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Chiral Perturbation Theory - Ingredients
• Chiral Perturbation Theory is the low-energy effective theory of QCD

• In massless QCD, left-and-right-handed quarks do not mix and therefore can be rotated independently  and 
 . The symmetry of the QCD partition function is

•  due to the formation of the chiral condensate, 

• The   subgroup of  is broken by the partition function.

• The building blocks of the effective theory are

• Goldstone Manifold. 

• Scalar-Pseudoscalar Source.  

• Electromagnetic Gauge Field. 

• The results are model-independent for  with 

ψL → L ψL
ψR → R ψR

U(1)V × SU(2)V × SU(2)A → U(1)V × SU(2)V ⟨ψ ψ⟩ ≠ 0

U(1)A : ψ → eiθ5γ5 ψ U(2)L × U(2)R

Σ ∈ SU(2)L × SU(2)R/SU(2)V

χ = S + i P

∂μ Σ → Dμ Σ = ∂μ Σ + iAμ [ Q , Σ ]

p/(4πFπ) ≪ 1 p = − i∂ , eB , mπ



Chiral Perturbation Theory - Ingredients
• Goldstone manifold, 

• The fluctuations are axial since the chiral condensate  is only invariant if  .

• The construction of the Lagrangian involves building a chirally invariant theory under  .

• The mass term of QCD  also explicitly breaks chiral symmetry  . Chiral 
symmetry can be preserved through the introduction of spurion sources in the QCD Lagrangian that transform 
accordingly.

• The leading order mass term is by introducing sources in the QCD Lagrangian that preserves chiral symmetry 
 with  .

Σ ∈ SU(2)L × SU(2)R/SU(2)V

⟨ ψ ψ ⟩ L = R ≡ V

Σ → L Σ R†

Δℒ = mq ψ ψ SU(2)L × SU(2)R → SU(2)V

Δℒ = ψL χ ψR + ψR χ† ψL χ → L χ R†

1 → Σ = 1 + ⋯

Σ ≡ U1U ∈ SU(2)L × SU(2)R/SU(2)V
U = exp ( i Φ

2F ) Φ =
π0 2π+

2π− π0

ℒ2 = 1
4 F2 Tr [ ∂μ Σ†∂μ Σ ]+ 1

4 F2 Tr [ χ Σ† + χ† Σ ]



Chiral Perturbation Theory - Ingredients
• Terms that contribute at higher order terms are generated similarly

•  and  are low and high energy constants contain divergences and in terms of the MS-bar scale  are

• In a magnetic field, further counter-terms are required

ℓi hi Λ

ℒ4 =
ℓ3 + ℓ4

16
Tr [χΣ† + χ†Σ]2 +

h1 + h3 − ℓ4

4
Tr (χχ†) −

ℓ7

16 [Tr (χΣ† − χ†Σ)]2

+
h1 − h3 − ℓ4

16 {[Tr (χΣ† + χ†Σ)]2 + [Tr (χΣ† − χ†Σ)]2 − 2Tr (Σχ†Σχ† + χΣ†χΣ†)}

ℓi = ℓr
i (Λ) −

γi Λ−2ε

2 (4π)2 [ 1
ϵ

+ 1] Λ
d

dΛ
ℓr

i = −
γi

(4π)2
ℓr

i (Λ) =
γi

2(4π)2 [ℓ̄i + log
m2

Λ2 ]

Δℒ4 = −
4h2 + ℓ5

2
Tr [FR

μνFRμν + FL
μνFLμν] + ℓ5Tr [ΣFL

μνΣ†FRμν] FR
μν = FL

μν = − e
τ3

2
Fμν



Magnetic Catalysis
• The relative shift in the chiral condensate 

monotonously increases as a  function of eB

• Lattice QCD observes the same qualitative 
behavior and has an extended range of validity

ΔΣ(H)
Σ(0)

= − ∫
∞

0

ds
(4πs)2

e−m2
πs [ eBs

sinh eBs
− 1]

D’Elia, Lattice QCD Simulations in External Background Fields (2013)

Cohen, McGady, Werbos, PRC 76, 2007



Free Energy in the -vacuumθ
• The sum over Landau levels produces an 

effective potential (in terms of a proper time 
integral s)

• The quadratic contribution renormalizes the 
external field (with eB invariant) 

•
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BR = ZBB ZB = 1 + 4e2hr
2 +

e2

6(4π)2 (log
Λ2

m̊2
π(θ)

− 1)

