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* A quick recipe how to understand theory of light muonic atoms
 Two-Photon Exchange (TPE) in muonic Hydrogen (uH)

— Connection to other experiments
- Pitfalls, results, and work in progress

e Lamb shift
* Hyperfine splitting
 Conclusion and outlook
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A (Light) Muonic Atoms and lons Cookbook

TABLE 1 Contributions to the 2P ;5 — 252 energy difference Er in meV, with the charge radii ro given in fm. All corrections
larger than 3% of the overall uncertainty are included. Theoretical predictions for Ey, are Ey (theo) = Eqep +Cri 4 Eng. The
last two rows show the values of ro determined from a comparison of Er(theo) to Er(exp).

Sec. Order Correction pH puD piHe™ p'Het
LA o (Za)? evVpPh 205.007 38 227.634 70 1641.886 2 1665.773 1
IIL.A a?(Za)? eVP'? 1.658 85 1.83804 13.0843 13.276 9
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11.Q a*(Za)? hVP with eVP' 0.000 09 0.00010 0.0026(1) 0.0027(1)
IV.A (Zar)* re —5.19757; —6.0732r; —102.523r} —105.322r,
IvV.B a(Za)t eVP'Y with rZ —0.028273 —0.0340¢3 —0.851r3 —0.878+2
Iv.C a’(Za)? eVP'? with ri —ﬂ.ﬂﬂ['le';‘f —0.0002+3 —0.009(1) r5, —0.009(1) r2
V.A (Za)® TPE 0.029 2(25) 1.979(20) 16.38(31) 9.76(40)
V.B o’ (Za)? Coulomb distortion 0.0 —0.261 —1.010 —0.536
V.C (Za)® 3PE —0.0013(3) 0.002 2(9) —0.214(214)  —0.165(165)
V.D a (Za)® eVP with TPE 0.0006(1) 0.027 5(4) 0.266(24) 0.158(12)
V.E a (Za)’ pSE™ + p VP with TPE 0.0004 0.002 6(3) 0.077(8) 0.059(6)
11 Eqen point nucleus 206.034 4(3) 228.7740(3)  1644.348(8) 166G8.491(7)
v Cré finite size —5.22591; —6.1074r;  —103.383r; —106.209 2
W Ens nuclear structure 0.0289(25) 1.7503(200)  15.499(378) 0.276(433) Pachucki, VL, Hagelstein
Ey(exp) experiment® 202.3706(23)  202.8785(34) 1258.508(48)  1378.521(48) Li Muli, Bacca, Pohl
— theory review (2022)
re this review 0.840 60(39) 2.127 58(78) 1.97007(94) 1.6786(12) aexperiment:

re previous work® 0.84087(39)  2.12562(78)  1.97007(94)  1.67824(83) CREMA (2013-2023)



A (Light) Muonic Atoms and lons Cookbook

TABLE 1 Contributions to the 2P ;5 — 252 energy difference Er in meV, with the charge radii ro given in fm. All corrections
larger than 3% of the overall uncertainty are included. Theoretical predictions for Ey, are Ey (theo) = Eqep +Cri 4 Eng. The
last two rows show the values of ro determined from a comparison of Er(theo) to Er(exp).

