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The nuclear many-body problem

There are several combinations of nuclear
Hamiltonians and many-body methods to

solve the nuclear problem.

ADb Initio approaches
Configuration interaction/Shell model
Mean-field and DFT

2
\

H\D:E\Ij H=T+V = Z——V2‘|‘ZVQZ]‘|‘ZV3Z]k

1<j<k




ADb Initio nuclear structure

Techniques to solve the many-body problem that are exact,
or systematically improvable, and can provide reliable
estimates of the theoretical errors.

Results are sensitive to the choice of the Hamiltonian.
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Ab initio, depending on the specific implementation, has
difficulties to handle heavy nuclei and excited states.




Shell model or Configuration Interaction

Nucleons (A) distributed within a given set of

orbitals (n) in all possible ways.

* Roughly combinatorial, but there are ways to W///
restrict to good J and parity.
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CORE

« Diagonalization of H on this basis.

* Analogous to Cl for molecules.

 Recent progress has been made concerning
the SM embedded in the continuum.

* Role of the core... SM

Talk by A. GARGANO (after coffee break) !!
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Giant Resonances and highly excited
states

Spectroscopy of heavy nuclei
Reactions (transfer, fusion, fission)
Neutron stars

v

H. Heigert, Front. Phys.2020
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Glossary : DFT for Coulomb systems

According to Lévy and Lieb, for a system of fermions, it is possible to
define an exact functional that relates energy and particle density:

Eexact — E[/O]

In the case of electron systems, the Coulomb interaction is known.
Density Functional Theory (DFT) was created initially (only) for electronic
systems.

The lowest-order approximation for the energy (i.e. Hartree-Fock) is known
but is not the DFT energy! There are also a few exact results for electrons.

Electronic DFT is called ab initio. Nonetheless, existing functionals usually
include empirical parameters.
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The Hohenberg-Kohn theorem

The original theorem and its proof can be found in P. Hohenberg, W. Kohn,
Phys. Rev. 136, B864 (1964). They have in mind a system of interacting
fermions (H = T + V) in some external potential V.

a) There exist a functional of the fermion density
Bre[p) = (UIT 4V 4 Vesa[0) = Flpl + [ & Vit (1o

and the part denoted by F is universal (for nuclei, it would be the only part).

b) It holds:

The variational principle is written for the density.
The w.f. may be even too large to write !! (Try as
an exercise to estimate its dimension...)




The Kohn-Sham scheme

We assume that the density can be expressed in terms of single-particle
orbitals, and that the kinetic energy has the simple form:

=Y o) 1-% [ ) (-5t ) e

We have said that the energy must be minimized, but we add a constraint
associated with the fact that we want orbitals that form an orthonormal set
(Lagrange multiplier):

E_Zgi/dgr gb;'k(ﬁ?bm=T+F[p]+/d3fr Vext (7) p(7) Zez/dsrgb )b (7)

The variation of this quantity, (6/6¢*)... = 0 produces a Schrodinger-like equation:

(_ h;z% + 55—112 ext) Cbz("?) 5Z¢z(7?) h¢@ — €/L¢Z

“DFT is an exactification of
Hartree-Fock” (W. Kohn).




The nuclear independent particle model

=~ MeV (levels from about -50 MeV)
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Glossary part 2: DFT for nuclel

In the case of nuclei, we do not have (yet) a “fundamental
Hamiltonian” to start from. All EDFs are based on an ansatz for the
form of E, and a parameter fit.

All started with the invention of HF with effective forces. At a given
point, these forces have been seen only as a way to “generate” a total
energy from (®|T + V|®). Thus, there is no considerable difference
between HF and KS-DFT.

Skyrme...

...and
covariant

EDFs

ECT*, 9/7/2025
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Skyrme force or “pseudo-potential”

attraction short-range repulsion

1 - B B B Lo
Vskyrme = b0 (1 + 2o Py) 0(71 — 72) + 5151 (1+21FP,) (kT25(7“1 — T9) 4+ 0(7) — 75 kQ)

™ + To

S S o1 .
—|—t2 (1—|—3?2P0)]€T'5(771—772)]6—|—6t3(1—|—5133pg)(5(771—7'2 a(

+ ’LWO (0'1 —|—O'2) ]{TT X 5(7“1 — 7“2 E

e There are velocity-dependent terms which mimic the finite-range.
* The last term is a zero-range spin-orbit.