ℱ̃B(θ) =
1
2

B2
R − ∫

∞

0

ds
(4π)2s3

e−m̊2
π(θ) s [ eBs

sinh eBs
− 1 +

(eBs)2

6 ]

m̊2
π(θ) = m̊2

π(0) 1−
4mumd

(mu + md)2 sin2 θ
2

Schwinger, PR 82, 1951



Topological Susceptibility Shift
• The topological susceptibility is monotonous 

function of eB

• A low energy theorem relates it to the chiral 
condensate 

χt,B = − B0 m∫
∞

0

ds
(4πs)2

e−m2
πs [ eBs

sinh eBs
− 1]

= B0 m [ 1
6(4πmπ)2 ](eB)2 + 𝒪 {(eB)4}

χt,B = − m ⟨ q̄fqf ⟩B m = ( 1
mu

+ 1
md )

−1

n=2

n=3

n=2 (weak)

n=3 (weak)
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 PA, PLB, 825 2022

χt (0) = − i∫ d4x ⟨𝒯
g2 G̃ G(x)

32π2

g2 G̃ G(0)
32π2 ⟩



Renormalized Magnetization
• Renormalized magnetization characterizes 

the response of the QCD vacuum to the 
external magnetic field. Formally,

• Lattice computation of the (renormalized) 
magnetization, while mostly consistent 
with chiral perturbation theory, has large 
uncertainties 

•
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∂ℱB
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Key Questions & Approaches
• Questions

• What are finite volume effects on observables/condensates in a uniform magnetic field?

• Chiral condensate, magnetization/pressure anisotropy, neutral pion magnetic polarizability

• How does generalization to parallel Euclidean electric and magnetic field impact the analysis?

• Discussion: How does one generalize the approach to real electric fields?

• Approach

• Chiral Perturbation Theory is the relevant long wavelength description of QCD

• Periodic boundary conditions is a conventional choice in lattice QCD

• All analysis will be performed in Euclidean space using indexing convention 

• Choice of gauge:  

wμ = (w0, w1, w2, w3)

Aμ = (0, − Bx2,0,0)



Boundary Conditions & Flux Quantization
• Gauge fields are only periodic up to a gauge-transformation

• Gauge invariance requires an equivalent gauge transformation of pion fields

• Magnetic flux quantization is a consequence of 

Aμ = (0, − Bx2,0,0) Aμ(x + L2 ̂x2) = Aμ(x) + (0, − BL2,0,0) ≡ Aμ(x) + ∂μ(θ2 + Λ2) Λ2 = − BL2x1

ϕ(x + L1 ̂x1 + L2 ̂x2) = W2(x1 + L1)ϕ(x + L1 ̂x1) = e−iQθ1W2(x1 + L1)ϕ(x)
ϕ(x + L2 ̂x2 + L1 ̂x1) = e−iQθ1ϕ(x2 + L2 ̂x2) = e−iQθ1W2(x1)ϕ(x)

W2(x1) = W2(x1 + L1) ⟹ eB =
2πNΦ

L1L2

ϕ(x + L2 ̂x2) = W2(x1)ϕ(x) W2(x1) = e−ie(θ2−BL2x1) ≡ e−ie(θ2+Λ2)



Green’s Function & Coincident Limit
• The infinite volume Green’s function is not translationally invariant

• The finite volume Green’s function is also not translationally invariant and in both directions 
of the transverse plane

(−D′￼μD′￼μ + m2) G∞
+ (x′￼, x) = δ(4)(x′￼− x)

G∞
+ (x′￼, x) = eieBΔx1x2 ∫

∞

0

ds
(4πs)2

eBs
sinh eBs

e−m̊2
πs exp [−

eB(Δx2
1 + Δx2

2)
4 tanh eBs −

Δx2
0 + Δx2

3

4s ] ≡ eieBΔx1x2g∞(x′￼− x)

(−D′￼μD′￼μ + m2) G+(x′￼, x) = δ(4)
Lμ

(x′￼− x)

G+(x′￼, x) = ∑
νμ∈ℤ

eieθ1ν1[W†
2 (x1)]ν2 G∞

+ (x′￼+ νμLμ, x)

G+(x, x) = ∑
νμ∈ℤ

(−1)NΦν1ν2[W†
1 (x2)]ν1[W†

2 (x1)]ν2g∞(x − x + νμLμ)

G+(x′￼, x) = ⟨ π+(x′￼) π−(x) ⟩

δL1
(x′￼− x) = ∑

ν1∈ℤ

δ(x′￼− x + ν1L1)