Sec. Order Correction pH puD piHe™ p'Het
LA a (Za)? evVpPh 205.007 38 227.634 70 1641.886 2 1665.773 1
IIL.A a?(Za)? eVP'? 1.658 85 1.83804 13.0843 13.276 9
LA o’ (Za)? eVP® 0.007 52 0.008 42(7) 0.0730(30) 0.074 0(30)
11L.B (Z,Z2*,Z2%) a” light-by-light eVP —0.00089(2)  —0.00096(2)  —0.0134(6) —0.0136(6)
11L.C (Za)* recoil 0.057 47 0.067 22 0.126 5 0.295 2
I.D a (Za)t relativistic with eVP!) 0.018 76 0.021 78 0.5093 0.5211
IILE a*(Za) relativistic with eVP® 0.00017 0.00020 0.0056 0.0057
ILF a (Za)t pSEM 4 wVPY | LO —0.663 45 —0.769 43 —10.6525 —10.9260
LG o (Za)® pSEY + uvPY NLO —0.004 43 ~0.005 18 —0.1749 ~0.1797
ILH o (Za)? pVPW with eVPH 0.000 13 0.000 15 0.003 8 0.003 9
LI o?(Za)? pSEY with eVP™ —0.002 54 ~0.00306 —0.0627 —0.064 6
111.J (Za)® recoil —0.04497 ~0.026 60 —0.558 1 —0.4330
LK a (Za)® recoil with eVP! 0.000 14(14) 0.00009(9) 0.004 9(49) 0.003 9(39)
I1L.L Zra (Za)? nSE —~0.009 92 —0.003 10 —0.0840 —0.0505
LM o (Za)?t pFER puFE L pvp® —0.001 58 —0.001 84 —0.0311 ~0.0319
IIL.N (Za)® pure recoil 0.00009 0.00004 0.0019 0.0014
1O o (Za)? radiative recoil 0.00022 0.00013 0.0029 0.002 3
1LP a (Za)t hVP 0.01136(27)  0.01328(32) 0.224 1(53) 0.230 3(54)
1.Q a(Za)? hVP with eVP™ 0.00009 0.000 10 0.0026(1) 0.0027(1)
IV.A (Zar)* re —5.19757; —6.0732r; —102.523r} —105.322r,
IvV.B a(Za)t eVP'Y with rZ —0.028273 —0.0340¢3 —0.851r3 —0.878+2
Iv.C a’(Za)? eVP'? with ri —0.0002 T';‘f —0.0002+3 —0.009(1) r5, —0.009(1) r2
V.A (Za)® TPE 0.029 2(25) 1.979(20) 16.38(31) 9.76(40)
V.B o’ (Za)? Coulomb distortion 0.0 —0.261 —1.010 —0.536
V.C (Za)® 3PE —0.0013(3) 0.002 2(9) —0.214(214)  —0.165(165)
V.D a (Za)® eVP with TPE 0.0006(1) 0.027 5(4) 0.266(24) 0.158(12)
V.E a (Za)’ pSE™ + p VP with TPE 0.0004 0.002 6(3) 0.077(8) 0.059(6)
111 Eqen point nucleus 206.034 4(3) 228.7740(3)  1644.348(8) 1668.491(7)
v Cré finite size —5.22591; —6.1074r7  —103.383r} —106.209 2
W Ens nuclear structure 0.0289(25) 1.7503(200)  15.499(378) 0.276(433)
Ep(exp) experiment® 202.3706(23)  202.8785(34) 1258.598(48)  1378.521(48)
re this review 0.840 60(39) 2.127 58(78) 1.97007(94) 1.6786(12)
re previous work® 0.840 87(39) 2.12562(78) 1.97007(94) 1.67824(83)

Pachucki, VL, Hagelstein,

Li Muli, Bacca, Pohl

— theory review (2022)
aexperiment:

CREMA (2013-2023)



Contributions to LS of Light Muonic Atoms/lons
ELs(theO) = EQED +C Rg + Ens

Sec. Order Correction pH puD piHe™ p'Het
LA o (Za)? evVpPh 205.007 38 227.634 70 1641.886 2 1665.773 1 \
IIL.A a?(Za)? eVP'? 1.658 85 1.83804 13.0843 13.276 9
LA o’ (Za)® eVP® 0.007 52 0.008 42(7) 0.0730(30) 0.0740(30)
11L.B (Z,Z2*,Z2%) a” light-by-light eVP —0.00089(2)  —0.00096(2)  —0.0134(6) —0.013 6(6)
1L.C (Za)? recoil 0.057 47 0.067 22 0.126 5 0.2952
I.D a (Za)t relativistic with (:\-"Pljlj" 0.018 76 0.021 78 0.5093 0.5211
HLE o (Za)t relativistic with eVP'? 0.00017 0.000 20 0.005 6 0.0057
IILF o (Za)? SEY - uvPY ] LO —0.66345 —0.76943 —10.6525 —10.9260
/ /
.G a (Za)® pSEY + uvPY NLO —0.004 43 —0.005 18 —0.1749 —0.1797
I1L.H o (Za)? pVPW with eVPH 0.00013 0.000 15 0.003 8 0.0039 EQ ED
1.1 a’(Za)? pSEY with VP ~0.002 54 —0.003 06 —0.0627 —0.0646
11.J (Za)® recoil —0.044 97 —0.026 60 —0.558 1 ~0.4330
LK a(Za)® recoil with eVPW 0.00014(14)  0.00009(9) 0.0049(49) 0.003 9(39)
I1L.L Zra (Za)? nSE —~0.009 92 —0.003 10 —0.0840 —0.0505
LM o (Za)?t pFER puFE L pvp® —0.001 58 —0.001 84 —0.0311 ~0.0319
III.N (Za)® pure recoil 0.000 09 0.00004 0.0019 0.0014
1O o (Za)” radiative recoil 0.00022 0.00013 0.0029 0.002 3
1Lp o (Za)t hvVP 0.01136(27)  0.01328(32) 0.2241(53) 0.230 3(54)
1.Q a(Za)? hVP with eVP™ 0.00009 0.000 10 0.0026(1) 0.0027(1) }
IV.A (Zar)* re —5.19757; —6.0732r; —102.523r} —105.322 v},
IV.B o (Za)! eVP'Y with r2 —0.028 272 —0.034073 —0.851 7} —0.878r2 C R2
Iv.C a’(Za)? eVP'? with ri —0.0002 T';‘f —0.0002+3 —0.009(1) r5, —0.009(1) r2 E
V.A (Zar)® TPE 0.029 2(25) 1.979(20) 16.38(31) 9.76(40)
V.B o’ (Za)? Coulomb distortion 0.0 —0.261 —1.010 —0.536
V.C (Zar)® 3PE —0.001 3(3) 0.0022(9) —0.214(214)  —0.165(165) ENS
V.D a (Za)® eVP with TPE 0.0006(1) 0.027 5(4) 0.266(24) 0.158(12)

