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Our Goals

▶ Studying the spectrum of open fluxtubes in large Nc limit and look for deviation
from string models.

▶ Looking for possible world-sheet axion states.
▶ Why large Nc? how large? Nc = 3, 4, 5, 6.
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Nambu-Goto String model

S = −σ

∫
d2x

√
− det hαβ , hαβ = ∂αXµ∂βXµ (1)

ENG
N (R) =

√
σ2R2 + 2πσ

(
N − D − 2

24

)
, (2)

V(R) = σR − π

12R + . . . , (3)



Effective string models

SEST = σRT +
σ

2

∫
d2x∂αXi.∂

αXi + . . . (4)

EN(R) = ENG
N (R) + b̄2π3√σ

(R√σ)4

(
BN − D − 2

60

)
+ ... (5)

[Bonati et al.(2021)Bonati, Caselle, and Morlacchi]



Symmetries of the open fluxtube

zPx = ±
q

q CoP ≡ g/u

Λ → Σ, Π, ∆, Φ

String states in term of eigenmode are expressed:

∞∏
m=1

(
(am+)nm+ (a†m−)

nm−
)
|0⟩, (6)

N =
∞∑

m=1
m(nm+ + nm−), Λ =

∣∣ ∞∑
m=1

(nm+ − nm−)
∣∣, ηCP = (−1)N. (7)



Excitation Symmetry State State
N = 0 Σ+

g |0⟩

N = 1 Πu a†1+ |0⟩ a†1− |0⟩

N = 2 Σ+′
g a†1+a†1− |0⟩

Πg a†2+ |0⟩ a†2− |0⟩
∆g (a†1+)2|0⟩ (a†1−)

2|0⟩

N = 3 Σ+
u (a†1+a†2− + a†1−a†2+)|0⟩

Σ−
u (a†1+a†2− − a†1−a†2+)|0⟩

Π′
u a†3+ |0⟩ a†3− |0⟩

Π′′
u (a†1+)2a†1− |0⟩ a†1+(a

†
1−)

2|0⟩
∆u a†1+a†2+ |0⟩ a†1−a†2− |0⟩
Φu (a†1+)3|0⟩ (a†1−)

3|0⟩



Excitation Symmetry State State

N = 4 Σ+′
g a†2+a†2− |0⟩

Σ+′′
g (a†1+)2(a†1−)

2|0⟩
Σ
+(iv)
g (a†1+a†3− + a†1−a†3+)|0⟩
Σ−

g (a†1+a†3− − a†1−a†3+)|0⟩
Π′

g a†4+ |0⟩ a†4− |0⟩
Π′′

g (a†1+)2a†2− |0⟩ (a†1−)
2a†2+ |0⟩

Π′′′
g a†1+a†1−a†2+ |0⟩ a†1+a†1−a†2− |0⟩

∆′
g a†1+a†3+ |0⟩ a†1−a†3− |0⟩

∆′′
g (a†2+)2|0⟩ (a†2−)

2|0⟩
∆′′′

g (a†1+)3a†1− |0⟩ a†1+(a
†
1−)

3|0⟩
Φg (a†1+)2a†2+ |0⟩ (a†1−)

2a†2− |0⟩
Γg (a†1+)4|0⟩ (a†1−)

4|0⟩

Table: Low-lying string states for an open string with fixed end Ref.
[Juge et al.()Juge, Kuti, and Morningstar]
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Action

▶ Wilson Anisotropic Action

SWilson = β

1
ξ

∑
x,s>s′

Ws,s′ + ξ
∑
x,s

Ws,t

 , (8)

▶ Wilson Loop

r

t

q̄q Oi

O†
j

T †(n, t) T (n + rµ̂, t)

Cj,i = ⟨Oj(r, t)Oi(r, 0)⟩ (9)
▶ Oi operators are replaced by operators of desired symmetries.



