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The nuclear many-body problem
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There are several combinations of nuclear 
Hamiltonians and many-body methods to 
solve the nuclear problem.

Ab initio approaches
Configuration interaction/Shell model
Mean-field and DFT
...
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Ab initio nuclear structure
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Techniques to solve the many-body problem that are exact, 
or systematically improvable, and can provide reliable 
estimates of the theoretical errors.
Results are sensitive to the choice of the Hamiltonian.

• Quantum Monte Carlo (QMC)
• Lattice EFT
• In-medium similarity 

renormalization group (IMSRG)
• Coupled cluster (CC)
• Self-consistent Green’s 

function (SCGF)
• No-core Shell Model (NCSM)
...

Great progress in ab initio calculations of nuclei

Chiral EFT interactions enable controlled
 solution of many-body Schrödinger eqn.

Oxygen isotopes

figures from Hergert (2020)
Interaction uncertainties dominate

Image courtesy of A. Schwenk

Ab initio, depending on the specific implementation, has 
difficulties to handle heavy nuclei and excited states.



Shell model or Configuration Interaction 
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• Nucleons (A) distributed within a given set of  
orbitals (n) in all possible ways. 

• Roughly combinatorial, but there are ways to 
restrict to good J and parity.

• Diagonalization of H on this basis.

• Analogous to CI for molecules.

• Recent progress has been made concerning 
the SM embedded in the continuum.

• Role of the core...

Talk by A. GARGANO (after coffee break) !!
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Hergert Ab initio Nuclear Many-Body Theory

FIGURE 1 | Progress in ab initio nuclear structure calculations over the past decade. The blue arrow indicates nuclei that will become accessible with new advances

for open-shell nuclei in the very near term (see section 2.3).

transformations that adapt a many-body Hamiltonian or other
observables of interest to our needs, e.g., to extract eigenvalues
[11, 53], or impose specific structures on the operator [1, 26, 27,
54, 55].

We define the flowing Hamiltonian

H(s) = U(s)H(0)U†(s) , (1)

where H(s = 0) is the starting Hamiltonian, and the flow
parameter s parameterizes the unitary transformation. Instead of
making an ansatz for U(s), we take the derivative of Equation (1)
and obtain the operator flow equation

d

ds
H(s) = [η(s),H(s)] , (2)

where the anti-Hermitian generator η(s) is related to U(s) by

η(s) =
dU(s)
ds

U†(s) = −η†(s) . (3)

We can choose η(s) to achieve the desired transformation of the
Hamiltonian as we integrate the flow Equation (2) for s → ∞.
Wegner [56] originally proposed a class of generators of the form

η(s) ≡ [Hd(s),Hod(s)] , (4)

that is widely used in applications, although it gives rise to stiff
flow equations, and more efficient alternatives exist for specific
applications [1, 11, 53]. Wegner generators are constructed by
splitting the Hamiltonian into suitably chosen diagonal (Hd(s))
and off-diagonal (Hod(s)) parts. These labels are a legacy of
applying this generator to drive finite-dimensional matrices
toward diagonality. For our purposes, they reflect the desired
structure of the operator in the limit s → ∞: We want to keep
the diagonal part and drive Hod(s) to zero by evolving it via
Equation (2) (see references [1, 11, 53, 56, 57]).

To implement the operator flow equation (23), we need to
express η(s) and H(s) in a basis of suitable operators {Oi}i∈N,

η(s) =
∑

i

ηi(s)Oi , (5)

H(s) =
∑

i

Hi(s)Oi(s) , (6)

where ηi(s) and Hi(s) are the running couplings of the operators.
If the algebra of the operators Oi is closed naturally or with some
truncation, we have

[Oi,Oj] =
∑

k

cijkOk (+ . . .) (7)
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Glossary : DFT for Coulomb systems
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According to Lévy and Lieb, for a system of fermions, it is possible to 
define an exact functional that relates energy and particle density: 
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Eexact = E[⇢]

In the case of electron systems, the Coulomb interaction is known. 
Density Functional Theory (DFT) was created initially (only) for electronic 
systems. 

The lowest-order approximation for the energy (i.e. Hartree-Fock) is known 
but is not the DFT energy! There are also a few exact results for electrons. 

Electronic DFT is called ab initio. Nonetheless, existing functionals usually 
include empirical parameters. 



The Hohenberg-Kohn theorem
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The original theorem and its proof can be found in P. Hohenberg, W. Kohn, 
Phys. Rev. 136, B864 (1964). They have in mind a system of interacting 
fermions (H = T + V) in some external potential Vext. 

a) There exist a functional of the fermion density

 

and the part denoted by F is universal (for nuclei, it would be the only part).
 
b) It holds:

EVext [⇢] = h |T + V + Vext| i = F [⇢] +

Z
d3r Vext(r)⇢(r)

min h |T + V + Vext| i = min⇢ EVext [⇢]

The variational principle is written for the density. 
The w.f. may be even too large to write !! (Try as 
an exercise to estimate its dimension...)



The Kohn-Sham scheme
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We assume that the density can be expressed in terms of single-particle 
orbitals, and that the kinetic energy has the simple form:

T =
X
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We have said that the energy must be minimized, but we add a constraint 
associated with the fact that we want orbitals that form an orthonormal set 
(Lagrange multiplier):
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The variation of this quantity, (𝛿/𝛿ϕ*)... = 0 produces a Schrödinger-like equation:
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“DFT is an exactification of 
Hartree-Fock”  (W. Kohn).
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The nuclear independent particle model
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M.G. Mayer, J.H.D. 
Jensen

Red = HO

Many experimental evidences point to the 
fact that nucleons move in nuclei, to a first 
approximation, as independent particles.

Examples: evidence of shells, ground-
state of nuclei around closed shells (17O 
with Z=8, N=9 has Jπ=5/2+) …

≈ MeV (levels from about -50 MeV) 



Glossary part 2: DFT for nuclei
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Skyrme...
           Gogny...

           ...and 
covariant

EDFs

In the case of nuclei, we do not have (yet) a “fundamental 
Hamiltonian” to start from. All EDFs are based on an ansatz for the 
form of E, and a parameter fit. 

All started with the invention of HF with effective forces. At a given 
point, these forces have been seen only as a way to “generate” a total 
energy from           . Thus, there is no considerable difference 
between HF and KS-DFT.

<latexit sha1_base64="i3nXhG0NeEWeeMd/toHG2mBg2vE=">AAACEnicbVDLSsNAFL2pr1pfUZduBougCCURqS6LblxW6AuaUCbTSTt0MgkzE6GUfoMbf8WNC0XcunLn3zhNs9DWAwOHc87lzj1BwpnSjvNtFVZW19Y3ipulre2d3T17/6Cl4lQS2iQxj2UnwIpyJmhTM81pJ5EURwGn7WB0O/PbD1QqFouGHifUj/BAsJARrI3Us888jsWAU+TVhwx5JqpR47yVs7kos0TPLjsVJwNaJm5OypCj3rO/vH5M0ogKTThWqus6ifYnWGpGOJ2WvFTRBJMRHtCuoQJHVPmT7KQpOjFKH4WxNE9olKm/JyY4UmocBSYZYT1Ui95M/M/rpjq89idMJKmmgswXhSlHOkazflCfSUo0HxuCiWTmr4gMscREmxZLpgR38eRl0rqouNVK9f6yXLvJ6yjCERzDKbhwBTW4gzo0gcAjPMMrvFlP1ov1bn3MowUrnzmEP7A+fwB2tJy9</latexit>

h�|T + V |�i



<latexit sha1_base64="3gdN6770HOaFFki9WtLe85vf5hU="></latexit>

vSkyrme = t0 (1 + x0P�) �(~r1 � ~r2) +
1

2
t1 (1 + x1P�)

⇣
~k†2�(~r1 � ~r2) + �(~r1 � ~r2)~k

2
⌘

+ t2 (1 + x2P�)~k
† · �(~r1 � ~r2)~k +

1

6
t3 (1 + x3P�) �(~r1 � ~r2)⇢

↵

✓
~r1 + ~r2

2

◆

+ iW0 (�1 + �2) · ~k† ⇥ �(~r1 � ~r2)~k

Skyrme force or “pseudo-potential”
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attraction short-range repulsion

• There are velocity-dependent terms which mimic the finite-range.

• The last term is a zero-range spin-orbit.

• In total: 10 free parameters.
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There are many existing Skyrme sets.
Some are available on Theo4Exp.



Total energy
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E is the expectation value of H = T + vSkyrme on an independent particle wave 
function, or Slater determinant.
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Expectation values of 1-body and 2-body operators:
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The expression for the energy can be found in P. 
Stevenson and M. Barton, PPNP 104, 142 (2019).

The expression is complicated because different kinds of densities appear...

However, the expression simplifies in even-even nuclei. Our code(s) are for 
spherical, even-even nuclei
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The total energy is written in terms of densities; and, in turn, the densities are 
written in terms of s.p. wave functions or orbitals.
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ω

[
E →

∑

i

εi

∫
d3r ϑ→

i (ϖr)ϑi(ϖr)

]
This variation leads to HF (or 

HF-like) equations
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· ω↑+ Uq(ωr) + εq,pUCoul(ωr)→ i ωWq(ωr) ·
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)]
ϖi(ωr) = ϱiϖi(ωr)

Our code solves these equations in spherical symmetry, and on a radial 
mesh.
The method is iterative and, at convergence, the s.p. energies are stable while 
the energy reaches its MINIMUM.
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See the talk by Imane Moumene (after the coffee break).
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TABLE II. Neutron and proton root-mean-square radii, their
difference, and binding energy for three systems considered in our
study, as obtained in TF and HF models with the SAMi-J31 interac-
tion. The experimental values, for charge radius and binding energy,
are also indicated [62].