* In total: 10 free parameters.

) There are many existing Skyrme sets.
INFN Some are available on Theo4Exp. 1




Total energy

E is the expectation value of H = T + vg,,me ON @n independent particle wave
function, or Slater determinant.
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. 3 s The expression for the energy can be found in P.
E= [ d’r E(T) Stevenson and M. Barton, PPNP 104, 142 (2019).

5(_,) h2 —|—1t (1_'_330) - + Z xO—»Q 1Z§2
)= —7T+ = — =
om 20 2 )P 0 Pyt 9 2%
—|—Et3,0 (14‘?)/) _<$3‘|‘§>qu+73 —523(]
3t1 I i) ] 2 3t1 1 t2 1 2
1 ) —(1 —) v S (e 2 (2 \V
+[ 16(+2 T\ T )" er[16 R RET CREy | DI

e D0 D] o3 [5 (o) -5 ()] S i)

q

1 = 1
‘|—§ <t1$1 + tQZBQ) (§ T — QZBJQBJag) — 3—2 <3t1£131 — t2$2> S - V2§+

q af

1 1 . .
) (t2 _tl)z <8q T ZJQ af qaﬁ) + 25 32 (3t1 + ta) 54 - V5,

_%WOZ (14 04q) (gq -V X Jg + gV - j;]/)

qq’

The expression is complicated because different kinds of densities appear...

However, the expression simplifies in even-even nuclei. Our code(s) are for
spherical, even-even nuclei




From the total energy to HF equations

The total energy is written in terms of densities; and, in turn, the densities are
written in terms of s.p. wave functions or orbitals.

TGEDIAGIG

S| E — Z £; / d3r & (F) s (7) This variation leads to HF (or

HF-like) equations

— 2 — — —
[_v TG UL(7) + 6y pUcon(7) — W (7) (v X 6)] ¢i(T) = i (T)

2m (7)

Our code solves these equations in spherical symmetry, and on a radial

mesh.
The method is iterative and, at convergence, the s.p. energies are stable while

the energy reaches its MINIMUM.

ECT*, 9/7/2025
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Results

See the talk by Imane Moumene (after the coffee break).

Total energy and breakdown of different contributions, single-particle energies
and wave functions, densities and some of their moments like <r>.
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FIG. 1. The isoscalar density profiles for %Ni, 132Sn, and 2°°Pb, from Hartree-Fock and Thomas-Fermi models, versus the normalized
radius r/ry, with ry = 1.2A/3.
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The drip lines

120 ’ . .
. Stable nuclei
Known nuclei
—®-| | Drip line
@ S, =2MeV Z=82
J. Erler et al., Nature N 80 2
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486, 509 (2012) - SEDF =
) c
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S
[
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Fig. 4. The comparison of the uncertainties in the definition of two-proton and two-neutron drip lines obtained in CDFT and SDFT. The shaded areas are defined by the
/-) extremes of the predictions of the corresponding drip lines obtained with different parametrizations. The blue shaded area shows the area where the CDFT and SDFT
results overlap. Non-overlapping regions are shown by dark yellow and plum colors for SDFT and CDFT, respectively. The results of the SDFT calculations are taken from the
' N F N supplement to Ref. [2]. The two-neutron drip lines obtained by microscopic + macroscopic (FRDM [3]) and Gogny D1S DFT [5] calculations are shown by red and blue lines,

respectively. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this Letter.)
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Nuclear collective vibrations

AL=0

ISGMR

ISGDR

22

ISGQR

Figure by AT=0
M. Harakeh AS=0

Istituto Nazionale

@ IS = Iso-Scalar

IVGMR ISSGMR IVS6MR IV =Iso-Vector
S = Spin
G = Giant

ot atin M = Monopole

o Em @ Endipn DDl
Q = Quadrupole

IVGQR ISSGQR IVSGQR

[ ] O = Octupole

AS=0 AS=1 AS=1
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Strength function and operators

S(E) = S HnlFIO 6 (B~ B gp -5 o — o

2 | T2

Isoscalar (T=0) vs. isovector (T=1) and electric (S=0) vs. magnetic (S=1)

operators.
Fs =Y riYiu(f),
i
Frv = Y ri Yo (7:) 7,(0).
i

2
FisGMR = Y 77
i

FIvGMR = Z’”:‘zfz(i)-
i

.
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C.o.m. subtracted
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Collectivity

Given the strength function, one can define its moments:

mo = / iE S(E) my = / iE E S(E)

Total strength EWSR

Often, some states exhaust most of the total strength of or the EWSR.

