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Nucleon and QCD

Proton • Proton(p): u+ u+ d; Neutron(n): d+ d+ u.

• infinitely many gluons and sea-quark.

• These quarks and gluons are bound together by the strong
interactions, described by quantum chromodynamics (QCD).

• QCD’s Running Coupling is getting large as energy scales
decrease.
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Dyson-Schwinger Equations

Dyson-Schwinger Equations (DSEs) are a system of infinitely coupled equations for
Schwinger functions.

DSEs provide a widely used approach to hadron structure.

• Gap Equation: DSEs for quark
propagator: S(p)
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DSEs: Faddeev Equation - three quarks
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• Baryons appear as poles in
the six-point Green-function.

• The relativistic three-body
bound-state equation satisfy
a homogeneous integral
equation...Faddeev Equation
Eichmann:2009qa

Qin:2018dqp

Faddeev Amplitude:

ΨABCD(p, q, P ) =

 1∑
ρ=0

ψρ
αβγI(p, q, P )⊗ Fρ

abcd

⊗ ϵrst√
6
,

• the color term ϵrst√
6
fixes the baryon to be a color

singlet;

• the flavor terms Fρ
abcd are the SU(2)-symmetric

representations.

• ψρ
αβγI(p, q, P ) is the spin-momentum Faddeev

amplitude.

ψρ
αβγI(p, q, P ) =

64∑
i

fρi Xi,αβγI(p, q, P )

4 / 10
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Nucleon Gravitational Form Factors

5 / 10
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Nucleon Gravitational Form Factors

Matrix element energy-momentum tensor(EMT):

α

𝒢
Ψ

S

S Ψ
S S

Γg
μν

Ψ
S

Ψ
S S

Γg
μν

S S

S

[Λ(3)
n′￼n]δ′￼δ

μν = −

• A(Q2): mass distribution form factor;
A(Q2 = 0) = 1

• J(Q2): spin distribution form factor;
J(Q2 = 0) = 1/2

• D(Q2): pressure distribution form factor.
D(Q2 = 0) =?

Γg
µν is the graviton + quark vertex.

Xu:2023izo

mNΛNg
µν (Q) =

− Λ+(pf )[KµKνA(Q
2)

+ iK{µσν}ρQρJ(Q
2)

+ 1
4(QµQν − δµνQ

2)D(Q2)]Λ+(pi)

Last unknown global property of nucleon

6 / 10
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Gravitational Form Factors A(Q2)&J(Q2)

• Our prediction for A(Q2)&J(Q2) compare
with lQCD’s results from Hackett:2023rif

• Symmetry-preserving character of CSM
analysis is evident in values of A(Q2 = 0) = 1
and J(Q2 = 0) = 1/2.

• The total GFFs are scale independent.
However these GFFs for quarks and gluons are
scale dependent.

• GFFs species decomposition
We arrive at the ξ := ξ2 = 2GeV.
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Gravitational Form Factors D(Q2)

• Nucleon pressure Form Factors D(Q2)

• Nucleon “D-term”:
Our prediction: D(0) = −3.11(1)
lQCD’s results:
z-expansion: −3.87(97); Dipole: −3.35(58)
D:
Cao:2024zlf;
Vector meson
Photo-production
Wang:2023fmx;
Chiral soliton model
Jung:2013bya.

• Light quarks alone Du+d(0; ζ2) = −1.73(5)
Inference from available DVCS data yields
Du+d(0; ζ2) = −1.63(29)Burkert:2018bqq
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Gravitational Form Factors Pressure & Shear-force

• The pressure density positive peak is near
0.15 fm and changes sign near 0.5 fm. The
shear density peak is near 0.4 fm.

• Pion (green) peak values are roughly twice
those in the proton

• nucleon mass and mechanical radii:
rmass = 0.81(5)rch > rmech = 0.72(2)rch

• Species decompostion(ζ2)

■ rqmass = 0.62(4)rch > rgmass = 0.52(3)rch
■ rqmech = 0.55(2)rch > rgmech = 0.47(2)rch
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Summary

• Gravitational Form Factors

■ A(Q2)&J(Q2)
■ Nucleon “D-term”: D(0) = −3.11(1)

Light quarks: Du+d(0; ζ2) = −1.73(5)
■ Mass and mechanical radii:
rmass = 0.81(5)rch > rmech = 0.72(2)rch

■ Pressure & Shear-force

• Proton radius
rA = 0.621(06) fm < rmass = 0.718(51) fm < rch = 0.887(3) fm

10 / 10
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Supplementary Material

• The key element is the quark+quark scattering kernel, for which the RL
truncation is obtained by writing:

K rs
tu(k) = Gµν(k)[iγµ

λa

2
]ts[iγν

λa

2
]ur , (1a)

Gµν(k) = G̃(y)Tµν(k) , (1b)

k2Tµν(k) = k2δµν − kµkν , y = k2.r, s, t, u represent colour, spinor, and flavour
matrix indices (as necessary).

11 / 10
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Supplementary Material

G̃(y) =
8π2

ω4
De−y/ω2

+
8π2γmF(y)

ln
[
τ + (1 + y/Λ2

QCD)
2
] , (2)

where γm = 12/25, ΛQCD = 0.234GeV, τ = e2 − 1, and
F(y) = {1− exp(−y/Λ2

I )}/y, ΛI = 1GeV.
We employ a mass-independent (chiral-limit) momentum-subtraction renormalisation
scheme.
Contemporary studies employ ω = 0.8GeV. With ωD = 0.8GeV3 and renormalisation
point invariant quark current mass m̂u = m̂d = 6.04MeV, which corresponds to a
one-loop mass at ζ = 2GeV of 4.19MeV, the following predictions are obtained:

mπ = 0.14GeV;

mN = 0.94GeV;

fπ = 0.094GeV.
12 / 10
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Electromagnetic form factors µNG
N
E (Q2)/GN

M (Q2)

μpGE
u /GM

p

μpGE
d /GM

p

0 2 4 6 8 10 12
0.0

0.5

1.0

1.5

2.0

Q 2 /GeV2

μ
p
G
Ed
,u
(Q

2
)/
G
Mp
(Q

2
)

• In isospin symmetry, the flavour separation of the
charge and magnetic form factors (eu = 2/3,
ed = −1/3):

Gp
E = euG

u
E + edG

d
E , Gn

E = euG
d
E + edG

u
E .

• Gp
E possesses a zero because Gu

E/G
p
M falls with

increasing Q2 whereas Gd
E/G

p
M is positive and

approximately constant.

• Gn
E does not exhibit a zero because eu > 0,

Gd
E/G

p
M is large and positive, and |edGu

E | is always
less than euG

d
E .
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Flavor amplitudes

state FMA FMS

p 1√
2
(udu− duu) 1√

6
(2uud− udu− duu)

n 1√
2
(udd− dud) 1√

6
(udd+ dud− 2ddu)

Table: Baryon octet flavor amplitudes; we define λ1λ2λ3 := λ1 ⊗ λ2 ⊗ λ3, and, u
† := (1 0),

d† := (0 1).
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