√
〈r2〉n [fm]

√
〈r2〉p [fm]

√
〈r2〉n −

√
〈r2〉p [fm] B

A [MeV]

68Ni
HF 4.001 3.831 0.170 8.845
TF 4.102 3.898 0.204 9.050
Exp – 3.857 – 8.682

132Sn
HF 4.927 4.664 0.263 8.448
TF 5.035 4.741 0.294 8.552
Exp – 4.709 – 8.354

208Pb
HF 5.654 5.456 0.198 7.916
TF 5.735 5.536 0.199 8.042
Exp – 5.501 – 7.867

to illustrate the capability of both semiclassical and quantal
approaches in reproducing some experimental ground-state
quantities. It should be noticed that the HF calculations give
an excellent agreement with data if the J2 terms are included.
Indeed, the SAMi family has been originally fitted including
all Skyrme-like terms.

The proton root-mean-square radius and the binding en-
ergy evaluated by employing, respectively, a semiclassical
treatment in the TF approximation or a self-consistent quantal
HF calculation, are listed in Table II, together with the corre-
sponding experimental values. For the sake of completeness,
neutron root-mean-square radius and neutron skin thickness
are also reported. The SAMi-J31 parametrization of the effec-
tive interaction has been employed.

One observes, in both models, a general good reproduction
of the experimental values, especially for larger systems,
as it should be, according to the mean-field approximation
adopted. TF calculations predict a more extended neutron skin

as well as slightly larger binding energy values with respect
to the HF case. To better emphasize the differences observed
between the two approaches, the isoscalar density ρ and the
local asymmetry ρ3/ρ profiles are plotted in Figs. 1 and 2,
respectively.

With respect to the HF result, the TF isoscalar density
profile appears flatter in the internal region, especially in
the Ni and Pb case, indicating a sharper transition from the
volume to the surface region. This could be attributed to
the numerical treatment of surface effects in Vlasov calcu-
lations and to the lack of intrinsic quantal gradient terms,
corresponding to the h̄2 terms in the Wigner-Kirkwood h̄-
expansion of the distribution function [63,64]. One expects
that these differences will affect the details of the modes
mostly involving surface oscillations. Looking at Fig. 2, one
observes some differences between quantal and semiclassical
predictions also in the isovector density ρ3. Semiclassical
calculations are characterized by a larger neutron drift towards
the surface. Some differences appear also in the more internal
region, evidencing the role of shell effects in shaping the fine
details of the nuclear structure.

2. Dipole response and strength function

Next, we investigate the dipole response. Figure 3 shows
the time evolution of IS and IV dipole moments in the system
132Sn, as obtained by using an initial IS or IV perturbation.
In our analysis we choose, as perturbation strength, the fol-
lowing values: ηS = 1.0 × 10−4 fm−3, ηV = 1.0 × 10−4 fm−1

in TDHF calculations and ηS = 2.5 × 10−3 fm−3, ηV = 1.3 ×
10−1 fm−1 for Vlasov ones, respectively. The numerical pro-
cedure adopted to solve the Vlasov equation, related to the
use of a finite number of test particles to map the one-body
distribution function, introduces some numerical noise, im-
plying to consider larger amplitude perturbations, with respect
to TDHF. One may generally note larger damping effects in
the Vlasov calculations, probably related to the finite number
of test particles and to the larger amplitude of the initial per-
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FIG. 1. The isoscalar density profiles for 68Ni, 132Sn, and 208Pb, from Hartree-Fock and Thomas-Fermi models, versus the normalized
radius r/r0, with r0 = 1.2 A1/3.

054314-5

Total energy and breakdown of different contributions, single-particle energies 
and wave functions, densities and some of their moments like <r2>.
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Isoscalar (T=0) vs. isovector (T=1) and electric (S=0) vs. magnetic (S=1) 
operators. 
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|〈n|F |0〉|2 = N M2. (30)

In the case of the IVGDR, one clearly sees that the term Nv shifts the coherent
eigenvalue from the unperturbed value ε ≈ 41 A−1/3 to the value 80 A−1/3 already
mentioned in Eq. (3). The fact that this is a “giant”, or collective, state is highlighted
by Eq. (30): its probability to be excited by the external field becomes N times larger
than the typical probability M2 of a single-particle state. The situation is depicted
in Fig. 3. In the central panel, the reader can see the hypotetical single-particle, or
unperturbed, strength at energy ε , which is made by several peaks whose height is
M2. In the right panel, the Giant Resonance is displayed: it is made by a single peak
whose height is larger by the factor N. Schematic models have been widely intro-
duced throughout the years to describe collective states, and not only the IVGDR,
starting from the seminal work of Ref. (Brown and Bolsterli (1959)).

Operators and example of calculations

The GRs are excited by external operators that are classified as follows (Harakeh
and van der Woude (2001)). In the non spin-flip case (electric GRs), the operators F
associated with different values of the transferred angular momentum L read

FIS = ∑
i

rL
i YLM(r̂i), (31)

FIV = ∑
i

rL
i YLM(r̂i)τz(i). (32)

In this way, one cleary distinguishes isoscalar (IS) from isovector (IV) modes, that
is, cases in which protons and neutrons oscillate in phase from cases in which
they move against each other. YLM are the usual spherical harmonics and r̂ is, here
and in what follows, a shorthand notation for the polar angles of r. Values of L =
0,1,2,3. . . correspond to monopole, dipole, quadrupole, octupole . . . resonances. It
is important to notice that the radial factor rL must be thought as the limit of the
Bessel function jL(qr) when qr goes to zero (cf. the discussion in the next Section).
When this term becomes meaningless, one must consider the next term in the Taylor
expansion of the Bessel function, that is rL+2. For instance, in the monopole case,
Y00 is a constant that can be neglected and the operator becomes

FISGMR = ∑
i

r2
i , (33)

FIVGMR = ∑
i

r2
i τz(i). (34)

The other case in which the term rL does not act as an excitation operator is the
isoscalar dipole case. rY1M(r̂) can be shown to produce a translation of the whole
nucleus, and also in this case the relevant operator becomes proportional to rL+2,
namely
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FISGDR = ∑
i

r3
i Y1M(r̂i). (35)

The nuclear translation, i.e. the motion of the nuclear centre of mass, should appear
at zero excitation energy in an exact calculation, and should be decoupled from
the physical excitation modes. However, if this decoupling is not exactly realised,
a way to avoid the contamination of the physical ISGDR strength by the spurious
translational strength, consists in employing the modified operator (Van Giai and
Sagawa (1981))

FISGDR = ∑
i

(
r3

i −ηri
)

Y1M(r̂i), (36)

where η = 5
3 〈r

2〉.
In addition to isoscalar and isovector operators, one could be interested in the

electromagnetic excitation processes. In this case, the excitation operators become

Fe.m. = e∑
i

rL
i YLM(r̂i)(1− τz(i)) . (37)

In the dipole case, it is customary to remove the contribution from the centre of
mass, so that the IVGDR electromagnetic operator becomes

FIVGDR =
eN
A

Z

∑
i=1

riY1M(r̂i)−
eZ
A

N

∑
i=1

riY1M(r̂i). (38)

The effective charge for protons (neutrons) turns out to be eN
A
(
− eZ

A
)
. In principle,

this subtraction of the centre of mass should be done for every multipole. However,
for L ≥ 2, the resulting effective charges do not differ significantly from 1 and 0 [see
their expression, e.g. on p. 98 of Ref. (Eisenberg and Greiner (1976))].

In the spin-flip case (magnetic GRs) one can write, in a similar way as in (31)
and (32),

FIS = ∑
i

rL
i [YLM(r̂i)⊗σ(i)]J , (39)

FIV = ∑
i

rL
i [YLM(r̂i)⊗σ(i)]J τz(i). (40)

As already said, Jπ are good quantum numbers; but, as far as the operators are
concerned, L and S can be considered as approximate quantum numbers.

The operators (32) and (40) correspond to transitions within the same nucleus.
There exist charge-exchange GRs, that correspond to the case in which the operator
τz is replaced by τ±. The excited states of a given nucleus are, then, in the neighbour-
ing Z∓1 isotopes: these are states that can be populated by β -decay, if energetically
possible, plus those at higher energy. In what follows, examples of strength func-
tions in the case of the Gamow-Teller Resonance (GTR) will be shown: the GTR
corresponds to the operator (40) in the case L = 0,

FGTR = ∑
i

σµ(i)τ−(i). (41)

12 Gianluca Colò
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they move against each other. YLM are the usual spherical harmonics and r̂ is, here
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expansion of the Bessel function, that is rL+2. For instance, in the monopole case,
Y00 is a constant that can be neglected and the operator becomes
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nucleus, and also in this case the relevant operator becomes proportional to rL+2,
namely
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FISGDR = ∑
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r3
i Y1M(r̂i). (35)

The nuclear translation, i.e. the motion of the nuclear centre of mass, should appear
at zero excitation energy in an exact calculation, and should be decoupled from
the physical excitation modes. However, if this decoupling is not exactly realised,
a way to avoid the contamination of the physical ISGDR strength by the spurious
translational strength, consists in employing the modified operator (Van Giai and
Sagawa (1981))

FISGDR = ∑
i

(
r3

i −ηri
)

Y1M(r̂i), (36)

where η = 5
3 〈r

2〉.
In addition to isoscalar and isovector operators, one could be interested in the

electromagnetic excitation processes. In this case, the excitation operators become

Fe.m. = e∑
i

rL
i YLM(r̂i)(1− τz(i)) . (37)

In the dipole case, it is customary to remove the contribution from the centre of
mass, so that the IVGDR electromagnetic operator becomes

FIVGDR =
eN
A

Z

∑
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riY1M(r̂i)−
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The effective charge for protons (neutrons) turns out to be eN
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(
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. In principle,

this subtraction of the centre of mass should be done for every multipole. However,
for L ≥ 2, the resulting effective charges do not differ significantly from 1 and 0 [see
their expression, e.g. on p. 98 of Ref. (Eisenberg and Greiner (1976))].