«—
A . GDR
< __—
e
s \ Courtesy: N. Pietralla
(7))
>

Energy/MeV
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Time-dependent Hartree-Fock or Kohn-Sham

From: P. Stevenson (U. Surrey)

h¢z’ JE— 81: ¢?’/ o Minor Axis |

1000 2000 3000 4000

In the time-dependent case, one can solve the
evolution equation for the density directly:
Symmet;y Axis

h(t) = h+ f(t) [1(t), p(t)] = ih p(t) .| W\NWWWV\WMWWWWMMMVW\WW\WM

p(t — O) # ,Og.s. 5x10°°

0 7000 2000 3000 2000

Isovector Dipole Moment [fm]
(=]

Time [fm/c]
p(t=At)=U(t=0,t = At)p(t = 0) U=¢e '
This approach allows also studying large-amplitude motion (e.g. reactions).

If the equation for the density is linearized (small amplitude limit or linear
response): Random Phase Approximation or RPA.
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Matrix RPA and Finite Amplitude Method (FAM)

Small amplitude
Harmonic approx.

hwip(w) = {h(o),dp(w)} + {(m(w),p(o)} 4 [f) p(O)}

Standard definition of the “forward”
and “backward” amplitudes:

p=p946p h=n" +6n 6p = 6p(F)e” ™! + h.c.

Xpn = (ph™18p[0)  Ypn = (hp~'|6p|0)

(& 5)()-=(5)

FAM: the calculation of the two- Matrix formulation
body matrix elements is avoided Oh = Z —5p

(ep —en —w) Xpn + 5hph(w) = _fph(w)
(ep —€n +w) Ypn + 5hhp(w) = _fhp(w)

G.C. et al., Computer Physics
Commun. 184, 142 (2013). 21




The RPA program

The continuum is discretized. The
basis must be large due to the

zero-range character of the force. One possi® isS erical, |
Parameters: R, E¢. ot ode tabilities
ay be DTS B o ¢ states
m ing €9
208pp - ating ©-9° \
Pb - SGII nen calouatin® Lo actuall
‘N a nUC\ us W
& 2700} — n e tio
£ deform ry solu
o 2400} gl iMa
) S\gﬂa
= 2100}
N
o 1800} ]
sk Ly o : — Cf. | ane’s
r
S 59 . "N exampjeg - More
) .
= 54
Y 5o} —
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E_(MeV) ECT*, 9/7/2025
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RPA and collectivity: schematic model (I)

Schematic 2 x 2 case

Magnetic spin-flip

g+ v V
v ETV

hwi = €, XM =

hwoy = e+ v X(Q):

Istituto Nazionale
di Fisica Nucleare

states (M1)

> 208Pb : hy1p — hgp (proton)
132 — i112 (neutron)

ala) -
)

I
—o— | |
T —O—
o

ECT*, 9/7/2025
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RPA and collectivity: schematic model (I1)

Schematic N x N case

2hw
There is one “coherent state”:
. 1 \ f Thw
1
/N .
1)
A Ohw
Unperturbed IVGDR
lts transition amplitude is enhanced: strength strength
1
(nFI0) =3 Xpu(plFlh) ~ N—=M = VN M !
VN v
o ms.p- 0 collectlV
From S
G. C., Theoretical Methods for Giant Resonances, in: 1 - ‘ -
Handbook of Nuclear Physics, edited by I. Tanihata, H. Toki 1 eV 0 pevy
and T. Kajino A3 AL/3
(Springer, 2022).




Giant resonances are NOT

sharp states but have a I' = I'tandau + Fi -+ FT —+ ny
| j

large width (several MeV) 1 |

| |
Internal mixing Decay
1p-1h 2p-2h np-nh
. compound nucleus
Al T — — R
L

\ = ~7
GR 1t \ ik /lf this picture clear in all details?

