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Parton distributions: Hadron scale

* Fully-dressed valence
quarks

~ At this scale, all properties of the hadron are
contained within their valence quarks.

> QCD constraints are defined from here
(e.g. large-x behavior of the PDF)
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Parton distributions: Hadron scale
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Resolution Scale

g

Evolution equations

* Fully-dressed valence  Unveiling of glue and
quarks sea d.o.f.

~ At this scale, all properties of the hadron are
contained within their valence quarks.

> QCD constraints are defined from here _ _ o
(e.g. large-x behavior of the PDF) > The interpretation of parton distributions from

cross sections demands special care.

- Experimental data is given here.

.y — > In addition, the synergy with lattice QCD and
uﬂ(:ii:; C) ;ral (] — ;,[;)-d =2+7(¢) phenomenological approaches is welcome.
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defined in such a way that one-loop is exact.
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The evolution will thus depend on
iZ(t) — _a<t) Z(t) the scheme because of the
dt 4 Tt Yo perturbative truncation and the

usual prejudice is that truncation
errors are optimally small in MS
scheme.

The use of A can be interpreted as the choice of new scheme, differing from MS,
defined in such a way that one-loop is exact (Grunberg's effective charge).

G. Grunberg, Phys.Rev.D 29 (1984) 2315-2338
D. Becirevic et al., Phys.Rev.D 60 (1999) 094509, Phys.Rev.D 61 (2000) 114508



DGLAP: All orders evolution
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DGLAP: All orders evolution

Assumption: define an effective charge such that

Raya:202lzrz Starting from fully-dressed Sea and Gluon content unveils,
L ozotdt quasiparticles, at (y ) as prescribed by QCD
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DGLAP leasiag=aigias cvolution\equations

> Not the LO QCD coupling but an effective one.

> Making this equation exact.

> Connecting with the hadron scale, at which the fully-
dressed valence-quarks express all of the hadron’s
properties.

(thus carrying all the momentum)
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Assumption: define an effective charge such that
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dressed valence-quarks express all of the hadron’s
properties.
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DGLAP: All orders evolution

Implication 1: valence-quark PDF
¢ dz
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Direct connection bridging from hadron to experimental
scale: only one input is needed to evolve “all’ the Mellin
moments up and reconstruct the PDF.
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information of the charge
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scale: only one input is needed to evolve “all’ the Mellin :
moments up and reconstruct the PDF. symmetry (pion case)
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DGLAP: All orders evolution
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Implication 1: valence-quark PDF
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DGLAP: All orders evolution
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Implication 1: valence-quark PDF
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DGLAP: All orders evolution

Implication 1: valence-quark PDF
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DGLAP: All orders evolution

Implication 2: recursion of Mellin moments (pion case)

* Since isospin symmetry limit implies:
(g2 tlyem = . - q(z;Ch) = q(1 — z; Cn)
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 Odd moments can be expressed in terms
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DGLAP: All orders evolution

Implication 2: recursion of Mellin moments (pion case)

¢ En+1f_1 * Since isospin symmetry limit implies:
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j=0,1,... J

 Odd moments can be expressed in terms
of previous even moments.



DGLAP: All orders evolution

Implication 2: recursion of Mellin moments (pion case)
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i bt b « Thus arriving at the recurrence relation on
j=0,1,...

the left which is satisfied if, and only if, the
source distribution is related by evolution to
a symmetric one at the initial scale .



DGLAP: All orders evolution

Implication 2: recursion of Mellin moments (pion case)

241 * Since isospin symmetry limit implies:

26 0 / )
(gntye o 1200 )10 TR a(w; Cn) = a(1 — @3 Cr)

2An+1)
* Odd moments can be expressed in terms

2n .
1 Hn4+1 . Y of previous even moments.
< 3 (—)ﬂ( o ))@f}zﬁ({m‘:ﬁw) /%

] e Thus arriving at the recurrence relation on
j=0,1,... the left which is satisfied if, and only if, the
source distribution is related by evolution to
a symmetric one at the initial scale .