• Tiburzi, Phys. Rev. D 89, 074019 (2014)

Schwinger, PR 82, 1951

W1(x2) = e−ie(θ1+BL1x2)



Finite Volume Local Quark Condensate
• The quark condensate is therefore spatially 

variant

• For asymptotically large boxes

ℒmass =
F2

4
Tr[χ†Σ + χΣ†] = = 2B0mq (F2− 1

2 π0π0 − π−π+ + ⋯)
⟨ψ(x)ψ(x)⟩ = − 2B0[F2− 1

2 G0(0,0) − G+(x, x)]

⟨ψ ψ⟩∞
0 = − 2B0F2

R(x⊥) =
⟨ψ(x)ψ(x)⟩ − ⟨ψ ψ⟩∞

⟨ψ ψ⟩∞
0

= − [ 5
2

+ cos ( 2πNΦx1

L ) + cos ( 2πNΦx2

L )] ×
m2

π

F2
π

e−mπL

(2πmπL)3/2
+ ⋯

mπL = 3



Finite Volume Average Quark Condensate
• The quark condensate is therefore spatially 

variant

• Finite volume correction of the spatially 
averaged condensate is characterized by

ℒmass =
F2

4
Tr[χ†Σ + χΣ†] = = 2B0mq (F2− 1

2 π0π0 − π−π+ + ⋯)
⟨ψ(x)ψ(x)⟩ = − 2B0[F2− 1

2 G0(0,0) − G+(x, x)]

⟨ψ ψ⟩∞
0 = − 2B0F2

Δ⟨R⟩
ΔR∞

=
⟨R⟩ − ⟨R⟩B=0

R∞ − R∞
B=0

= e−mπL 2πmπL [1 + 𝒪 ( 1
mπL ) + 𝒪(e−mπL) + 𝒪 ( N2

Φ

(mπL)2 ) + ⋯]
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1
L1 ∫

L1

0
dx1 [W†

2 (x1)]ν1 = δν1,0

1
L2 ∫

L2

0
dx2 [W†

1 (x2)]ν2 = δν2,0



Pressure Anisotropy & Magnetization
• Pressure can be defined either at fixed field or field flux

• The matter contribution to the free energy  admits finite volume 
corrections

• The longitudinal (transverse) pressures are identical (different)

FB = VℱB

pi = −
Li

V
∂FB

∂Li B,Lj≠i

p̃i = −
Li

V
∂FB

∂Li Φ,Lj≠i

ℱ∞
B = −

1
(4π)2 ∫

∞

0

ds
s3

e−m2
πs [ eBs

sinh eBs
− 1 −

1
6

(eBs)2]
ℱFV

B = −
1

(4π)2 ∫
∞

0

ds
s3

e−m2
πs [θ3(

L2
3

4s ) − 1] [ eBs
sinh eBs

− 1]

p̃3 = p3 = − ℱB − L3
∂ℱB

∂L3
p̃⊥ = − ℱB − Bℳr p⊥ = − ℱB ℳr = −

∂ℱB

∂B



Pressure Anisotropy & Magnetization
• The pressures (fixed flux) are anisotropic

• The ratio captures finite volume corrections 
in the infinite volume magnetization

• The finite volume corrections are extremely 
acute

Δp̃ = p̃⊥ − p̃3 Δp̃ ∞ = lim
L3→∞

Δp̃⊥ = − Bℳ∞
r

R(Δp̃) =
Δp̃ − Δp̃ ∞

Δp̃ ∞

=
30

7(2π)3/2N2
Φ

(mπL)9/2e−mπL 1 + 𝒪 ( 1
mπL ) + 𝒪(e−mπL)



Neutral Pion Magnetic Polarizability
• The ChPT Lagrangian that encodes neutral pion interactions is

• The neutral pion effective Lagrangian in a magnetic field depends on its 
energy E with coordinate dependent finite volume dependence encoded in 

• The renormalized Green’s function must be constructed in position space

𝒱

ℒeff = 1
2 ∂μπ̃0∂μπ̃0+ 1

2 (E2 + 𝒱)π̃0π̃0 E = mπ [1 +
eB

2(4πFπ)2
ℐ ( m2

π

QB )] = mπ −
1
2

βMB2 + 𝒪(B4)