V.E a (Za)® pSE®M + VP with TPE 0.0004 0.0026(3) 0.077(8) 0.059(6)



Contributions to LS of Light Muonic Atoms/lons
ELs(theO) = EQED +C Rg + Ens

Sec. Order Correction pH puD piHe™ p'Het
LA a (Za)? evVpPh 205.007 38 227.634 70 1641.886 2 1665.773 1 \
IIL.A a?(Za)? eVP'? 1.658 85 1.83804 13.0843 13.276 9
LA o’ (Za)? eVP® 0.007 52 0.008 42(7) 0.0730(30) 0.074 0(30)
11L.B (Z,Z2*,Z2%) a” light-by-light eVP —0.00089(2)  —0.00096(2)  —0.0134(6) —0.0136(6)
11L.C (Za)* recoil 0.057 47 0.067 22 0.126 5 0.295 2
I.D a (Za)t relativistic with eVP!) 0.018 76 0.021 78 0.5093 0.5211
IILE a*(Za) relativistic with eVP® 0.00017 0.00020 0.0056 0.0057
ILF a (Za)t pSEM 4 wVPY | LO —0.663 45 —0.769 43 —10.6525 —10.9260
.G a (Za)® pSEY + uvPY NLO —0.004 43 —0.005 18 —0.1749 —0.1797
1LH o (Za)? pVPW with eVPH 0.000 13 0.000 15 0.003 8 0.003 9 EQED
LI o?(Za)? pSEY with eVP™ —0.002 54 ~0.00306 —0.0627 —0.064 6
111.J (Za)® recoil —0.04497 ~0.026 60 —0.558 1 —0.4330
LK a(Za)® recoil with eVPW 0.00014(14)  0.00009(9) 0.0049(49) 0.003 9(39)
I1L.L Zra (Za)? nSE —~0.009 92 —0.003 10 —0.0840 —0.0505
LM o (Za)?t pFER puFE L pvp® —0.001 58 —0.001 84 —0.0311 ~0.0319
III.N (Za)® pure recoil 0.000 09 0.00004 0.0019 0.0014
1O o (Za)? radiative recoil 0.00022 0.00013 0.0029 0.002 3
1LP a (Za)t hVP 0.01136(27)  0.01328(32) 0.224 1(53) 0.230 3(54)
1.Q a(Za)? hVP with eVP™ 0.00009 0.000 10 0.0026(1) 0.0027(1) /
IV.A (Zar)* re —5.19757; —6.0732r; —102.523r} —105.322r,
IvV.B a(Za)t eVP'Y with rZ —0.028273 —0.0340¢3 —0.851r3 —0.878+2 C R2
Iv.C a’(Za)? eVP'? with ri —0.0002 T';‘f —0.0002+3 —0.009(1) r5, —0.009(1) r2 E
V.A (Za)® TPE 0.029 2(25) 1.979(20) 16.38(31) 9.76(40)
V.B o’ (Za)? Coulomb distortion 0.0 —0.261 —1.010 —0.536
V.C (Za)® 3PE —0.0013(3) 0.002 2(9) —0.214(214)  —0.165(165) E
V.D a (Za)® eVP with TPE 0.0006(1) 0.027 5(4) 0.266(24) 0.158(12) NS
V.E a (Za)? pSE™ + p VP with TPE 0.0004 0.002 6(3) 0.077(8) 0.059(6)
— - /v
—