_ {mn}iﬁ
Reported lattice moments Ha
agree very well with the Ref. [99] Eq. {:1?}

recursion formula 0.230(3)(7) 0.230
0.087(5)(8) 0.087
0.041(5)(9) 0.041
0.023(5)(6) 0.023
0.014(4)(5) 0.015
0.009(3)(3) 0.009

0.0078

-1 S| | = (oo = | 2

[99] C. Alexandrou et al., PRD104(2021)054504



DGLAP: All orders evolution

Implication 2: recursion of Mellin moments (pion case)
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source distribution is related by evolution to
a symmetric one at the initial scale .

_ {mﬂ.}CE
Reported lattice moments Ha
agree very well with the Ref. [99] Eq. (1?}

recursion formula and so 0.230 3)(7} 0.230

also does and estimate for [:

the 7-th moment from lattice 0.087(5)(8) 0.087
0.041(5)(9) 0.041
(

reconstruction.

0.023 5){6} 0.023
D.D14(4)(5) 0.015
0.009(3)(3) 0.009
0.0065(24) |0.0078

[99] C. Alexandrou et al., PRD104(2021)054504
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DGLAP: All orders evolution

Implication 2: recursion of Mellin moments (pion case)

* Since isospin symmetry limit implies:

A8 T
(s = ((22)i,) q(z; Cu) = q(1 — z; Cw)
: 2(n+1)
5 * Odd moments can be expressed in terms
L ¢ : of previous even moments.
: . o 1
IS R PO ) .
_ J’ ﬁ e Thus arriving at the recurrence relation on
j=0,1,... the left which is satisfied if, and only if, the
source distribution is related by evolution to
a symmetric one at the initial scale .
Reported lat (2"
ported lattice moments Moments computed from: P. Barry et al.,
agree very well with the n| Ref. [99] Eq. [:1?} PRL127(2021)232001
recursion formula and so ——
also does and estimate for 110.230(3)(7) 0.230 4 % '
the 7-th moment from lattice 210.087(5)(8) 0.087 x & 58
reconstruction. 310.041(5)(9) 0.041 RS 3 . % f I . iy
. 410.023(5)(6) 0.023 b ¥
Moments from global fits can = vV 5l -
be also compared to the 0 D'D14(4)(5) 0.015 T | # '
estimated from recursion ! 6/0.009(3)(3) 0.009 A
7/0.0065(24) 10.0078 - W
[99] C. Alexandrou et al., PRD104(2021)054504 T 5 9 13 17 21 25 29



DGLAP: All orders evolution

Implication 3: physical bounds (pion case). i isospin symmetry, implying:
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DGLAP: All orders evolution

Implication 3: physical bounds (pion case). i isospin symmetry, implying:

| L - q(z; Cu) = q(1 — z: Cp)

o < (@ (20} ) 8

on — W Mo  Lower bound is imposed by considering
the limit of a system of two strongly

T massive and maximally correlated) partons:

q(z; ) = 0(z — 1/2)



DGLAP: All orders evolution

Implication 3: physical bounds (pion case). i isospin symmetry, implying:

1 . — ] q(z;Ch) = q(1 — z;C)
— ™) (Ol 17N M <
on — e Heor = 1<€=n » Lower bound is imposed by considering
the limit of a system of two strongly
T T massive and maximally correlated) partons:
Q'(IE ﬁH) = IS(T — ]/2) Q(T CH) = | « Upper bound comes out from considering

the opposite limit of a weekly interacting
system of two (then fully decorrelated)
partons:



DGLAP: All orders evolution

Implication 3: physical bounds (pion case), Keeping isospin symmetry

implying:
1 - 1 q(z;¢) = q(1 — z; ()
— < (1 ) (<2L} )~ /M <
7L e = 1<€=n « Lower bound is imposed by considering

the limit of a system of two strongly
massive and maximally correlated) partons:
both carry half of the momentum.