In the spin-flip case (magnetic GRs) one can write, in a similar way as in (31)
and (32),
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i [YLM(r̂i)⊗σ(i)]J , (39)

FIV = ∑
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i [YLM(r̂i)⊗σ(i)]J τz(i). (40)

As already said, Jπ are good quantum numbers; but, as far as the operators are
concerned, L and S can be considered as approximate quantum numbers.

The operators (32) and (40) correspond to transitions within the same nucleus.
There exist charge-exchange GRs, that correspond to the case in which the operator
τz is replaced by τ±. The excited states of a given nucleus are, then, in the neighbour-
ing Z∓1 isotopes: these are states that can be populated by β -decay, if energetically
possible, plus those at higher energy. In what follows, examples of strength func-
tions in the case of the Gamow-Teller Resonance (GTR) will be shown: the GTR
corresponds to the operator (40) in the case L = 0,
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C.o.m. subtracted
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Given the strength function, one can define its moments:

Often, some states exhaust most of the total strength of or the EWSR.
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Time-dependent Hartree-Fock or Kohn-Sham
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In the time-dependent case, one can solve the 
evolution equation for the density directly:

h�i = "i�i
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h(t) = h+ f(t) [h(t), ⇢(t)] = i~ ⇢̇(t)

⇢(t = 0) 6= ⇢g.s.

⇢(t = �t) = U(t = 0, t = �t)⇢(t = 0) U = e�i�t
~ ·h

From: P. Stevenson (U. Surrey)

This approach allows also studying large-amplitude motion (e.g. reactions).

If the equation for the density is linearized (small amplitude limit or linear 
response): Random Phase Approximation or RPA.
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ωε = ωε(ϑr)e→iωt + h.c.
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⊋ωεϑ(ω) =
[
h(0), εϑ(ω)

]
+

[
εh(ω), ϑ(0)

]
+
[
f, ϑ(0)

]

Small amplitude 
Harmonic approx.
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(ωp → ωh → ε)Xph + ϑhph(ε) = →fph(ε)

(ωp → ωh + ε)Yph + ϑhhp(ε) = →fhp(ε)

FAM: the calculation of the two-
body matrix elements is avoided

<latexit sha1_base64="CdXT8coLdIxuO652MYeG2heuKhU="></latexit>

Xph = →ph→1|ωε|0↑ Yph = →hp→1|ωε|0↑Standard definition of the “forward” 
and “backward” amplitudes:

Matrix formulation<latexit sha1_base64="NPMBiIEQBzU9/bnsM1rd/xOFoIQ=">AAACIHicbZBNS8MwGMdTX+d8q3r0EhyCp9GKbF6EoRePE9wLrGWkabqGJW1JUmGUfhQvfhUvHhTRm34a060D3fxD4Jf/8zwkz99LGJXKsr6MldW19Y3NylZ1e2d3b988OOzKOBWYdHDMYtH3kCSMRqSjqGKknwiCuMdIzxvfFPXeAxGSxtG9miTE5WgU0YBipLQ1NJuOT5hCMIRX0JEph04gEM7mbj4nR4RxDmeXgodmzapbU8FlsEuogVLtofnp+DFOOYkUZkjKgW0lys2QUBQzkledVJIE4TEakYHGCHEi3Wy6YA5PtePDIBb6RApO3d8TGeJSTrinOzlSoVysFeZ/tUGqgks3o1GSKhLh2UNByqCKYZEW9KkgWLGJBoQF1X+FOEQ6IaUzreoQ7MWVl6F7Xrcb9cbdRa11XcZRAcfgBJwBGzRBC9yCNugADB7BM3gFb8aT8WK8Gx+z1hWjnDkCf2R8/wCJyaNE</latexit>

ωh =
∑ ωh

ωε
ωε

G.C. et al., Computer Physics 
Commun. 184, 142 (2013).



The RPA program

ECT*, 9/7/2025 22

The continuum is discretized. The 
basis must be large due to the 
zero-range character of the force. 
Parameters: R, EC.

208Pb - SGII

Cf. Imane’s talk for more 
details and examples.

One possible issue:

Since the code is spherical, it 

may be prone to instabilities 

when calculating e.g. 2+ states 

in a nucleus which is actually 

deformed. 

Signal: imaginary solution.



RPA and collectivity: schematic model (I)
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Schematic 2 x 2 case

208Pb : h11/2 → h9/2  (proton)
i13/2 → i11/2  (neutron)

Magnetic spin-flip 
states (M1) 



RPA and collectivity: schematic model (II)
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0hω

2hω

1hω
10 Gianluca Colò

Fig. 3 The schematic TDA model for the IVGDR. In the left panel, the nuclear shells are displayed
in order to emphasise their alternate parity and the fact that one expects the IVGDR to be made
by particle-hole excitations at ≈ 1h̄ω . In the central and right panels, the unperturbed and TDA
strength S(E) are drawn, respectively. See the text for a discussion.

Aph,p′h′ = +δpp′δhh′ (εp − εh)+ 〈ph′|V |hp′〉, (21)
Bph,p′h′ = 〈pp′|V |hh′〉, (22)

where ε are the single-particle energies that have been introduced in (4). The matrix
elements that enter the strength function (1) can be calculated from

〈n|F |0〉= ∑
ph

(
Xph +Yph

)
〈p|F |h〉. (23)

As in the case of QRPA, the reader can find details and formulas written with proper
angular momentum coupling in the general references that have been quoted above.

The B matrix elements, and the associated Y amplitudes are very important to
describe the low-lying excitations like 2+ and 3− in spherical nuclei, but turn out
to be less important for high-energy states like the GRs. Neglecting the B-sector of
the RPA matrix leads to the so-called Tamm-Dancoff approximation or TDA. It will
now be shown how a schematic TDA model accounts for the existence of collective
modes like the IVGDR, in a pedagogical and transparent manner. A spherical RPA
code based on the Skyrme forces has been published in Ref. (Col et al. (2013)).

To this aim, it can be assumed that there are N degenerate p-h excitations at
energy ε . In the case of the IVGDR, which has Jπ = 1−, this corresponds to a large
extent to holes in the highest occupied shell and particles in the lowest unoccupied
shell. Consequently, ε will be ≈ 1h̄ω ≈ 41 A−1/3, as emphasised by the vertical
arrow in the left panel of Fig. 3.

There is one “coherent state”:

Its transition amplitude is enhanced:

Schematic N x N case

<latexit sha1_base64="zCPimgWdcXT4yTZPb7lZsdFRKBc="></latexit>

1p
N

0

BB@

1
1
. . .
1

1

CCA

<latexit sha1_base64="L0/ksalK+/Nme897Py0pI9lGB6E="></latexit>

hn|F |0i =
X

ph

Xphhp|F |hi ⇡ N
1p
N

M =
p
N M

G. C., Theoretical Methods for Giant Resonances,  in:
Handbook of Nuclear Physics, edited by I. Tanihata, H. Toki 

and T. Kajino
(Springer, 2022).
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Giant resonances are NOT 
sharp states but have a 
large width (several MeV)

<latexit sha1_base64="7tPNe7iYRh26daKMD7EHRAyuxFw="></latexit>

! = !Landau + !→ + !↑ + !ω

Internal mixing Decay
G D R :  M I C R O S C O P I C  V I E W

09.09.2024 8Norbert Pietralla Department Institute for Nuclear Physics“Recent news on the GDR”    |     |     TU Darmstadt, Physics ,

B.S. Ishkanov, I.M. Kapitonov, Physics – Uspekhi 64, (2) 141 (2021)

“Brown-Bolsterli – process”

M.N. Harakeh & A. van der Woude, “Giant Resonances” (Oxford, 2001)
P. von Neumann-Cosel, A. Tamii, Eur. Phys. J. A 55, 110 (2019).

If this picture clear in all details? 
We do not have systematic data 
and full understanding (cf. also β-
delayed neutron emission). 

This is a challenge for theory and may not simply call for parameter 
tuning but is related to fundamental questions (many-body theory, open 
quantum systems, the concept of thermalization...).



Giant Monopole Resonance

ECT*, 9/7/2025 26

Breathing mode: in this case its energy 
is correlated with the compressibility of 
nuclear matter. 

SN1987a

Example of study which is not carried out for mere “academic purposes”, but to 
shed light on more general properties of nature…

(around 240 MeV)

Incompressibility: 

We better consider the density as a 
variable. 

⇢ =
A
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All this did not consider pairing, 
namely it was supposed to work 
for magic nuclei...

...we move to the superfluid case
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Exercise 1
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16O RPA 3- SLy5 default parameters

Eexp
6.13 MeV

20O RPA 2+ SLy5 default parameters: instability!

