the algorithm |

ESS — (e P2 eq Var(e ") 1 .
~ {e7W )non—cq (e=BW)2 - ESS

non—eq

kmax k
Var(e #"W) Ndof
[ = g Vg | ——

non—eq
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Calibration of the algorithm Il
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Computing A

L — oo limit Scaling in [
" 0(1). =6 ol 0(6)
—0.000890 . o ° o ) (I? Ky
. =016 o’
., —0.000895 # = @
g b -7 ©
® _0.000900 %, Z ¢
—~—0.18
‘ Aexp(—mL) + k =~ AN (L4 g)
—0.000905{ ¢ Daa ~0.19 ¢  Data
10 60 80 ©
L 6 8 10 12 14 16
1
a2f5X 82
02 (L; A k,m) = Aexp(—mL) + k a{;x (LA, g,w) =6A1""(1+gl™%)
@ Removing fine size effects in the trans- o Fit function motivated by finite size

verse direction scaling [Vasilyev et al.; PRE 79 (2009)]

@ m global parameter for fixed NV @ Good quality of the fit for all Ns
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L — oo limit

0*f /o
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:\—().()UOL)Z
Aexp(—mL) +k —0.000153 Aexp(—mL)+ k
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S |
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Scaling in [

16N O fr O

—0.14
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o) . 02 0o@3)
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{’ PR o ® 5 4
e ’ ° Fffnn e
£ ‘ i:Vifn.lé; .
A/N(1+g17%) A/N(1+g17%) A/N (1+g1%)
4 ¢ Data Zoa9| 4 ¢  Data Zoa9| d ¢ Data
10 ) 15 20 [] g 10 ) ) T 16 [ g 10 ) ) 1 16
0() 0(6)
—0.15 T
& 016 . o7 e ?
54;17 e “
:fln.m . :
AN (1+g17) AN (14 g17)
~0.19] 4 ¢ Data —0.19 ¢ Data
[ g 10 12 1 16 [ g 10 12 1 16
l l
l [ O [ 0@ [ OB [ oM [ O ]
XCog[#aof] | 118 [12] | 0.21 [8] | 1.33[8] | 0.78 [8] | 0.46 [§]
g 57(4) 63(10) 59(9) 49(9) 44(6)
w 3.02(5) | 3.08(10) | 3.01(10) | 2.90(11) | 2.83(8)
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