(Pértial) expansion in powers of «, Zoc: light means that you can still expand

Recoil (expansion in powers of mu/MA): more important than in ordinary atoms



Contributions to LS of Light Muonic Atoms/lons
ELs(theO) = EQED +C Rg + Ens

Sec. Order Correction pH puD piHe™ p'Het
LA a(Za)? eVPY 205.007 38 227.634 70 1641.886 2 1665.773 1 \
Bohr radius
: 1 1
a=(Zoam,) " ~m,
Electron loops are enhanced
¢ (matching scales)!  Sotiris Pitelis’s talk > EqQED
1 Recall that in normal hydrogen eVP
Is a small term ~0.5% on top of the
electron vertex correction
Eides, Grotch, Shelyuto 2000 (review), 2007 (book)/
IV.A (Zar)* re —5.19757; —6.0732r; —102.523r} —105.322 v},
IvV.B a(Za)t eVP'Y with rZ —0.028273 —0.0340¢3 —0.851r3 —0.878¢2 C R2
Iv.C a’(Za)? eVP'? with ri —ﬂ.ﬂﬂﬂ??'ﬁ —0.0002+3 —0.009(1) r5, —0.009(1) r2 E
V.A (Za)® TPE 0.0292(25) 1.979(20) 16.38(31) 9.76(40)
V.B o’ (Za)? Coulomb distortion 0.0 —0.261 —1.010 —0.536
V.C (Za)® 3PE —0.0013(3) 0.0022(9) —0.214(214)  —0.165(165) E,
V.D a (Za)® eVP with TPE 0.0006(1) 0.027 5(4) 0.266(24) 0.158(12) NS
V.E a(Za)® pSEM + VP with TPE 0.000 4 0.0026(3) 0.077(8) 0.059(6)
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Contributions to LS of Light Muonic Atoms/lons
ELs(theO) = EQED +C Rg + Ens

Sec. Order Correction pH puD piHe™ p'Het
LA a (Za)? evpt 205.007 38 227.634 70 1641.886 2 1665.773 1 \
Bohr radius
0
—1 —1
a=(Zoam,) " ~m,
Electron loops are enhanced
¢ (matching scales)!  sotiris Pitelis's talk > EQeD
1 Recall that in normal hydrogen eVP
Is a small term ~0.5% on top of the
electron vertex correction
Eides, Grotch, Shelyuto 2000 (review), 2007 (book)}
IV.A (Za)! ré —5.19757] —6.0732r3  —102.523r; —105.322 7 5
Finite size correction is also enhanced (2" most important term) C Rg
V.A (Za)® TPE 0.0292(25) 1.979(20) 16.38(31) 9.76(40)
V.B o’ (Za)? Coulomb distortion 0.0 —0.261 —1.010 —0.536
V.C (Za)® 3PE —0.0013(3) 0.0022(9)  —0.214(214)  —0.165(165) E,
V.D a (Za)® eVP with TPE 0.0006(1) 0.027 5(4) 0.266(24) 0.158(12) NS
V.E a(Za)® pSE® + VP with TPE 0.0004 0.0026(3) 0.077(8) 0.059(6)
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Contributions to LS of Light Muonic Atoms/lons
ELs(theO) = EQED +C Rg + Ens

Sec. Order Correction pH puD piHe™ p'Het
IIL.A a (Za)? eVPM 205.007 38 227.63470 1641.886 2 1665.773 1 \
Bohr radius
1

a=(Zoam,) ' =m?

Electron loops are enhanced
¢ (matching scales)!  sotiris Pitelis's talk > EQeD

Recall that in normal hydrogen eVP
Is a small term ~0.5% on top of the

electron vertex correction
Eides, Grotch, Shelyuto 2000 (review), 2007 (book)}

IV.A (Za)! ré —5.19757] —6.0732r3  —102.523r; —105.322 7 5
Finite size correction is also enhanced (2" most important term) C Rg

V.A (Za)® TPE 0.0292(25) 1.979(20) 16.38(31) 9.76(40)

Nuclear structure corrections are enhanced, too, and, most importantly, Ens
they dominate the overall uncertainty!
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Finite Size and Nuclear Structure
EL5(theo) = EQED +C R% + Ens

 Squeezed Table

Correction uH uD piHe™ piHet
Eqep point nucleus 206.0344(3)  228.7740(3)  1644.348(8)  1668.491(7) .
cr2, finite size 59225913 —6.1074r3  —103.38312  —106.200 12 Bohr radius
Ens nuclear structure 0.0289(25) 1.7503(200)  15.499(378) 9.276(433) 3 = (Z om ) —1
- r
Eyr(exp) experiment® 202.3706(23)  202.8785(34) 1258.612(86) 1378.521(48)

* Dominant nuclear structure effect: Two-Photon Exchange (TPE)

P P

REg : charge radius

5 { B 2o 1 Zxm,
X & ! T AE,s = )3 [Rg o RI%] +

3 m(an 2 “** Rg : Friar radius

 TPE also dominates the uncertainty (90-95%)
* Finite size enhanced (by a factor ~108) — great sensitivity!

e Also greater sensitivity to subleading nuclear structure
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TPE and VVCS

 TPE is naturally described in terms of (doubly virtual fwd)
Compton scattering (VVCS)