We do not have systematic data

1p-2h and full understanding (cf. also [-
Ay ey k. delayed neutron emission).
Direct decay Pre-equilibrium and

statistical decay

This is a challenge for theory and may not simply call for parameter
tuning but is related to fundamental questions (many-body theory, open

quantum systems, the concept of thermalization...). 0




Giant Monopole Resonance

Example of study which is not carried out for mere “academic purposes”, but to
shed light on more general properties of nature...

15-—DJ'DM_E EXIP------ ) . . .
LTS . Breathing mode: in this case its energy
3 5 | is correlated with the compressibility of
E o i nuclear matter.

5 | :

§6_— ] o 1 oP - @

R ) X="a o0

ot ] We better consider the density as a
variable. A
I 'b'I'?' Sy
ncompressibility: X =rae\a
SN1987a

2
K, =op-Ll (5) (around 240 MeV)
T A \AY o,

U. Garg, GC, PPNP 101 (2018) 55




All this did not consider pairing,
namely it was supposed to work
for magic nuclei...

...we move to the superfluid case

ECT*, 9/7/2025
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Exercise 1

160 RPA 3- SLy5 default parameters

$MO (IS) B(EM) B(IV) Lty Eexp

6.13 MeV

l 0.67601E+01 0.25645E+04 0.21411E+02 0.68716E+03 0.31934E+01 0.37180E-01

200 RPA 2* SLy5 default parameters: instability!

200 QRPA 2* SLy5 box = 16 fm, E,,, = 60 MeV:

FRAC_NEWSR BEL em

1 0.20563E+01 0.37183E+03 0.37028E+02 0.12147E+02 0.15160E+03 0.23528E+02

ECT*, 9/7/2025
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Exercise 2

AQ : A=16-24

SLy5. Box size = 15 fm

__m <r>12 | <r>V, | <r, > _

128.40 127.52 2.68 2.59 2.66
18 141.18 139.81 2.69 2.68 2.83 1.19
20 153.36 151.40 2.70 2.96 1.29
22 163.30 162.00 2.71 3.06 0.76
24 171.30 168.90 2.74 3.20 0

Exp. energies from nndc.bnl.gov; exp. proton radii from De Vries et al., ATNDT
36, 495 (1987).
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Exercise 3

Hot pygmy dipole strength in nickel isotopes

Amandeep Kaur,!"* Esra Yiiksel,> T and Nils Paar® ¥

L Department of Physics, Faculty of Science, University of Zagreb, Bijenicka c. 32, 10000 Zagreb, Croatia
2School of Mathematics and Physics, University of Surrey, Guildford, Surrey GU2 7XH, United Kingdom

(Dated: June 17, 2025)

——T=0.0 MeV
---- T=1.0 MeV
~—=-T=1.5 MeV

—T=2.0MeV [

| 58Ni

=

| 60Ni

=

| 62Ni

[

5
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E [MeV]

arXiv:2506.13354v1

5
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RPA and the nuclear Shell Model (SM)

PHYSICAL REVIEW LETTERS 121, 252501 (2018)

Enhanced Quadrupole and Octupole Strength in Doubly Magic 13Sn

D. Rosiak,l M. Seidlitz,l"* P. Reiter,l H. Na’l’dja,2’3 4y, Tsunoda,5 T. Togashi,5 F. Nowacki,z’3 T. Otsuka,6’5’7’8’9 G. Col(‘),lo’“

K. Arnswald,1 T. Berry,12 A. Blazhev,1 M.J.G. Borge,B’T J. Cederk‘cill,14 D.M. Cox,'s"(’ H. De Witte,8 L.P. Gaffney,13

C. Henrich,"" R. Hirsch,1 M. Huyse,8 A. I]lana,8 K. Johnston,13 L. Kaya,1 Th. Kr61l,'” M. L. Lozano Benito,l3 J. Ojala,lﬁ’16

J. Pakarinen,ls’16 M. Queiser,1 G. Rainovski,18 J.A. Rodriguez,13 B. Siebeck,1 E. Siesling,13 J. Sn'eill,14 P. Van Duppen,8
A. Vogt,l M. von Schmid,17 N. Warr,1 F. Wenander,13 and K. O. Zell!