ℒint = −
m2

24F2
(π0π0)2 −

m2

6F2
(π+π−π0π0) −

1
3F2

Dμπ+Dμπ−π0π0 +
1

3F2
[∂μ(π+π−)]π0∂μπ0−

1
3F2

π+π−∂μπ0∂μπ0

⟨x′￼|𝒢0 |x⟩ = ⟨x′￼|G0 |x⟩ + ∫y
⟨x′￼|G0 |y⟩𝒪(y)⟨y |G0 |x⟩

𝒢−1
0 = G−1

0 − 𝒪 G−1
0 = − ∂2 + m2 𝒪(y) = − (G−1

0 ) 1
2 V1(y)− 1

2 V1(y)(G−1
0 ) − V(y)

𝒢−1
0 = (1− 1

2 V1)G−1
0 (1− 1

2 V1) + V + ⋯



Neutral Pion Two-Point Function
• The renormalized Green’s function can be projected into zero momentum at 

the sink

• As before, averaging over the transverse plane projects to zero winding

G̃ 0(x′￼, x) = ∫
∞

−∞

dp0

2π ∑⃗
p

eipμ(x′￼−x)μ

pμpμ + E2 𝒞0(T, x⊥) ≡ ∫ ⃗x′￼

𝒢0(x′￼, x)

𝒞0(T, x⊥) =
e−ET

2E [1 + ℛ(T, x⊥, θ⊥)] =
e−(E+ΔE)T

2(E + ΔE) [1 + ℛ⊥(T, x⊥, θ⊥)]

⟨ 𝒞0(T ) ⟩ =
e−(E+ΔE)T

2(E + ΔE)
ΔE =

mπ

2 ∫
∞

0
ds

e−m2
πs

(4πsFπ)2 [ QBs
sinh QBs {ϑ3(0,e− L2

3
4s ) − 1} −

1
2 {Θ0(s) − 1}]



FV Effect on Neutral Pion Polarizability
• The infinite volume polarizability is

• The relative finite volume correction is

2.5 3.0 3.5 4.0 4.5 5.0 5.5 6.0
0.0

0.1

0.2

0.3

0.4βM =
e2

6mπ(4πFπ)2

ΔβM

βM
= 2

∞

∑
ν=1

νmπL3K1(νmπL3)

= 2πmπL3e−mπL3 + ⋯



Parallel Euclidean Electric and Magnetic Fields
• Generalize the gauge background to include electric field

• Gauge invariance requires pion fields to transform as 

• Magnetic and electric translations must commute for single-valued pion fields

• Green’s function is constructed easily using separability in infinite volume and method of images in finite 
volume 

•

Aμ(x) = (0, − Bx2, 0 , − ℰx0)

Aμ(x + L0 ̂x0) = Aμ(x) + ∂μ(Λ0 + θ0) Aμ(x + L2 ̂x2) = Aμ(x) + ∂μ(Λ2 + θ2)

ϕ(x + L0 ̂x0) = e−ieθ0e−iΛ0ϕ(x) ϕ(x + L2 ̂x2) = e−ieθ2e−iΛ2ϕ(x)

W2(x1) = W2(x1 + L1) ⟹ eB = 2πN⊥/(L1L2)
W0(x3) = W0(x3 + L3) ⟹ eℰ = 2πN∥/(L0L3)

ϕ(x + L1 ̂x1 + L2 ̂x2)
ϕ(x + L0 ̂x0 + L3 ̂x3)

G∞
+ (x′￼, x) = ∫

∞

0
ds e−m2sG∞

∥ (x′￼⊥, x⊥ |s)G∞
⊥ (x′￼⊥, x⊥ |s)

G∥(x′￼∥, x∥ |s) = ∑
ν∥∈ℤ

eieθ0ν0[W†
0 (x3)]ν0G∞

∥ (x′￼∥ + ν∥L∥, x∥)

G⊥(x′￼⊥, x⊥ |s) = ∑
ν⊥∈ℤ

eieθ1ν1[W†
2 (x1)]ν2G∞

⊥ (x′￼⊥ + ν⊥L⊥, x⊥)

Preliminary result



Parallel Euclidean Electric and Magnetic Fields
• Generalize the gauge background to include electric field

• Gauge invariance requires pion fields to transform as 

• Magnetic and electric translations must commute for single-valued pion fields

• Green’s function is constructed easily using separability in infinite volume and method of images in finite 
volume 

•

Aμ(x) = (0, − Bx2, 0 , − ℰx0)

Aμ(x + L0 ̂x0) = Aμ(x) + ∂μ(Λ0 + θ0) Aμ(x + L2 ̂x2) = Aμ(x) + ∂μ(Λ2 + θ2)