* Elastic (v = £Q°/2My, g , elastic e.m. form factors)
and inelastic (~ nuclear [generalised] polarisabilities)

%5*2.5_

Elastic Inelastic

 Forward spin-1/2 VVCS amplitude

AV 1 .

o €VRB guse Si(v, Q)+ 5

Vi M3 evhob qcx(p qsp—s- qpﬁ)52(V Q )}

\\

\\\\

“» ~HFS

Lamb —2v?) T1(v, @) — (Q*+v?) Th(v, @?)
Shift: Eng = —8imaum [4n(0)) / (271)4 O(Q" — a7
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TPE and Elastic Electron Scattering

* Forward spin-1/2 VVCS amplitude

1 .
ny qqq )Tl(v, Q")+ 7 (p” pqzqq ) (p - £ V) (v, Q%)

I
a7 P dasp (v @) +

Xem MY (v, Q%) = — {(

i
Wev““ﬁq (P-gsg—s-qpp)Sav, Q%) }

* Born amplitudes: proton form factors

4o [ QIR(QY) + R(QD)] L,
M { o —amve (@ )}

orn 16 M § Q2
T, QF) = e | FQ) + 5 (@) |

TlBorn (V, QZ) —

 Elastic TPE contribution to the Lamb shift: Friar radius

2o 1 » Zoam, s
Abns = 3 m(an)3 [RE 2 RF]+
d
R =2 [ 92 162(0%) — 1 - 261(0) @7

~ | o

0
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Friar and Charge Radii Correlation

* Friar and charge radii are moments of the same form factor/charge
distribution, so they are correlated

 The value of Rg intrinsic to the form factor influences the value of Rr
(elastic TPE) — and the extraction from pH

e The form factor used to calculate TPE has to be consistent with the
extracted value of Re

e A solution: split the integral Karshenboim (2014)
48
Re=2 Q(f [G2(Q?) —1-264(0) @] = {/ /} [G2(Q?) —1-26,(0) Q7]

 In the first integral, use a simple polynomial model to cancel the
divergence: Ge(Q?) =1 — R£Q?/3 — CQ*; the last term can be varied

 The second integral converges and can even be taken using data points,
and the value of Rg can be adjusted

« Alternatively, fit the form factors constraining the charge radius and see if
the resulting elastic TPE is consistent with the extraction from pH
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Friar and Charge Radii Correlation: Fits of the FFs

—

meV

_—

H
E* s

Fit ep scattering world data F. Hagelstein, VL, V. Sharkovska, in preparation (2025)

— Unpolarized cross sections: 33 experiments, 2055 data points
— Polarization transfer: 14 experiments, 69 data points

— Initial state radiation extraction: 1 experiment, 25 points

- 10 values of Re = 0.83...0.89 fm set as a constraint

- 40 different fit Ansatze

TPE = the resulting Friar term + recoil (small) + the inelastic TPE
compare with experiment (£,s = 202.3076(23) meV) and theory review
(EfL = [206.0344(3) — 5.2259(Re /fm)? + 0.0289(25)] meV)

Consistent with the review: Rg = 0.84060(39)fm

[ ol
2[)2.4_* 202.39 ["~ea

2023f 20238F -o=me

2022F
[ 20237F

E| 5 [meV]

202.1F

202.0L 20236

201.9F

202351
0% 0 085 056 T 058 050 08390 08395 08400 08405 08410 08415 08420
Ry [fm] Rg [fm]
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Deuteron Charge Form Factor and TPE in yD

e Self-consistency isn’t trivial: An example from uD
* Pionless EFT at N3LO

* Correlation between Rr and Rg — analytic result, generated by

an N3LO LEC
48 [ dQ
R: - | o [GE(Q%) — 1 —2G¢(0) Q7]
0 VL, Hagelstein, Pascalutsa (2022)
3 = L DL L L L L L LI L L T
=—— {Z[5-22(1-2In2)] O e fEFT |
SOY + yET | ’E
—320/9 r§y2 [Z(l —41n 2) —2+2In 2] 'gq- # Sick& Trautmann ».-"
o —|® Abbott et al. [T P S
+80(Z —1)° 4775} - o
1 z-1 3(2 —1)3 - |
2 2 Cco : -
RE - 8y2 + 8’Y2 + 2r0 + ‘Y2 gl s ’,f", |
36F -7 @ |
- |
* Some form factor parametrizations 10 12 44 16
do not reproduce the correlation! i [fm7]

Misses the line!
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TPE and Structure Functions

* Forward spin-1/2 VVCS amplitude

WAV 1 . .
Xem M*Y (v, Q%) = — { (g*“ tig ) Ti(v, @) + (p“ - q“) (pv - qV) To(v, @)