(MINIBALL and HIE-ISOLDE Collaborations)

theory [11,12]. Because of the computational limits of the
valence space, the SM approaches do not provide infor-
mation on the 37 state. The RPA and RRPA calculations

SM RRPA RPA RRPA RPA
5200F 3700
(a) (©
- i _— L. . - 45200
> 4700 N
=t Sl o= 4700 =
—~ 42001 s 4 %
g <
N 3700F 14200 <
3200 1 1 1 1 S| 1 1 1 1 1 1 3700

PEO) @ =
~— 015, A A A _015 vb')
f\lz : - o= o 8 =
1 H0.10 |
R R [ Y [ (RS »
3 0.05} 40.05 —

l¢]
3 o
R 0 22 s J;'ﬁ; = .L;ﬁ*' U

< 5 =35 < 5 =5
v n IO &)

In addition, the shell model cannot provide response at high energy (cross sections
for high-E neutrinos, just to make an example, are doable within RPA and QRPA but
not SM).

Istituto Nazionale
di Fisica Nucleare
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Backup slides
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The constrained search approach by Lévy-Lieb

P2
P+
Pa
®
|~
Pe
Ps j
F

Foy = ming (V| H| V),
Ey = min, (ming_,, (V|H|¥)) = min, E|p|,

E|p| = ming_,, (V|H|V).

30!

2%k

3025
13ftts

303

%3333

20l b

$3£3

202

£33

202

s¢f3%

101
G

#3382

102
H

AR3tts

103

344

We consider all w.f’s that
correspond to a specific density
with the symbol

v — p

ETPEEIFE

ABCODEFGHI

“instead of finding the tallest
child in the school by lining all of
them in the yard, we just line in
the yard the tallest pupils of
each class...”
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Note on exchange operators

T he operator
P12 = PM[PGP—;-

exchanges particles 1 and 2 (position, spin and
ISOspin are exchanged, respectively, by the three
operators at r.h.s.).

It is useful because one can write

(1j|VIkl)as = (i5|V (1 = P12) |Kl).
In the case of a zero-range force Pyy=number:
1 for V = a5(7_"12). (?712 =71 — ??2).

140107

Ps >

INF ECT*, 9/7/2025
(s
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Fitting the EDF parameters

« Empirical saturation point

« Masses of nuclei X2 (7) = Z

« Charge radii of nuclei
* More pseudo-observables like the equation of state of neutron matter
 More observables: excited states

» A bit outside DFT philosophy: single-particle states and spin-orbit splittings

x-square fitting is one widely used option to obtain the EDF parameters

Increasing number of studies that employ Bayesian techniques
(parameter distributions)

INF ECT*, 9/7/2025
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Masses and charge radii of atomic nuclei

4 T T T 4 T T T T T T
[ [FRoMGo)]| ; W3
’?‘ 2-_: i ; b i
2 [ 2
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S S .
af 2 ] FRDM(2012) Mac-Mic 38° 0559°
035404530 ~"100 %5140 i0 3205080~ 001304060 W54 Mac-Mic 18 0.298°
4 Neutron Number Neutron Number HFBZ4 EDF 30r 0549'
. A A s UNEDF1 EDF 12 1.88¢
- DD-PC1 EDF 9 201"
g O
K
Euf' -5+ .
| = Masses: typical errors =
0720730 "0 30 T00 120 140 160 19207720760 30 100 120 140 160 “ ”
Neutron Number Neutron Number - r ’ Mev- ArCheS ShOW UP-

X. Roca-Maza and N. Paar, PPNP 101, 96 (2018) 3.6 _ |

For radii the pictures is

g 01% . I l l“ -IHFB24I_ E ()Ié- l l I~DD-P(l31_§
B R TIPS B - somehow more blurred.
.;A 0.05; ‘:} o * .§ . & 4 S/\ 0.05:' -:s'. s . . oﬁ./ -: . ,
"?ﬁ "f'm%& "?ﬁ of ,M S . . More fingerprints of the
S SN S A T basic limitations of the
o5 O1F * 1 8 01 ’ 3 - -
b Ay e gz current EDFs.
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From M. Bender
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RPA and TDHF