20O QRPA 2+ SLy5 box = 16 fm, Emax = 60 MeV:



Exercise 2
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AO : A=16-24

SLy5. Box size = 15 fm

A E Eexp <rp>1/2 <rp>1/2exp <rn>1/2 𝚫n
16 128.40 127.52 2.68 2.59 2.66 0
18 141.18 139.81 2.69 2.68 2.83 1.19
20 153.36 151.40 2.70 2.96 1.29
22 163.30 162.00 2.71 3.06 0.76
24 171.30 168.90 2.74 3.20 0

Exp. energies from nndc.bnl.gov; exp. proton radii from De Vries et al., ATNDT 
36, 495 (1987).
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3

FIG. 1: The isovector E1 strength distributions for 56−70Ni calculated at T = 0, 1, 1.5 and 2 MeV using FT-RQRPA.
The light blue color represents the PDS strength below 12 MeV, magnified by a factor of five for visibility.

analysis for each excitation. The detailed description of
the T -dependent matrix elements is given in [46, 57]. At
finite temperature, the reduced transition probability is
calculated as

B(EJ, 0̃ → w) =
∣∣〈w||F̂J ||0̃〉

∣∣2

=

∣∣∣∣
∑

c≥d

{
(X̃w

cd + (−1)jc−jd+J Ỹ w
cd)

× (ucvd + (−1)Jvcud)
√
1− fc − fd

+ (P̃w
cd + (−1)jc−jd+J Q̃w

cd)

× (ucud − (−1)Jvcvd)
√
fd − fc

}
〈c||F̂J ||d〉

∣∣∣∣
2

.

(4)

|w〉 denotes the excited state and |0̃〉 is the correlated
FT-RQRPA vacuum state. F̂J is the transition operator
of the relevant excitation. In this work, the isovector E1
operator is used to calculate electric transition strength
distributions [58]. It would be insightful to examine the
contribution of a specific neutron or proton configuration
to the total E1 transition strength at a given excitation
energy Ew,

B(EJ,Ew) =
∣∣
∑

cd

(bπcd(Ew) + bνcd(Ew))
∣∣2. (5)

Here, bπcd(Ew) and bνcd(Ew) represent the proton (π) and
neutron (ν) partial contributions for a specific configu-
ration cd. Finally, the discrete FT-RQRPA spectrum is
smoothed using a Lorentzian averaging with a width of

Γ = 1.0 MeV, according to the following expression,

R(EJ,Ew) =
∑

w

1

2π

Γ

(E − Ew)2 − Γ2/4
B(EJ, 0̃ → w).

(6)
Results and discussion. First, we present the FT-

RQRPA analysis of the evolution of the isovector (IV)
dipole response in both low- and high-energy regions
along the Ni isotopic chain at zero and finite temper-
atures. Fig. 1 shows the isovector E1 strength distribu-
tions for the 56–70Ni isotopes at T = 0, 1, 1.5, and 2 MeV,
calculated using the FT-RQRPA with DD-PCX interac-
tion. The low-energy region is magnified by a factor of
five and highlighted in light blue to enhance visibility.
At T = 0 MeV, the doubly magic nucleus 56Ni exhibits
no evidence of PDS. However, with increasing neutron
number along the Ni isotopic chain, a pronounced en-
hancement of the low-energy dipole strength is observed
below E = 12 MeV. These low-lying dipole states pre-
dominantly arise from transitions involving valence neu-
trons.
To benchmark FT-RQRPA calculations in the T =

0 limit, which corresponds to the RQRPA, Table II
presents the SEWS values, expressed as a percentage of
the TRK sum rule for the E = 0–12 MeV region. These
results are compared with the experimental data avail-
able for 68Ni and 70Ni [31–33]. To facilitate comparison
with our results, the experimental SEWS values and their
associated uncertainties were integrated over the energy
range E = 0–12 MeV. The RQRPA results for 68Ni show
very good agreement with the experimental data; how-
ever, the calculations slightly underestimate the values
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Hot pygmy dipole strength in nickel isotopes
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At finite temperatures, nuclear excitations are significantly modified, most notably through the
emergence of additional low-energy dipole strength, which can critically impact astrophysical reac-
tion rates. Ongoing fusion-evaporation experiments on Ni isotopes provide a unique opportunity to
investigate the hot pygmy dipole strength (HPDS), underscoring the need for reliable theoretical
predictions and a comprehensive understanding of this emerging phenomenon. In this work, the
HPDS is investigated in Ni isotopes from N = Z to neutron-rich systems (56–70Ni) over a temper-
ature range of T = 0−2 MeV using the finite-temperature relativistic quasiparticle random phase
approximation. In neutron-rich Ni isotopes, the pygmy dipole strength at higher temperatures ex-
ceeds up to 2.5 times its value observed at zero temperature. In contrast, near N ≈ Z isotopes show
negligible low-energy dipole strength at T = 0 MeV but develop a pronounced HPDS as the tem-
perature increases. Predicted E1 energy-weighted strength (SEWS) and cumulative B(E1) values for
HPDS are presented across the Ni isotopic chain for various low-energy intervals and temperatures,
providing essential benchmarks to support and guide experimental studies.

Introduction. The pygmy dipole strength (PDS), of-
ten referred to as the pygmy dipole resonance (PDR),
has attracted considerable interest, both experimentally
[1, 2] and theoretically [3–6], due to its sensitivity to the
isospin properties of nuclei, including the neutron skin
thickness, as well as its potential impact on astrophysi-
cal processes in stellar environments [7–11]. In particular,
the enhanced γ-ray strength function associated with the
PDS can significantly influence radiative neutron-capture
(n, γ) reaction rates, which play a crucial role in the rapid
neutron-capture process (r-process) [3, 11–13]. This pro-
cess is responsible for the synthesis of heavy elements in
extreme astrophysical sites, such as core-collapse super-
novae and neutron star mergers [14–16].
Typically found below the giant dipole resonance

(GDR) region, the PDS is characterized by an enhance-
ment of the electric dipole (E1) strength near the par-
ticle separation energy, resulting from a rather complex
interplay of excitations involving excess neutrons, as well
as some proton contributions [2, 17, 18]. While the
GDR dominates the E1 response and nearly exhausts
the Thomas–Reiche–Kuhn (TRK) sum rule, the PDS is
known to contribute only a modest fraction of the total
dipole strength [1–3]. Due to its strong correlation with
both the neutron skin thickness and the electric dipole
polarizability [19–23], the PDS also serves as a sensitive
probe of the isovector sector of the nuclear equation of
state (EoS), which is directly linked to the density de-
pendence of the nuclear symmetry energy—a key quan-
tity governing the properties of neutron-rich matter, in-
cluding neutron stars and their mergers [24–26]. The
nearly linear correlation between the PDS, dipole po-
larizability, and neutron skin thickness makes it a valu-
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† e.yuksel@surrey.ac.uk
‡ npaar@phy.hr

able observable for constraining symmetry energy param-
eters [7, 10, 23, 27–30].
In this context, neutron-rich nickel (Ni) isotopes pro-

vide benchmark systems for experimental investigations
into the evolution of the PDS as a function of increasing
neutron-to-proton asymmetry. For instance, the virtual
photon scattering method has been employed to inves-
tigate the PDS in 68Ni, yielding a measured low-lying
E1 energy-weighted sum rule strength (SEWS) of approx-
imately 5% of the classical TRK sum rule [31]. In a sep-
arate experiment using the Coulomb excitation method,
the PDS in 68Ni was found to exhaust 2.8% of the TRK
sum rule at an excitation energy of E = 9.55 MeV [32].
For 70Ni, the low-lying E1 strength was measured as
SEWSR = (1.5% ± 0.2%) TRK in the energy range
E = 6–8 MeV and (4.8% ± 0.9%) TRK in the range
E = 8–12 MeV [33].
In addition to isospin asymmetry, finite temperature

can significantly influence both the overall properties and
the underlying structure of the PDS in nuclei [34]. While
the properties of the GDR under extreme temperature
(T ) conditions have been extensively studied and mea-
sured [35–37], the behavior of the PDS at finite tempera-
ture remains largely unexplored. To date, no experimen-
tal data on the hot pygmy dipole strength (HPDS) have
been available. However, recent experiments employing
fusion-evaporation reactions aim to investigate the HPDS
in Ni isotopes, and preliminary results provide the first
evidence of its existence [38–41]. These ongoing studies
are expected to provide valuable insights and quantita-
tive data on the T -dependence of pygmy dipole excita-
tions in the near future, shedding light on their role in
nuclear structure and their broader implications in astro-
physical environments.
Several theoretical investigations of the PDS at

zero temperature, based on both relativistic and non-
relativistic formulations of the random phase approxima-
tion (RPA), have highlighted the role of neutron excess

arXiv:2506.13354v1
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The first 2þ and 3− states of the doubly magic nucleus 132Sn are populated via safe Coulomb excitation
employing the recently commissioned HIE-ISOLDE accelerator at CERN in conjunction with the highly
efficient MINIBALL array. The 132Sn ions are accelerated to an energy of 5.49 MeV=nucleon and
impinged on a 206Pb target. Deexciting γ rays from the low-lying excited states of the target and the
projectile are recorded in coincidence with scattered particles. The reduced transition strengths are
determined for the transitions 0þg:s: → 2þ1 , 0

þ
g:s: → 3−1 , and 2þ1 → 3−1 in 132Sn. The results on these states

provide crucial information on cross-shell configurations which are determined within large-scale shell-
model and Monte Carlo shell-model calculations as well as from random-phase approximation and
relativistic random-phase approximation. The locally enhanced BðE2; 0þg:s: → 2þ1 Þ strength is consistent
with the microscopic description of the structure of the respective states within all theoretical approaches.
The presented results of experiment and theory can be considered to be the first direct verification of the
sphericity and double magicity of 132Sn.

