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Introduction
Few-body bound states



Introduction
Few-body resonances
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Introduction
Few-body resonances are ubiquitous

• Nuclear physics

• Ultracold atoms

• Excitons in semiconductors, …



Introduction
Mass ratio dependence of resonance width

Mass Ratio Dependence of Three-Body Resonance Lifetimes in 1D and 3D
Happ, Naidon, Hiyama, Few-Body Systems 65, 38 (2024)

Many questions:
- Why such a strong effect of the mass ratio?
- Effect also for other parameters?
- What is the underlying mechanism?
- Is the width really vanishing?
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Outline

1. Two-channel description of few-body resonances

2. Bound state in a continuum (BIC)
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4. Example in 3D: the Efimov scenario

5. Conclusion
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1. Two-channel description

𝐻 =  
𝐻௢,௢ 𝐻௢,௖

𝐻௖,௢ 𝐻௖,௖

Few-body system via
Feshbach-like two channel model

 Finite width Γ due to coupling between closed and open channel

𝐻௢,௢  − 𝐸௢,௠ Φ௢,௠ = 0

𝐻௖,௖  − 𝐸௖,௡ Φ௖,௡ = 0

𝐻௜,௜ = 𝑇 + 𝑈௜, 𝑖 ∈ {𝑜, 𝑐}

Bare (uncoupled) states:
En

er
gy

Coordinate 𝑅

For instance,
Born-Oppenheimer 
or 
Hyper-spherical 
representation

𝑈௖

𝑈௢

Δ𝐸

|Φ௢,௞⟩

Γ = 2𝜋 Φ௢,௞ 𝐻௢,௖|Φ௖,௡⟩
ଶ

Isolated resonance theory:

Chin et al., Rev. Mod. Phys. 82, 1225 (2010)
Naidon, Pricoupenko, PRA 100, 042710 (2019)
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𝑘 𝑅 ଶ

2𝜇
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WKB approximation of the continuum state:

Φ௢,௞ 𝑅 ∝
1

𝑘 𝑟
cos 𝛼 + න𝑑ௗ𝑅ᇱ𝑘 𝑅ᇱ

With   𝑘 𝑅 ≡ 2𝜇 Δ𝐸 − 𝑈௢ 𝑅

Key observations:
• Overlap with oscillating Φ௢,௞ 𝑟 can lead to cancellation
• Wavelength of oscillations mainly governed by 𝑘 𝑅
• General mechanism for any dimension

Coordinate 𝑅

Δ𝐸



1. Two-channel description

Φ௢,௞ 𝐻௢,௖|Φ௖,௡⟩

Relative momentum
𝑘 ≡ 2𝜇 Δ𝐸 − 𝑈௢ 𝑅

Zero width ! = Bound State in a Continuum (BIC)

Any parameter that changes 
the relative momentum:
- Mass ratios 𝛽 = 𝑀/𝑚
- Energy gap Δ𝐸
- …
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Hsu et al., Nature Rev. M. 1, 16048 (2016)

von Neumann and Wigner, Phys. Z. 30, 465 (1929)

Various mechanisms
- Engineered potentials
- Selection rules/protection from symmetries or separability
- Interferences of two resonances
- Continuous tuning of system parameters
- …

2. Bound state in a continuum

bound

scattering

resonance

BIC



1D 𝑀

𝑚
= 𝛽

Born-Oppenheimer approximation:

Gaussian interspecies interaction
𝑉௜௝ 𝑟 = 𝑣଴𝑒ି(௥೔ೕ/௥బ) మ

𝐻଴𝜙஼ Z; z = 𝑼𝑪 𝒛  𝜙஼ 𝑍; 𝑧 , 𝜙஼ 𝜙஼ᇲ = 𝛿஼,஼ᇲ
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Next-order BO (1):
𝐻௢,௖ ≠ 0
 coupling induces finite width Γ ≠ 0
 also: diagonal correction to resonance positions

Lowest-order BO (0):
𝐻௢,௖ = 𝐻௖,௢ = 0
 No coupling; resonances are stable bare 
bound states

3. Example in 1D
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full 3-body calculationBorn-Oppenheimer

𝑈௢(𝑧)

𝑈௖(𝑧)

𝜙௖(𝑧) LO BO
NLO BO

𝐸ଶ 1𝑠

𝐸ଶ 1𝑎

𝐸ଶ 2𝑠

Γ = 2𝜋 Φ௢,௞ 𝐻௢,௖|Φ௖,௡⟩
ଶ

3. Example in 1D : Born-Oppenheimer



2025/04/03 Lucas Happ 14

• Damped-oscillatory behaviour

• configurations with zero width: 
stabilised resonances (BIC)

• Good agreement between 2-channel 
BO and full 3-body calculation

Here: variation of 𝑘 via the mass ratio    ଵ

ଶ଴
≤ 𝛽 ≤ 20 𝑘 ∝ 1 + 𝛽

𝐵ଶ =
ℏଶ

2𝜇௕௫𝑧଴
ଶ

3. Example in 1D : Results

BIC
BIC BIC BIC BIC

𝑘
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4. Example in 3D : the Efimov scenario
Efimov states are usually resonances
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Momentum-dependent scattering length

3D

𝛽 = 1

Two-body interactions:

Two-channel contact model:
𝑎ୠ୥ : Background scattering length
𝑅⋆: Strength of the resonance
𝑒௕: Shifted energy of the bare bound state
𝐵 : external magnetic field

𝑒௕ = 𝛿𝜇஻ B − B଴

Simple model of ultracold atoms close to a 
Feshbach resonance

Three identical bosons in 3D

2025/04/03

4. Example in 3D : the Efimov scenario

Bare open-channel molecule

Two-body solution
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Three-body solution via STM equation

1/𝑎ୠ୥ = 0.05

 Three-body BIC in Efimov scenario via tuning of an external magnetic field
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4. Example in 3D : the Efimov scenario

3D

𝛽 = 1

Three identical bosons in 3D
BIC
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4. Example in 3D : the Efimov scenario

3D

𝛽 = 1

Three identical bosons in 3D

Several parameters can be tuned to reach a BIC



Summary:
• Two-channel picture explains BIC in few-body systems
• Stabilisation of resonances by continuously tuning of system parameters
• General phenomenon in different dimensions
• BIC in the Efimov scenario via tuning of an external magnetic field

Outlook:
• Universality?
• Other systems and tuneable parameters?
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5. Conclusion