ϕ(x + L0 ̂x0) = e−ieθ0e−iΛ0ϕ(x) ϕ(x + L2 ̂x2) = e−ieθ2e−iΛ2ϕ(x)

W2(x1) = W2(x1 + L1) ⟹ eB = 2πN⊥/(L1L2)
W0(x3) = W0(x3 + L3) ⟹ eℰ = 2πN∥/(L0L3)

ϕ(x + L1 ̂x1 + L2 ̂x2)
ϕ(x + L0 ̂x0 + L3 ̂x3)

G∞
+ (x′￼, x) = ∫

∞

0
ds e−m2sG∞

∥ (x′￼⊥, x⊥ |s)G∞
⊥ (x′￼⊥, x⊥ |s)

G∥(x′￼∥, x∥ |s) = ∑
ν∥∈ℤ

eieθ0ν0[W†
0 (x3)]ν0G∞

∥ (x′￼∥ + ν∥L∥, x∥)

G⊥(x′￼⊥, x⊥ |s) = ∑
ν⊥∈ℤ

eieθ1ν1[W†
2 (x1)]ν2G∞

⊥ (x′￼⊥ + ν⊥L⊥, x⊥)

Preliminary result



Local Chiral Condensate
• The chiral condensate is proportional to the coincident Green’s functions

• The ratio R(x) is separable into transverse and longitudinal contributions

G+(x, x) = ∑
νμ∈ℤ

f⊥(ν⊥, x⊥)f∥(ν∥, x∥)g+(νμ)

f⊥(ν⊥, x⊥) = (−1)N⊥ν1ν2[W†
1 (x2)]ν1[W†

2 (x1)]ν2

f∥(ν∥, x∥) = (−1)N∥ν3ν0[W†
3 (x0)]ν3[W†

0 (x3)]ν0

g+(νμ) = g∞(x + νμLμ, x)

= ∫
∞

0

ds
(4πs)2

e−m2s eBs
sinh eBs

eℰs
sinh eℰs

e(− 1
4s [ eBs

sinh eBs (ν⊥L⊥)2 + eℰs
sinh eℰs (ν∥L∥)2])

R(x) =
⟨ψ(x)ψ(x)⟩ − ⟨ψ ψ⟩∞

⟨ψ ψ⟩∞
0

≈ R⊥(x⊥) + R∥(x∥)

R⊥(x⊥) = − [1 + cos ( 2πN⊥x1

L ) + cos ( 2πN⊥x2

L )] m2
π

F2
π

e−mπL

(2πmπL)3/2

R∥(x∥) = −
1
2

+ cos (
2πN∥x0

L0 ) m2
π

F2
π

e−mπL0

(2πmπL0)3/2
−

1
2

+ cos (
2πN∥x3

L ) m2
π

F2
π

e−mπL

(2πmπL)3/2

mπL = 3 mπL0 = 3,4 N∥ = 2
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Free Energy and Pressure Anisotropy
• Finite volume corrections are absent in the free energy 

• Nevertheless, there is a pressure anisotropy in finite volume due to quantization of 
fluxes

•

ℱB,ℰ = −∫
∞

0

ds
(4π)2s3

e−m2
πs [ eBs

sinh eBs
eℰs

sinh eℰs
− 1 +

1
6 {(eBs)2 + (eℰs)2}]

Δp̃ ≡ p̃⊥ − p̃3 = − Bℳr + ℰ𝒫r ℳr = −
∂ℱB,ℰ

∂B
𝒫r = −

∂ℱB,ℰ

∂ℰ

0 1 2 3 4
0

1

2

3

4

eB/mπ
2

eE
/m

π2

Preliminary result



Conclusion
• Chiral perturbation Theory provides a model-independent setting to study the impact of weak fields on the QCD 

vacuum

• Finite volume lattice corrections to observables/condensates is significant [PA, Tiburzi, Phys. Rev. D, 107, 094504 
(2023)]

• The large size of the correction is due to finite volume effects entering at the same order as finite magnetic field 
effects

• The volume effect is worse for observables that are small at weak fields such as magnetization and magnetic 
susceptibility

• In parallel (Euclidean) electric and magnetic fields, the local chiral condensate is periodic in all four directions 
but admits no finite volume corrections upon averaging [Preliminary result]

• While the free energy is free of finite volume corrections, there is a finite pressure anisotropy [Preliminary result]
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