DOI: 10.1103/PhysRevLett.121.252501

Ten doubly magic atomic nuclei act as cornerstones
along the whole chart of nuclei. Their basic properties like
masses, binding energies, and excited states play an

eminent role for a detailed understanding and theoretical
description of the nuclear system. Tin has a magic number
of protons (Z ¼ 50) and is the heaviest element to have two
isotopes with a magic number of neutrons (100Sn50 and
132Sn82). The latter of these nuclei acts as an essential
benchmark for theoretical approaches extending towards
heavier and more neutron-rich systems. This region of the
nuclear chart plays a critical role in the astrophysical r
process, and understanding its path around 132Sn is
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Further distribution of this work must maintain attribution to
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to the expected behavior of lowest seniority in doubly
magic nuclei. For a microscopic understanding of this
feature, state-of-the-art large-scale shell-model (LSSM)
and Monte Carlo shell-model (MCSM) calculations have
been performed, as well as mean-field calculations utiliz-
ing RPA.
The first LSSM calculations for 132Sn are performed in a

valence space spanned by the 0h11=2, 1f7=2, 0h9=2, 1f5=2,
2p3=2, 2p1=2 orbitals for neutrons and the 0g9=2, 0g7=2,
1d5=2, 1d3=2, 2s1=2 orbitals for protons above a closed 110Zr
core. This model space allows direct inclusion of 0ℏω
quadrupole particle-hole excitations in 132Sn. Details on the
effective interaction are described in Ref. [34]. The LSSM
investigation of 132Sn requires np − nh excitations from the
ν0h11=2and π0g9=2 orbitals to the valence orbitals across
the shell gap to be taken into account. In order to reduce the
huge matrix dimension in the m scheme, a truncation
scheme was adopted allowing up to 7p7h excitations. The
Hamiltonian was diagonalized employing the ANTOINE

shell-model code [35,36]. Effective charges eπ ¼ 1.68e and
eν ¼ 0.41e were used.
A novel MCSM calculation was performed recently in a

unified way along the 100–138Sn isotopic chain [37]. A large
model space consisting of eight single-particle orbitals
for protons and neutrons, i.e., the full sdg harmonic
oscillator shell and the 0h11=2, 1f7=2, and 2p3=2 orbitals,
was used with a fixed Hamiltonian and effective charges
(eπ ¼ 1.25e, eν ¼ 0.75e). Additional information on the
0þg:s:, 2

þ
1 , and 4

þ
1 states as well as E2 excitation probabilities

in 132Sn are deduced employing the same MCSM approach.
Skyrme RPA calculations are performed according to

Ref. [38] (cf. also Ref. [9]). Themodel space is large enough
so that appropriate energy-weighted sum rules are well
fulfilled: All hole states of 132Sn and particle states up to a
maximum energy cutoff of 120 MeV were included,
discretized in a spherical box of 20 fm. RPA is a proper
theory to describe nuclear collective motion. However,
while the results for giant resonances only depend on bulk
properties of the Skyrme force, those for the low-lying
excitations are quite sensitive to the details of the levels
close to the Fermi surface. In this respect, measurements are
instrumental to test the performance of the Skyrme param-
eter sets. Additional values derived from a study based on
relativistic RPA (RRPA) were taken from Ref. [39].

The excitation energy of the 2þ1 state is well reproduced
by most calculations [cf. Fig. 3(a)]. The BðE2; 0þg:s: → 2þ1 Þ
values derived from LSSM, MCSM, and RRPA calcu-
lations compare well with the new experimental value
within the error bars [cf. Fig. 3(b)]. Both SM approaches
corroborate the locally enhanced quadrupole strength in
doubly magic 132Sn. The calculated BðE2Þ values from
LSSM yield 0.028, 0.100, and 0.027 e2b2 for 130;132;134Sn,
respectively, in agreement with experimental data
(cf. Ref. [15] for 130;134Sn). Corresponding values from
MCSM are given in Ref. [37], yielding 0.085 e2b2 for
132Sn. Proton excitations πg−19=2d5=2 across the Z ¼ 50 shell
gap with Δj ¼ Δl ¼ 2 are found to be crucial for the
evolution of E2 strength along the Sn isotopic chain.
According to the LSSM, these proton excitations amount
to a fraction of approximately 14% of the total wave
function of the 2þ1 state in 132Sn, resulting in an occupation
number of 0.21 for the πd5=2 orbital. In neighboring
130;134Sn, the occupation is reduced by a factor of about
3. The MCSM result yields a similar trend for the Sn
isotopes with an average πd5=2 occupation of 0.07 for the
2þ1 state in 132Sn. Although this is not a large number, the
contribution to the total E2 matrix element is approx-
imately 25%. RPA calculations with, e.g., the SkX Skyrme
force, yield an expectation value of 0.19 for the proton
excitations (cf. Ref. [9]). The BðE2Þ value is overestimated
by about 60% [cf. Fig. 3(b)].
Varying structures of the 0þg:s: and 2þ1 states of

130;132;134Sn can be visualized by the T-plot, as shown in
Fig. 4. The MCSM eigenstate is a superposition of Jπ

projected MCSM basis vectors [40]. Each basis vector can

TABLE I. Reduced transition strengths of 132Sn determined in
this work and from previous measurements.

BðEλ; Ii → IfÞ (e2bλ)
Ii → If Eγ (keV) Eλ Present Previous

0þg:s: → 2þ1 4041.2 E2 0.087(19) 0.14(6) [15,16]
0.11(3) [17,18]

0þg:s: → 3−1 4351.9 E3 0.11(4) > 0.0512 [33]
2þ1 → 3−1 310.7 E1 9.1ð31Þ×10−6 >3.97×10−6 [33]

(a) (c)

(b) (d)

FIG. 3. Comparison of the experimental excitation energies
(a,c) and reduced transition probabilities (b,d) of 132Sn indicated
with red lines, with latest LSSM, MCSM, and mean-field
calculations utilizing RPA as well as RRPA (from Ref. [39])
for the 2þ1 (a,b) and for the 3−1 (c,d) state. The gray bands display
the 1σ deviations of the BðEλÞ values. Details are given in
the text.
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be characterized by the quadrupole moments Q0 and Q2,
which is plotted as circle on top of the potential energy
surface (PES) [41,42]. The area of each circle indicates the
overlap probability of the respective MCSM basis vector
with the eigenstate. The PES is obtained by constrained
Hartree-Fock calculations for the same SM Hamiltonian.
Although the PES exhibits a more pronounced spherical
minimum for 132Sn, the circles are spread outward in the
0þg:s: states of 130;132;134Sn shown in Figs. 4(a), 4(c), and 4(e),
indicating quantum fluctuations due to pairing correlations
(cf. Ref. [41]). However, the major basis vectors of
the ground state of 132Sn in Fig. 4(c) are particularly
concentrated towards the spherical limit, indicating the
well-stabilized double magicity. Moreover, the MCSM
calculations provide a high probability of 90% for the
ground state of 132Sn to be in the spherical doubly closed
configuration. This value is significantly larger than the
corresponding values for the doubly magic isotopes
56;68;78Ni yielding only 60%, 53%, 75% [41]. An average
number of 0.08 (0.28) protons and 0.13 (0.22) neutrons are
excited across the Z ¼ 50 and N ¼ 82 shell gaps according
to MSCM (LSSM) calculations. For the 2þ1 states, the T-
plots show a notable shift from the near-spherical region of
132Sn [Fig. 4(d)] towards oblate for 130Sn [Fig. 4(b)] but
towards prolate for 134Sn [Fig. 4(f)].
Similar to the BðE2; 0þg:s: → 2þ1 Þ, an enhanced octupole

transition strength is predicted for the 3−1 state in 132Sn by
theory [11,12]. Because of the computational limits of the
valence space, the SM approaches do not provide infor-
mation on the 3−1 state. The RPA and RRPA calculations
yield BðE3; 0þg:s: → 3−1 Þ values in agreement with the
experimental one within the error bars. However, both
calculations overestimate the Eð3−1 Þ consistently by about
0.8 MeV [cf. Figs. 3(c) and 3(d)].

Finally, the LSSM and MCSM calculate Eð4þ1 Þ ¼ 4.30
and 4.66 MeV, respectively, which is in good agreement
with the experimental value of 4.416 MeV. Compared to
the wave function of the 2þ1 state proton excitations,
πg−19=2d5=2 are significantly reduced for the 4

þ
1 state, yielding

lower average πd5=2 occupation numbers of 0.10 and 0.03
for the LSSM and MCSM calculations, respectively,
resulting in BðE2; 2þ1 → 4þ1 Þ ¼ 0.00107 e2b2 and
0.00219 e2b2. The latter one compares nicely to the known
value of 0.00288(17) e2b2 [33].
In summary, the new HIE-ISOLDE facility enabled a

safe Coulomb-excitation experiment of 132Sn yielding
transition strength values for the first two excited states.
Novel theoretical approaches allowed detailed insights into
the structure of these excitations. For the first time, the
doubly magic nucleus 132Sn was explored by MCSM and
LSSM calculations. The excitation energies of the 2þ1 and
4þ1 states and their BðE2Þ values were well reproduced.
Although a dominant contribution is caused by the 1p1h
neutron excitation across the N ¼ 82 shell gap, the con-
tribution of the πg−19=2d5=2 excitation is crucial to reproduce
the enhanced E2 strength of 132Sn. As the T-plots of the
0þg:s: states of 130;132;134Sn exhibited a strong confinement
towards the spherical limit, the presented results of experi-
ment and theory can be considered to be the first direct
verification of the sphericity and double magicity of 132Sn.
This is not a trivial fact, as the N=Z ratio differs consid-
erably from unity. Moreover, the MCSM calculations
provide a high probability of 90% for the ground state
to be in the doubly closed configuration. For the quadru-
pole excitation, a shape change from oblate to prolate
deformation across the doubly magic configuration was
deduced. The E3 transition strengths were well reproduced
by the RPA and RRPA results. Future perspectives for
experiment and SM theory include challenging measure-
ments of the BðE3Þ transition strengths, also of the
neighboring isotopes, and their calculation by the extension
of the model space. Moreover, numerous experiments at
HIE-ISOLDE will investigate nuclei in the vicinity of 132Sn
relevant to the astrophysical r process [43].