M2

i
+— VP g 55 Si(v, Q) +

i
. €M P au(p-qsp—s-qpg)Sav, Qz)}

M

* Unitarity and analyticity, data-driven: dispersive relations

Structure functions Fi(x, Q?), F2(x, Q%), g1(x, @%), g (x, Q)

o 5 32tMv2 [t x fi(x, Q)
N(.@Y) = @)+ /Od e Gyt

16mtM 1 n f(x, @2)
(OLI A 1 —x?(v/vq)? — i0t

TQ(V, Qz)

* In practice, one deals with the non-Born subtraction function
(everything minus Born)

* The subtraction function is not directly accessible in experiment
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Various Subtraction Functions

HBChPT
* The diversity of the results for the ~ _ . e i A FE
proton subtraction function 71 (0, Q%) ‘E — enpicl sl
1 -t P
- HBChPT: dipole FF, matches S 27 wmy— i TTm——m
3 m1[PDG] and the slope at 0 5
modification of Birse, McGovern (2012) - 07
S
- BChPT: transition FFs change S 5
the subtraction function =

- Empirical: Regge asymptotic at high o o o3
energy subtracted Q* (GeV?)

Tomalak, Vanderhaeghen (2015) VL, Hagelstein, Pascalutsa, Vanderhaeghen (2017)

« Zero crossing at low Q? — emerges in BChPT with FFs; established in
the empirical derivation, but the position not well known (0.1..0.4 GeV?)

* Big cancellations between different mechanisms (1tN and 1A loops vs. A
pole), also cancellations in the LS integral because of the sign change

« Empirical derivation has sizeable errors towards @* = 0 (not shown)
attributed to mismatch between structure function fit in the resonance region
(Christy-Bosted) and at high energies (Donnachie-Landshoff) =>
needs a better (combined) structure function parametrization
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Yet Another Subtraction Function

 One doesn’t have to subtract at v = 0, one can use any value v = vg

1
2 2
32WM/dxxﬁ(x, Qz) v vj

R =) =E

* |n particular, using v = iQ is advantageous:

Ti(v, Q%) = Ti(vo, Q%) +

— Shrinks the inelastic contribution Hagelstein, Pascalutsa (2020)
- Simplifies a Lattice QCD calculation Fu et al. (2025)
- The (non-Born) limit at @ — 0 Is proportional to the relatively bigger og;

- Potentially, T1(iQ, Q?) is less affected by cancellations than T;(0, @)
— more reliable results in an empirical fit

 Results for T;(iQ, Q%) have recently been obtained in LQCD Fu etal. (2025)

* |t's slightly cumbersome to compare the different results because of
different separation of the TPE... but we have a recipe for that, too!
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*TPE
EZ.‘:'

TPE: Results SO ey

—29.06" 53 peV
—28.96(1.2) peV

Born
| EZH

il
E2.‘:‘

—20.46(53) ueV —

11.73(1.11) peV
—8.61 5 ueV

—8.5(L1) ueV

‘ E;':.:.htr' E‘I?I::l
3.5 5 neV —12.1(1.8) peV
4.2(1.0) ueV —12.7(5) peV
| 8:3:-11“ ETILH‘:]
—8.6 '_;,j'_i neV 0 peV
1.6(5) peV
EE?,FH f ET:'::“ I ‘
—96.57(51) peV | 7.22(81)(57) ueV
F. Hagelstein, VL, S. Pitelis, V. Sharkovska, — &g subtr
In preparation (2025) —6.11(2) neV
FIG. 1. LOCD in green. lhls work (+ LOCD) in black. Data-driven in blue. BChPT in red.

« Results across different approaches are in agreement, also on
of separate contributions

* Subtraction function still carries the biggest uncertainty and ne

the sizes

eds to be

further constrained, especially in view of a more precise experiment

19/32



LS in pH

* Elastic form factors seem to be under control, although shrinking the
uncertainty is desirable

e Subtraction function: new promising results from LQCD; a more reliable
empirical extraction can be possible (especially if a new structure
function parametrization becomes available); this can be supplemented
at low virtualities by the BChPT results
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Hyperfine Splitting (HFS) of pH

8 Za 1+«
Ehfs(ns) — § (3/7)3 mM (]- + AQED + Aweak + Astrong)

Astrong — AZ + Arecoil + Apol

Zm
21(1 + k)M

Apol. — Al + A2 — (61 + 62)1

o0 4 X0
5y = 2/ dQ {(5 T4V 4h(Q)/ 22 + (@) - 32M / dx x2g1(x, Q)
0 0

Q vi + 1)? Q4

1 1 1
X 4+ + |
(vi+ vi)(L+ v )(1 + v) ( l4+ve v+ 1)}

CdQ [ 1 1
5, =96M* | — [ d 2 —
2 /0 & ). ng(X’Q)<v/+vX v/+1)
2M2Z2 (%
h(Q%) = ok / dx g1(x, Q) The generalised GDH integral
0