1 * [— TDHF| 1
ul T |-—- reA | |
] :
|

This comparison between TDHF and
RPA (using Skyrme EDFs) is taken from:

>
%- S. Burrello et al., Phys. Rev. C99,
. a 054314 (2019).
| g, ]
' L | | SAMi-J31
75 10 15 %)[Me\gi 30 35 40

FIG. 9. The strength function of the IS (a) and IV (b) response
for 132Sn with SAMi-J31 as obtained in TDHF or in RPA calculation,
with Ly,x = 20 or 30 fm, respectively. The vertical lines indicate the

energy of the modes selected for the transition density analysis (see
Sec. IIIE).

ECT*, 9/7/2025
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The nuclear EoS and the symmetry energy ()

* From the energy per particle as a function of the density we can extract
the pressure. , 0 F

P(p) = p>=—=
(p) =p 95 A (p)
* For this reason, we call E/A the “equation of state” of nuclear matter.

« In this quantity, the part that depends on the neutron-proton imbalance
IS poorly known.

i Symmetry
Nuclear matter EOS iﬁg‘reégs energy S B= Pn — Pp
E E I | p
Z(0.8) =~ (0.8 L 0) + 5()

* Odd powers forbidden by isospin symmetry
 Up to densities relevant for nuclear physics this “quadratic approximation” seems to hold
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The nuclear EoS and the symmetry energy (ll)

Nuclear matter EOS
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In turn, the symmetry energy can be expanded
around a reference density.

One usually takes the saturation energy of
symmetric matter:

PO — 0.16 fm_3

ECT*, 9/7/2025 -



The nuclear EoS and the symmetry energy (lll)

Expansions around py= 0.16 fm=3 SATURATION POINT of SNM

4 2 )
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Symmetry energy from IV vibrations

Neutrons and protons oscillate in opposition of phase.

0*E _ Pn — Pp
Ervgr ~ 8—52%\/5(,0) b= P
a) rl.-':._r_I.HlL:E:;I:.:!;n (b |b|1|?t[3:nll]:$::r::mi PromiSing Observables tO
R o extract the properties of
the symmetry energy.
Problems:

the nucleus is not a
homogeneous system, it
has a shell structure, and
there is isoscalar/isovector
mixing.

& lons # Electrons i lellinm & Prolons & Meutrons
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Giant Quadrupole Resonance
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FIG. 9. (Color online) Collective energy (a) and width (b) of the . Py
IS GQR systematically obtained for spherical nuclei using the SkM* Th € IS G Q R energy IS SenS|t|Ve to

(black crosses) and Sly4 (red circles) functionals. The blue triangles the eﬂ:ectlve mass

correspond to experimental data taken from [8].
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Reminder on effective mass

_ R2%k? Here, E is the single-particle
E=om T >k, ) energy, NOT the total energy.

dE  R%k  dXdE | dX

dk~ m +dEdk+dk

[The effective mass, in\
particular m*/m, is related
to the density of s.p.

dE 2 ,
o= (1 _ g) _ 7k 4+ d>
dk m dk
If we wish to define

h2k?  dE  h2%k

E = — =
rF  dk statis.
then \m /m%07—1 /
2 —1 2
?ik:z(l_d_Z) ﬁk_l_dz
m* dFE m dk
m (1 dZ)_l (1 L dZ) First term: E-mass
m* dE Rk dk Second term: k-mass
)
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GRs excited in inelastic scattering
i

20Sn vﬁ

1 1 L L
Ex (MeY] 20 10

E.g. (a,0’): reaction theory should be used
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A
et 200

DWBA

m

Z—g =FOF F(0)=—5 5 [ @R XG(R)(f[Vaali)xi(R)

Simplifying (not realistic) assumptions: zero-range force, distorted
waves reduced to plane waves:

Vag =Y vod (R — )
1

e Tt = an N~ i Lj (qR)Y} 1 (@Y1 (R)
LM
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™m

£0) = =2 [ d*RGR)(fVaali)x(R)

With the previous assumptions:

LL Flac(qri) Yo (7)) Y7 (4)

1

If the argument is small,
Ji(gri) ~

and then the cross section for a given L is proportional to the matrix
element of
L A
E i Y (75)
)
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