We thank the HIE-ISOLDE team for the professional
support during the experiment. Moreover, we thank M.
Zielińska and P. J. Napiorkowski for their support and
discussion regarding the GOSIA2 analysis. The research
leading to these results has received funding from the
European Union’s Horizon 2020 research and innovation
program under Grant Agreement No. 654002. This work
was supported by the German BMBF under Contract
No. 05P15PKCIA and Verbundprojekt No. 05P2015, in
part by the High Performance Computing Infrastructure
Strategic Program (Grant No. hp150224), in part by MEXT
and Joint Institute for Computational Fundamental Science
and a priority issue (elucidation of the fundamental
laws and evolution of the universe) to be tackled by using
the Post “K” Computer (Grants No. hp160211 and

(a)

(b)

(c)

(d)

(e)

(f)

FIG. 4. T-plots of the 0þg:s: (a,c,e) and 2þ1 states (b,d,f) of 130Sn
(a,b), 132Sn (c,d), and 130Sn (e,f) show a pronounced potential-
energy minimum for the spherical doubly magic configuration.
Circles on the PES represent shape dynamics of MCSM basis
vectors. See text for details and discussion.
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for high-E neutrinos, just to make an example, are doable within RPA and QRPA but 
not SM).
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The constrained search approach by Lévy-Lieb 

ECT*, 9/7/2025 33

<latexit sha1_base64="9ru5UtNB+fVoJiMdhoLgnV24L+0="></latexit>

E0 = min h |H| i,
E0 = min⇢ (min !⇢ h |H| i) = min⇢E[⇢],

E[⇢] = min !⇢ h |H| i.

We consider all w.f.’s that 
correspond to a specific density 
with the symbol
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 ! ⇢
“instead of finding the tallest 
child in the school by lining all of 
them in the yard, we just line in 
the yard the tallest pupils of 
each class...”
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• Empirical saturation point

• Masses of nuclei

• Charge radii of nuclei

• More pseudo-observables like the equation of state of neutron matter

• More observables: excited states

• A bit outside DFT philosophy: single-particle states and spin-orbit splittings

χ-square fitting is one widely used option to obtain the EDF parameters

Increasing number of studies that employ Bayesian techniques 
(parameter distributions)

Fitting the EDF parameters

ECT*, 9/7/2025 35

<latexit sha1_base64="jOxpQjnoaJVoio9R2c0KW8BML/Y="></latexit>

�
2(~p ) =

NdataX

k=1

�
O

th.
k (~p )�O

exp.
k

�2

(�O)2



Masses and charge radii of atomic nuclei
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X. Roca-Maza and N. Paar, PPNP 101, 96 (2018)

Masses: typical errors ≈ 
MeV. “Arches” show up.

For radii the pictures is 
somehow more blurred. 
More fingerprints of the   
basic limitations of the 
current EDFs.

From M. Bender
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INTERPLAY BETWEEN LOW-LYING ISOSCALAR … PHYSICAL REVIEW C 99, 054314 (2019)
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FIG. 9. The strength function of the IS (a) and IV (b) response
for 132Sn with SAMi-J31 as obtained in TDHF or in RPA calculation,
with Lbox = 20 or 30 fm, respectively. The vertical lines indicate the
energy of the modes selected for the transition density analysis (see
Sec. III E).

E. Transition densities

In addition to the investigation of the dipole strength
discussed so far, the analysis of the transition densities as-
sociated with the different excitation modes of the system
is very instructive since it delivers important information
about the spatial structure related to the dynamics of every
excitation. To undertake this analysis in TDHF and Vlasov
calculations, we need to evaluate the local spatial density
as a function of time. To reduce numerical fluctuations,
we take into account the cylindrical symmetry of the ini-
tial perturbation and, averaging over the azimuthal φ angle,
we extract the density ρq(r, cos θ , t ) and the corresponding
fluctuation δρq(r, cos θ , t ) = ρq(r, cos θ , t ) − ρq(r, t0), where
cos θ = z/r and ρq(r, t0) denotes the ground-state density
profile, which only depends on r. As suggested in Ref. [41],
assuming that the amplitude of the oscillation is weak (lin-
ear response regime), the spherical symmetry of the ground
state and the dipole shape of the excitation operator im-
ply that the transition density can be written, at each time,
as δρq(r, cos θ , t ) = δρq(r, t ) cos θ . Then one can finally ex-
tract the transition density just as a function of the radial
distance r, by averaging over the polar angle the quantity
δρq(r, t ).

It is clear that, both in Vlasov and TDHF calculations, the
perturbation Vext, at t = t0, induces simultaneously all modes
which can be excited by the operator D̂k . Thus the corre-
sponding density oscillations observed along the dynamical
evolution will appear as the result of the combination of the
different excitation modes. To pin down the contribution of a
given mode, of energy E , to the density oscillations, one can

compute the Fourier transform of δρq(r, t ):

δρq(r, E ) ∝
∫ ∞

t0
dt δρq(r, t ) sin

Et
h̄

. (11)

In practice, since the simulation runs only to tmax =
1800 fm/c, the sine function is multiplied by a damping
factor, as in the strength function Sk (E).

We notice that, in RPA calculations, one does not need to
use any auxiliary prescription, since the transition densities
are directly evaluated from the forward and backward am-
plitudes solution of the RPA matrix, associated with a given
energy eigenvalue E [see Eqs. (36) and (37) in Ref. [39]].
Nonetheless, in principle, it could be possible to average the
RPA transition densities in a given energy window.

It is well known that, in symmetric matter, neutrons and
protons oscillate with exactly equal (isoscalar) or opposite
(isovector) amplitudes. In neutron-rich systems, the picture
is more complex; however, one can still identify isoscalarlike
modes, when the two nuclear species oscillate in phase, and
isovectorlike modes, with neutrons and protons oscillating out
of phase. Apart from this information, connected to the mixed
character of each mode, the overall spatial structure of the
transition densities tells us which part of the system (internal
part or surface) is more involved in the oscillation.

In dynamical calculations, dipole excitations are directly
excited by a given (IS or IV) perturbation. Hence IS(IV)-
like oscillations, and corresponding transition densities, are
better identified when an initial IS(IV) perturbation is applied.
Actually, this possibility to directly probe the response of the
system to specific excitations could also help to disentangle
between modes having similar energies but different nature.
However, the modes with a strong IS-IV mixing react to both
(IS and IV) excitations, so the associated transition density
can be extracted from both kinds of calculations.

Here we present the transition densities related to the
modes giving a sizeable contribution to the IS dipole strength
function (Fig. 10) and/or to the IV one (Fig. 11), as obtained
for the system 132Sn in TDHF, Vlasov and RPA calculations.
For the Vlasov calculations, we consider the same modes
identified in Ref. [23]. The energies considered in TDHF and
RPA calculations are indicated by vertical bars in Fig. 9.

As a general feature, it should be noticed that TDHF and
RPA calculations lead to very similar results. The first row
of the two figures displays the structure of what we may call
PDR (full orange bar in Fig. 9), which manifests itself as an
isoscalarlike mode, but with also an isovector contribution.
Indeed, in TDHF and Vlasov calculations, essentially the
same structure is observed when the transition density is
extracted from IS or IV perturbations, though with a reduced
amplitude in the latter case.

The structure obtained in quantal calculations is in agree-
ment with previous results [66] and is qualitatively well re-
produced also by the semiclassical density oscillations, except
for the behavior in the central region which could be related
to the trend observed in the quantal isovector density profiles
(see Fig. 2). One can see that density oscillations involve
deeply the surface region (see the behavior for r between 5
and 9 fm). This is in line with the observation that this mode

054314-11

This comparison between TDHF and 
RPA (using Skyrme EDFs) is taken from:
 
S. Burrello et al., Phys. Rev. C99, 
054314 (2019).



The nuclear EoS and the symmetry energy (I)
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Nuclear matter EOS
Symmetric 
matter EOS

Symmetry 
energy S

E

A
(⇢,�) =

E

A
(⇢,� = 0) + S(⇢)�2

� ⌘ ⇢n � ⇢p
⇢

• From the energy per particle as a function of the density we can extract 
the pressure.

• For this reason, we call E/A the “equation of state” of nuclear matter.

• In this quantity, the part that depends on the neutron-proton imbalance 
is poorly known. 

P (⇢) = ⇢2
@

@⇢

E

A
(⇢)

• Odd powers forbidden by isospin symmetry
• Up to densities relevant for nuclear physics this “quadratic approximation” seems to hold



The nuclear EoS and the symmetry energy (II)
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Nuclear matter EOS
Symmetric
matter EOS

Symmetry 
energy S

E

A
(⇢,�) =

E

A
(⇢,� = 0) + S(⇢)�2

� ⌘ ⇢n � ⇢p
⇢

S ⌘ E

A
(neutron matter)� E

A
(symmetric matter)

β=1

β=0

In turn, the symmetry energy can be expanded 
around a reference density.
One usually takes the saturation energy of 
symmetric matter:
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Expansions around ρ0= 0.16 fm-3 SATURATION POINT of SNM
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Neutrons and protons oscillate in opposition of phase.