Vi= 1+ Y, vy =1+ x217L 1= Qlam?, T = QJam? Kinematic functions
e No need for subtraction

 Cancellations between the elastic and the inelastic contribution
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HFS of pH

8 Za 1+«
3 (an)3 mM

Ehfs(nS) =

(1 + AQED + Aweak + Astrong)

Astrong — AZ + Arecoil + Apol

Apol. = AT+ A17 + AF, = (0L + 077 +08F,),

m
2m(1 + k)M
4M 1 1 1

5LT—W dQ/ dXV/+VXX2—|—T[1_(1—|—V/)

)] orr(x, Q%),

(1+
4MP [ dQ [ dx 21 1 ,
ot = / / x 14 v [X2 +T i (vi + vi)(1 + x)] orr(x @),

B 95+4V/ 5, ~D
6F2_20 Q(V/—|—1)2F2(Q)

vi =14+ Yy, ve = V1+x21tL 1= @/an?, T= Q/am? Kinematic functions

* Rewritten in terms of scattering cross sections
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HFS of pH in Covariant BYPT: Cancellations

Disp. Rel.
e LO BXPT result Tomalak '19 1
Carlson et al. '08 1
<|_O 5 Faustov et al. '06 A
po o
Ehfs (15 H) T O 69(2 03) pev Hagelstein e?:)_T'gz- —
(L | -4 -2 0 2 4 & 8 10 12 14 16 18 20
ELOPN (1S uH) = 6.8(11.4) peV E5= 151 tpe
Disp. Rel.
e Consistent with zero cararomalak 281 —
Faustov et al. '06 - I *
e Cancellations!  BTLO
Hagelstein et al. '22' - —
-20 0 20 40 B0 80 100 120
Efp (15, uH) [pev]
: ; Hagelstein, VL, Pascalutsa (2023)
30 30.0 —m
< * The LT and TT contributions
>  — E(Apw)
S 68 | oA are large and almost cancel
T 22 TF — E(ﬁ”} each other
% — E(ATT} e The LO BYPT result
] — E(B4) is nearly zero
— E(A») . S bl i
232 —p= | IZzeable Uncertalnty

Qfnax [GEVZ]
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Ruth et al. (2024)

HFS of HH This Work —e—
* New results from g2p@JLab shrink Rl
discrepancy between data and BxPT
0.02 GeV* < Q* < 0.12 GeV* .
s
 Compare with expected T s

experimental precision (cyan line) L reecnling

Antognini ef'al.'22- —e—i

* Theory needs to do better than that Disp. Rel.
Tomalak '18 - ——
* Rescaling non-recolil contributions HBYPT

Peset et al. '17

from the HFS in H

BxPT LO
Hagelstein et al. '23 - [ . |
EZHPO (1H) = Er(uH) m,(uH) bys(uH) EZ+P9l (1) 182.60  182.64  182.68
nS hfs n3EF( )mr(H)bs(H) 15 hfs Ents (1S, uH) [meV]
Er HH nS HH
B k) s 220 umy
2;5_5 Antognini, Hagelstein, Pascalutsa (2022)

* Potentially can allow one to disentangle Zemach and polarizability terms
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HFS in pH

* One needs to increase theory precision to see Ahmed Ouf's talk
constrain the frequency scan window

* The rescaling needs to be further investigated
* Possible ,missing“ contributions see Sotiris Pitelis's talk
* Reuvisit other contributions

— Hadronic Vacuum Polarization (HVP)
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Hadronic Vacuum Polarization (HVP)

Hadronic Vacuum Polarization w

1(¢7) = (g™ — ¢*a")1(Q?) ¢ =~

Dispersion relation

ﬁ(QQ): H(Q2)_H(O)Z_Q_2/00dt Imn(t)

m J,  t(t+ Q% —i0)
T | I
* (Semi-)empirical evaluation o
8— 7 N
x L , F. Jegerlehner, alphaQCD19 -
Im/[1(t) = —gR(t) (data, no narrow resonances)
6= 3 |
|
R(t) = olete” — hadrons)_ ol ,! { 1
o(ete™ — utu) im i i i

L i P T |
: . J
* Afew compilations on the market; .- [\ i
we use those of F. Jegerlehner :

(0QCD19) and M. Davier, A. Hoecker, | / '
B. Malaescu, Z. Zhang (DHMZ, 2019) %~ — 2 &+« & & 10
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HVP for Point-Like Nucleus

* In the point-like limit

EY? = — 222 7(0) + O(Z°«®)  Lamb shift contribution a=(Zom,)
n-a
82 1 -+ KN
1 [ Iml(t _
o= __/ de = 2( ) er 333 mM
Tt t
to
b=t/4M?
EVSP HFS 2 mM OOdt
e = Zm ()W (t ihuti
Er PRt M —m ) T (t)W(t) HFS contribution

to
W(t) = —8n(M — m)t~*/2 in the non-recoil limit
 HFS contains recoil corrections (two-photon exchange)

 HVP: typical momenta are of the order of a few m,, comparable with
muon or nuclear masses —> one cannot use the non-recoil limit!