How do operators look like?
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Figure: These operators were already sieved to have lower energy for the ground state, and less
degeneracy in the spectrum. arXiv:2303.15152

▶ The code is open source (https://github.com/nmrcardoso/sun) and runs on
GPUs.

https://arxiv.org/abs/2303.15152
https://github.com/nmrcardoso/sun


Generalized Eigenvalue Problem

C(r, t)ν⃗n = λn(r, t)C(r, t0)ν⃗n

En = ln
λn(r, t)

λn(r, t + 1) (10)
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⟨W(r, t)⟩ =
∞∑

n=0
Ane−En(r)t, (11)

⟨W(r, t)⟩
⟨W(r, t + 1)⟩ = eE0 1 + A1e−(E1−E0)t + . . .

1 + A1e−(E1−E0)(t+1) + . . .
.

(12)
E0(r, t) = lim

t→∞
ln

⟨W(r, t)⟩
⟨W(r, t + 1)⟩ . (13)

ln
⟨W(r, t)⟩

⟨W(r, t + 1)⟩ = E0 + ln
1 + A1e−δEt

1 + A1e−δE(t+1) .

(14)
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Topological charge and critical slowing down

Q =
1

32π2

∫
d4x ϵµνρσTr [Gµν(x)Gρσ(x)] , We use Clover representation. (15)

▶ The code is open source (https://github.com/nmrcardoso/sun) and runs on
GPUs.
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https://github.com/nmrcardoso/sun


Ensemble

Ensemble Nc β ξ0 ξr lattice as
√
σ at

√
σ ⟨Plaquette⟩ χ1/4/

√
σ #config

W3,2 3 5.9 2 2.1735 243 × 48 0.3049(17) 0.1403(8) 0.595665(6) 0.4239(4) 1000
W4,2 4 10.7 2 2.1825 243 × 48 0.3493(9) 0.1601(4) 0.571288(5) 0.4232(6) 1000
W5,2 5 17.2 2 2.1830 243 × 48 0.3006(5) 0.1377(2) 0.575065(4) 0.4021(5) 1000
W6,2 6 24.9 2 2.1850 243 × 48 0.3107(15) 0.1422(7) 0.568885(3) 0.3943(6) 1000
W3,4 3 5.7 4 4.5385 243 × 96 0.4024(16) 0.0887(4) 0.617109(6) 0.4395(1) 1000
W4,4 4 10.4 4 4.5663 243 × 96 0.4445(3) 0.0973(1) 0.599735(5) 0.4477(7) 1000
W5,4 5 16.5 4 4.5766 243 × 96 0.4484(1) 0.0980(0) 0.593900(4) 0.4415(10) 1000
W6,4 6 24.0 4 4.5811 243 × 96 0.4333(2) 0.0946(0) 0.592902(4) 0.4434(10) 1000

Table: Details of the ensembles generated using the anisotropic Wilson action. ξr is the
renormalized anisotropy factor, computed using the method described in
Ref. [Garcia Perez and van Baal(1997)]. All ensembles have undergone 100 times multihit
smearing in the temporal direction and APE smearing (α = 0.3, ns = 20) in the spatial
directions. For SU(3) the value of topological suceptibility [Athenodorou and Teper(2021)]
reported as χ1/4/

√
σ = 0.4246(36).
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Spectra
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Spectra
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Figure: SU(6) spectra, [Sharifian et al.(2025)Sharifian, Athenodorou, and Bicudo]



Axions
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Axions
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[Athenodorou et al.(2024)Athenodorou, Dubovsky, Luo, and Teper].



Boundary term
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Figure: Reported values for b̃2 = 0.020(3), 0.025(5),
[Bonati et al.(2021)Bonati, Caselle, and Morlacchi]



Conclusions

▶ Open flux-tube spectra for SU(3–6) at two anisotropies: small a-effects; clean
Nc→∞.

▶ Ergodic ensembles up to Nc = 6 from topological charge histories.
▶ Large-R: Nambu–Goto/Arvis describes most states; no significant O

(
(R√σ)−4)

boundary term seen.
▶ Σ−

u , Σ−
g : clear non-NG behaviour ⇒ massive worldsheet modes persisting at large

Nc.
▶ Lightest “axion” mass matches closed-string excitation.
▶ Interpretation: worldsheet axion(s) or longitudinal wave.



Open questions & next steps

▶ Develop TBA for open strings to count/characterize massive modes.
▶ Shorter R; non-perturbative anisotropy;
▶ Broader operator basis; systematic study of topology effects.
▶ Explore finite-temperature flux-tube spectra.
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