EIVGR ⇡

s
@2E

@�2
⇡

p
S(⇢) � ⌘ ⇢n � ⇢p

⇢

Promising observables to 
extract the properties of 
the symmetry energy.

Problems:
the nucleus is not a 
homogeneous system, it 
has a shell structure, and 
there is isoscalar/isovector 
mixing.
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Systematics of isovector and isoscalar giant quadrupole resonances in normal
and superfluid spherical nuclei

Guillaume Scamps1,* and Denis Lacroix1,2,†
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The isoscalar (IS) and isovector (IV) quadrupole responses of nuclei are systematically investigated using
the time-dependent Skyrme energy density functional including pairing in the BCS approximation. Using two
different Skyrme functionals, Sly4 and SkM*, respectively 263 and 324 nuclei have been found to be spherical
along the nuclear charts. The time-dependent evolution of these nuclei has been systematically investigated,
giving access to their quadrupole responses. It is shown that the mean energy of the collective high-energy state
globally reproduces the experimental IS and IV collective energy but fails to reproduce their lifetimes. It is found
that the mean collective energy depends rather significantly on the functional used in the mean-field channel.
Pairing by competing with parity effects can slightly affect the collective response around magic numbers and
induces a reduction of the collective energy compared to the average trend. Low-lying states, that can only be
considered if pairing is included, are investigated. While the approach provides a fair estimate of the low-lying
state energy, it strongly underestimates the transition rate B(E2). Finally, the possibility to access the density
dependence of the symmetry energy through parallel measurements of both the IS and IV giant quadrupole
resonances is discussed.
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I. INTRODUCTION

In recent years, large efforts have been devoted within
the energy density functional (EDF) to bring time-dependent
theories to the level of state-of-the-art nuclear structure
theories. A current topic of interest is to include pairing
correlations in nuclear dynamics [1–6]. In the present work,
we systematically investigated the possibility to describe the
isoscalar (IS) and isovector (IV) giant quadrupole resonances
(GQRs) including pairing using the time-dependent Hartree-
Fock + BCS (TDHF + BCS) approach. There are several
reasons to have chosen the GQR as a test ground: (i) As far
as we know, the isoscalar and isovector GQRs have never
been systematically investigated using a time-dependent EDF
framework, and therefore our study should make it possible
to identify weakness and strength of this approach in this
context. (ii) A systematic analysis exists using the quasiparticle
random-phase approximataion (QRPA) approach allowing for
comparisons [7]. (iii) A large amount of experimental data
exists especially for the IS GQR [8–15] and therefore not
only qualitative but also quantitative studies can be made. (iv)
The experimental observation of the IV GQR has recently
made some progress [16–18]. (v) Thanks to such progress, the
GQR was recently proposed as a possible alternative tool to
get information on the density dependence of the symmetry
energy [19].

In the present work, we have systematically investigated
the evolution of nuclei that are found spherical in their
ground states using two different Skyrme functionals. The
static properties and the dynamical evolution have been
obtained consistently using the HF + BCS and TDHF + BCS

*scamps@ganil.fr
†lacroix@ganil.fr

approaches. The TDHF + BCS method, while less general
than the time-dependent Hartree-Fock-Bogoliubov (TDHFB)
framework and leading to specific difficulties [5], has the
advantage that each evolution can be simulated in a reasonable
numerical time, allowing us to perform the calculation over a
wide range of nuclei.

In the following, the microscopic approach is briefly
described. Then, the protocol for selecting nuclei is discussed
as well as some average properties related to the pairing
correlations, the root-mean-square radius, etc. Properties of
the response in the low-lying and high-lying sectors are
investigated. We finally illustrate the usefulness of large scale
GQR study with the possibility to infer from it information on
the symmetry energy.

II. THE TDHF + BCS APPROACH
TO GIANT RESONANCES

The TDHF + BCS theory is a simplified version of the
TDHFB approach where the off-diagonal part of the pairing
field is neglected. Properties, advantages, and drawback of this
theory have been discussed extensively in Refs. [4–6] and we
only give below a minimal summary of important aspects to
treat giant resonances.

For a given nucleus, the initial wave function is obtained
using the EV8 code [20] that solves the HF + BCS equations
in r-space with the Skyrme functional in the mean-field term
and with a contact interaction in the pairing channel. After this
step, the N -body wave packet takes the form of a quasiparticle
vacuum written in a BCS form as

|!0〉 =
∏

k>0

(
u0

k + v0
ka

†
ka

†
k̄

)
|−〉, (1)
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FIG. 8. (Color online) The same as Fig. 7 for the IV GQR.

Fig. 8. Again, almost 100% of the strength is exhausted. It can
be noted that the residual error on the EWSR increases as the
mass increases. This error is mainly due to the mesh step. For
instance, decreasing the mesh step from 0.8 to 0.6 fm in 128Sn
for the SkM* case reduces the error from 0.28% to 0.08% for
the IS GQR and from 0.41% to 0.10% for the IV GQR.

B. GQR: Mean energy and width

For each nucleus, the mean collective energy and width of
the high-lying giant resonance has been extracted by fitting the
main collective peak with a Lorentzian distribution,

L(E) = a0!C

2π

1
(E − EC)2 + (!C/2)2

, (14)

where a0, EC , and !C are the fitting parameters. While EC

is rather insensitive to the damping factor !0, !C mixes
physical effects associated with the strength fragmentation
(associated with a physical width !) with the assumed
smoothing parameter !0. By changing the value of !0, it can be
shown that the physical width can be simply obtained through
the linear relation

! " !C − !0. (15)

The above strategy to obtain the mean energies and widths
is much more precise than the method based on weighted
moments of the strength, i.e.,

EC " m1

m0
, !C "

√
m2/m0 − (m1/m0)2, (16)

where mk stands for the moment of order k of the strength in
a restricted region of energy. We have found that this method
is too sensitive to the integration region as well as to the
smoothing parameter !0.

The collective energy, denoted as E2+, and the width
! obtained after the fit in combination with Eq. (15) are
systematically reported as a function of the mass of the nucleus
in Fig. 9. Some experimental data taken from [8] are also shown
as a reference.

Focusing first on the mean collective energy, we see that
both functionals provide the correct order of magnitude of the
energy over the nuclear chart with the proper A dependence.
The SkM* functional is systematically closer to experimental
observation. However, one should keep in mind that such a
direct comparison should be made with care due to the fact
that the technique used to get the collective energies and widths
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FIG. 9. (Color online) Collective energy (a) and width (b) of the
IS GQR systematically obtained for spherical nuclei using the SkM*
(black crosses) and Sly4 (red circles) functionals. The blue triangles
correspond to experimental data taken from [8].

as well as the energy range considered experimentally might
differ from the ones we used.

Interestingly enough, the Sly4 functional gives collective
energies that are systematically higher compared to the SkM*
case by almost 1 MeV for A ! 70. Such a sensitivity in IS GQR
has been already pointed out in Refs. [35,36]. It should be noted
that a 1 MeV difference, in view of desired accuracy for EDF,
is significant enough that the GQR might become a global
criteria for the validity of a given functional parametrization.

Panel (b) of Fig. 9 illustrates that the present mean-
field calculation completely misses the fragmentation of the
strength. The strength function is slightly fragmented for
light nuclei but for medium and heavy nuclei (A > 70) the
high-lying collective energy essentially corresponds to a single
collective energy without any spreading. This is clearly at
variance with the experimental observation where a rather
significant fragmentation is systematically observed. This
discrepancy is not surprising since a mean-field theory is
expected to reproduce one-body observables but cannot really
include two-body effects. In the case of giant resonances, the
fragmentation of the strength reflects the coupling to complex
internal degrees of freedom such as the coupling to two
particles and two holes induced by in-medium collisions [37]
or the coupling to low-lying surface modes [38,39]. See for
instance the extensive discussion in Ref. [40]. As we know
from QRPA calculation, the inclusion of pairing correlations
does not cure this problem.

To complete the study, the collective energy and width of the
IV GQR are also shown in Fig. 10. The collective energies of
both functionals are in global agreement with the experiments
except for light nuclei. Regarding the width, the situation is
slightly different compared to the IS case since the collective
response is always fragmented. The fragmentation obtained
with the mean-field theory accounts approximately for half of
the fragmentation observed experimentally.
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or, equivalently, by using Eq. (8)

EIV
x ≈ 2

[(
EIS

x

)2

2
+ 2

ε2
F∞

A2/3

(
3S(ρA)

εF∞

− 1
)]1/2

. (12)

From Eq. (11) and approximating h̄ω0 ≈ 41A−1/3, we note
some interesting features:

(i) EIV
x depends, as its isoscalar counterpart, on the

effective mass at saturation and, in addition, on
the symmetry energy at some subsaturation density
ρA (the Fermi energy at saturation can be considered
as constant compared with the variation of other
quantities). EIV

x increases for decreasing values of m∗,
and increasing values of S(ρA).

(ii) The larger the neutron skin thickness in a heavy nucleus
such as 208Pb, the lower the excitation energy of the
IVGQR. This characteristic can be understood as fol-
lows. If one expands S(ρ) around the nuclear saturation
density as S(ρ) ≈ J − Lε, where ε ≡ (ρ∞ − ρ)/ρ, it
can explicitly be shown that at the subsaturation density
ρA, fixing EIS

x to the experimental value and for small
variations of J , EIV

x decreases for increasing values of
L. The latter is linearly correlated with the neutron skin
thickness [11–14], which increases with L (see below).