= — n1_°1_1/b 2)Indb — 1/2 — m
W(t)=(b+2)y1—1/bl 1_|_\/m+(b—|—3/)l 4b — 1/ — (M — m)

Sapirstein, Terray, Yennie (1984), Karshenboim, Shelyuto (2021)
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(H)VP and Finite Size Effects é § é

e One needs to account for the effects of the nuclear i BN B
form factors

* Since FFs depend on Q only, it is very convenient to treat VP in a
dispersive approach

* This boils down to having a different weighting function

ESeS (nS) 27 san\2 mM [ dt v =/1+4M2] Q2
=7 \= —R(t)W B
Er(nS) 1+ Ky (TE) M2 — m? / 3t ()W(2) vi=+/1+4m2/ Q@2

50

o= 07 @120 Iom@) (2@ + o 1+>(3VF1(32)) (1 I\n;) R 7

 F;and F; Dirac and Pauli, Gy magnetic FFs |

point-like

* Point-like limit correspoinds to F1=1, F,=0 with FFs

* The weighting function is suppressed! 2

 We implicitly assume that HVP radiative Il -
corrections are subtracted from the FFs




Results: 1S HFS

Previous work Mu [kHZz] H [kHZ] HMH [peV] uHe* [ueV]
Sapirstein et al. (1984) 0.22(3)
Faustov et al. (1999) 0.2397(70)
Czarnecki et al. (2002) 0.233(3)
Nomura, Teubner (2013) 0.23268(144)
Keshavarzi et al. (2020) 0.23204(82)
Karshenboim, Shelyuto (2021) 0.236(5)
Karshenboim (1997) point-like 0.19(8)
finite-size 0.14(3)
Faustov, Martynenko (1998) 3.5610
Borie (2012) 4.8(8) -72.7
This work
— DHMZ R function
non-recoll 1.236(6) 0.395(2) 9.44(5) -152(1)
— Jegerlehner R function (aQCD19)
non-recoill 1.226(8) 0.392(2) 9.37(6) -151.0(9)
with recoill 0.230(1) 0.2097(13) 5.42(3) -110.4(7)
finite-size™ | ------ 0.0827(5) 2.07(1) -15.49(8)

“uncertainties shown are solely due to the R function(s)
“dipole form factors with re = ryy = 0.8406 fm [H] or 1.9643 fm [*He]
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Results: 1S HFS

Sapirstein et al. (1984)

Disp. Rel.
Faustov et al. (1999) Tomalak '19 - : .
Czarnecki et al. (2002) Carlson et al. '08 - : .
Nomura, Teubner (2013) Faustov et al. ‘06 1 ! .
Keshavarzi et al. (2020) BxPT LO
this work - —
The hyperfine splitting of H (theory update): 30 5 o 0 5 20 55 T30
Antognini et al. (2022) Er‘:?sl (15, uH) [peV]
Frsne = | 182.443 +1.350(7) +0.004 —1.30653(17) (TZ—”) + B (1.01656(4) Arecoit + 1.00402 Apol)]mev 3.5610
- —— N — S—— fm
Er CHBAATES e 2y incl. ra.cIia.tive corr. 48(8)
This work
— DHMZ R function
non-recoil 9.44(5)
— Jegerlehner R function (aQCD19)
non-recoill 9.37(6)
with recoil 5.42(3)
finite-size™ 2.07(2)

HVP contribution is of the order of the polarizability contribution
It is crucial to know it well!
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Conclusions and Outlook

To evaluate TPE in pH: an intricate interplay of different methods and
Inputs coming from many sources [ep elastic scattering, ep inclusive
scattering, proton CS, ...]

Consistency checks are very important at this level of precision (e.g.,
verify that proton form factors give consistent R and Rg)

Work is in progress in many directions

Form factor moments: use data directly, investigate Zemach radius

LS subtraction function: various approaches are consistent, work is
going on, trying to achieve a better precision [Lattice? Empirical?
NLO BchPT?]

HFS: different approaches agree, various bits and pieces are being
revisited — important for a prospective improvement of precision

Investigating form factors and revisiting various contributions (HVP,
Ty, ...)

Stay tuned!
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Thank you!

* To my collaborators for the great work

* And to you for listening!
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