One of the most important consequences of our approach
is that from Eq. (12) one can find a relation that expresses
S(ρA) in terms of EIV

x , EIS
x , and the Fermi energy at nuclear

saturation εF∞ , that is,

S̃(ρA) = A2/3

24εF∞

[(
EIV

x

)2 − 2
(
EIS

x

)2] + Skin(ρ∞) (13a)

= εF∞

3

{
A2/3

8ε2
F∞

[(
EIV

x

)2 − 2
(
EIS

x

)2] + 1

}

. (13b)

By inserting the weighted averages of the experimental
values for EIV

x = 22.7 ± 0.2 MeV and EIS
x = 10.9 ± 0.1 MeV

(see Table I), and by using ρA=208 = 0.1 fm−3, we find
S̃(0.1 fm−3) = 23.3 ± 0.6 MeV, in very good agreement with
the estimate reported in Ref. [59]: 23.3 MeV ! S(0.1 fm−3) !
24.9 MeV. Note that the quoted error does not include an
estimate of the theoretical uncertainty.

Since we are also interested in determining correlations
between observable quantities, we elaborate on Eq. (13) in
order to explicitly relate the excitation energies of the isoscalar
and isovector GQRs with the neutron skin thickness of a heavy
nucleus. For that, we use the DM expression for the neutron
skin thickness that can be written as follows [12]:

%rnp − %rsurf
np

〈r2〉1/2
= 2

3

[
1 − S(ρA)

J

]
(I − IC) − 2

7
IC, (14)

where I = (N − Z)/A is the relative neutron excess, IC =
e2Z/(20JR) and %rsurf

np is the surface contribution to the
neutron skin thickness.1 The latter, for the case of 208Pb, has a

1%r surf
np =

√
3/5[5(b2

n − b2
p)/(2R)], where bn and bp are the surface

widths of the neutron and proton density profiles, respectively.
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FIG. 4. (Color online) Excitation energy of the ISGQR in 208Pb
as a function of

√
m/m∗, calculated with the SAMi-m and SAMi-

J family of functionals. On the horizontal upper axis we display
the corresponding values for m∗/m. The data from Table I are also
included (square and shaded band).

value of ≈0.09 fm [60], if calculated with a large set of EDFs.
Combining Eqs. (13) and (14) one finds

%rnp − %rsurf
np

〈r2〉1/2
= 2

3
(I − IC)

{

1 − εF∞

3J
− 3

7
IC

I − IC

− A2/3

24εF∞

[(
EIV

x

)2 − 2
(
EIS

x

)2

J

]}

. (15)

This expression explicitly relates the neutron skin thickness
of a heavy nucleus with the corresponding GQRs energies,
and these can directly be determined in experiment. Within
our approach, only the parameter J and %rsurf

np contain a
non-negligible uncertainty. The appropriate value of J to
be used in the expression above can be deduced from the
systematic analysis carried out in Refs. [14,61]. The weighted
average of the constraints considered in [14] yields J =
32.4 ± 0.4 MeV, but in the following we adopt a somewhat
larger uncertainty J = 32 ± 1 MeV. For the case of 208Pb,
%rsurf

np = 0.09 ± 0.01 fm is consistent with the microscopic
calculations of Ref. [60]. Using Eq. (15) and the data for the
GQRs energies, we find %rnp = 0.22 ± 0.02 fm. This value
is close to the upper limit derived from available estimates
%rnp = 0.18 ± 0.03 fm [14].

2. The SAMi and DD-ME families of functionals

In Fig. 4 we display the excitation energy of the ISGQR in
208Pb as a function of

√
m/m∗, calculated with the SAMi-m

and SAMi-J families of functionals. The plot nicely illustrates
the well known correlation between EIS

x and
√

m/m∗. It also
shows that the variation of EIS

x for the SAMi-J family—for
which J ranges from 27 to 31 MeV, with a fixed value of m∗,
is small.2

2The neutron radius increases with J [62], and a larger size of the
nucleus implies a lower ISGQR excitation energy.
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Recent improvements in the experimental determination of properties of the isovector giant quadrupole
resonance (IVGQR), as demonstrated in the A = 208 mass region, may be instrumental for characterizing
the isovector channel of the effective nuclear interaction. We analyze properties of the IVGQR in 208Pb, using
both macroscopic and microscopic approaches. The microscopic method is based on families of nonrelativistic
and covariant energy density functionals (EDF), characterized by a systematic variation of isoscalar and isovector
properties of the corresponding nuclear matter equations of state. The macroscopic approach yields an explicit
dependence of the nuclear symmetry energy at some subsaturation density, for instance S(ρ = 0.1 fm−3), or the
neutron skin thickness "rnp of a heavy nucleus, on the excitation energies of isoscalar and isovector GQRs.
Using available data it is found that S(ρ = 0.1 fm−3) = 23.3 ± 0.6 MeV. Results obtained with the microscopic
framework confirm the correlation of the "rnp to the isoscalar and isovector GQR energies, as predicted by the
macroscopic model. By exploiting this correlation together with the experimental values for the isoscalar and
isovector GQR energies, we estimate "rnp = 0.14 ± 0.03 fm for 208Pb, and the slope parameter of the symmetry
energy: L = 37 ± 18 MeV.
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I. INTRODUCTION

The isoscalar giant quadrupole resonance (ISGQR) was
discovered in the 1970s in inelastic electron and proton
scattering experiments [1–3]. (For an experimental review
we refer the reader to [4].) Whereas the features of the
low-lying quadrupole excitations depend on the number of
particles outside closed shells [5]—similarly to what occurs
for the low-energy peak appearing in the isoscalar dipole
response of neutron-rich nuclei [6]—the high-energy modes
are expected to vary smoothly with the mass number A.
In the case of the ISGQR, the excitation energy EIS

x can
be estimated—considering the nucleus a quantal harmonic
oscillator (QHO)—to be proportional to the shell energy-gap
h̄ω0 and, if the nuclear effective interaction is also velocity-
dependent, to the nucleon effective mass, namely

√
m/m∗

(cf. Ref. [7]). Because of this proportionality, the comparison
of microscopic self-consistent calculations with experiments
on the ISGQR has provided valuable information on the value
of m∗ [8], one of the most important quantities that characterize
nucleons embedded in the nuclear medium [9].

At variance with the ISGQR, its isovector counterpart has
remained elusive for quite a long time because of lack of selec-
tive experimental probes that can excite this resonance. The
accuracy in the experimental determination of the isovector
giant quadrupole resonance (IVGQR) has been considerably
improved only recently [10]. This important achievement will
enable future measurements in different mass regions. The
excitation energy of the IVGQR, EIV

x , is expected to vary
smoothly with A. Opposite to the ISGQR case, in the IVGQR
neutrons and protons oscillate out of phase. Within the QHO
assumption, the excitation energy of the high energy isovector
mode should be correlated both with the shell gap (h̄ω0) and

with the symmetry energy, as discussed below. Even though
the symmetry energy S(ρ) is a basic component of the nuclear
matter equation of state, it is still significantly undetermined
[11–14]. At saturation density the symmetry energy is usually
expressed in terms of its value, J = S(ρ∞), and density slope,
L = 3ρ∞∂ρS(ρ)|ρ∞ . Also in the IVGQR case, for velocity de-
pendent potentials parametrized in terms of an effective mass,
the shell gap is modified as follows: h̄ω0 →

√
m/m∗h̄ω0.

In Sec. II the theoretical basis of the nonrelativistic Skyrme
and covariant energy density functionals (EDFs) is briefly
presented. The formalism used in the present calculations
is also outlined: mainly the random phase approximation
(RPA), and to some extent the features of the particle vibration
coupling (PVC) approach. Section III is divided into two parts.
In Sec. III A we analyze the strength functions and transition
densities of the ISGQR and IVGQR in 208Pb. In addition, the
width of the IVGQR is evaluated using the PVC method. In
Sec. III B we derive a macroscopic model for the dynamics of
the IVGQR. A detailed analysis of excitation energies of the
ISGQR and IVGQR is performed employing two families of
EDFs. Section IV summarizes the results and conclusions.

II. FORMALISM

A. Mean field

Self-consistent mean-field (SCMF) approaches to nuclear
structure have become increasingly complex and accurate.
They represent an approximate realization of density func-
tional theory (DFT) for atomic nuclei. This theory has
been extensively applied to electronic systems, based on
the self-consistent Kohn-Sham scheme [15–17]. In nuclear
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The ISGQR energy is sensitive to 
the effective mass.
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Here, E is the single-particle 
energy, NOT the total energy.

First term: E-mass
Second term: k-mass
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m⇤/m ⇡ 0.7� 1

The effective mass, in
particular m*/m, is related
to the density of s.p.
states.
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E.g. (α,α’): reaction theory should be used

Simplifying (not realistic) assumptions: zero-range force, distorted
waves reduced to plane waves:

d�

d⌦
= |f(✓)|2 f(✓) = � m

2⇡~2

Z
d3R �⇤

f (R)hf |VAa|ii�i(R)

DWBA
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f(✓) = � m

2⇡~2

Z
d3R �⇤

f (R)hf |VAa|ii�i(R)

With the previous assumptions:

If the argument is small, 

and then the cross section for a given L is proportional to the matrix 
element of 

f(✓) ⇠
X

i

X

LM

hf |jL(qri)YLM (r̂i)|iiY ⇤
LM (q̂)

jl(qri) ⇠ rLi

X

i

rLi YLM (r̂i)