* Upper bound comes out from considering
the opposite limit of a weekly interacting
system of two (then fully decorrelated)
partons: all the momentum fractions are
equally probable.

J00:2019bzr Sufian:2019bol Alexandrou:2021mmi

n [61] [62] [63)]

1 0.254(03) 0.18(3) 0.23(3)(7)

2 0.094(12) 0.064(10) 0.087(05)(08)
3 0.057(04) 0.030{05) 0.041{05)(09)
| 0.023(05)(06)
5 0.014(04)(05)
6 0.009(03)(03)

n Lattice moments verifying the recurrence relation too.



DGLAP: All orders evolution

Assumption: define an effective charge such that

Raya:202lzrz Starting from fully-dressed Sea and Gluon content unveils,
cutizozotdt quasiparticles, at (g ‘ as prescribed by QCD
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> Not the LO QCD coupling but an effective one.

> Making this equation exact.

> Connecting with the hadron scale, at which the fully-
dressed valence-quarks express all of the hadron’s
properties.

(thus carrying all the momentum)




DGLAP: All orders evolution

Implication 4: glue and sea from valence M, = Cy, Vq

5 Ee = 216
QE i {‘Lﬂ ) g_}“” — ( n"-::u 2 Hf { ::{j ) {"L”} Ljf'f
¢z \ (a" }gH You Vg (=™

All quarks active



DGLAP: All orders evolution

Implication 4: glue and sea from valence
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DGLAP: All orders evolution !

Implication 4: glue and sea from valence M,=¢g, Y
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DGLAP: All orders evolution

Implication 4: glue and sea from valence
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DGLAP: All orders evolution

Implication 4: glue and sea from valence M, = Cy, Vq

¢ ¢ All quarks active
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DGLAP: All orders evolution !

Implication 4: glue and sea from valence My = Cu, Vg
All quarks active
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DGLAP: All orders evolution !

Implication 4: glue and sea from valence My = Cu, Vg
All quarks active
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(I")g” Bex (5% = S5T) distributions at hadronic scale
Aﬂ = T lr ; n 1 2 n )
ﬂi = bk }t ;::r; L = 5111 I{:F ] b :‘ETI- I[]._' } — Det {l_' )
T\
Compute all the moments i ]
3n Qﬂ'f (A lag and reconstruct: S glue DF 1
MY — i .
q /\n ;,kn 25_
¢ AR Yu & 20 sea DF
St = [ . = &)in X 15/
{I}EH E:I:L I
(' TE TE qr! ie 1[’
f HE _ {}‘ f]’uu](}‘ - ﬁ.’rme] 5f
o el AAT —AZ) of, e i —
The only required input is the the momentum fraction at the 0.001 , : 1.0

probed empirical scale!! X



DGLAP: All orders evolution

ﬂi{q —_ CH, "'E'q

Implication 4: glue and sea from valence
All quarks active
g d {:r:”)ﬁEH ( ¥ 2?’14;'}1{{‘, ) {:E”)%H
You  Vog (@Yo

: d_‘:z <5ﬂﬂ>gﬂ i

(:}3”}%” ﬂiSE ol EF-T_?'SE:: n\¢y N terms of the moments for the
¢ = . ” Z(ﬁ?’ }q sum of all valence-quark
i Pgx (5% = S5T) q distributions at hadronic scale
AL =N n = I () & \/ " T2 (I) — Det (D)
aj = ikn_;!‘ il 1 ’“
| 2n 40 n=1case GE _ 4. A 7/4
-"jﬁy - )\n ;: iy =4 @12 = ;{ }W, " {T}H” ~ 777 5 (Car, C)]
Al .!"I"ft:u
g =/ 5 4 T/

St = [BE@O ™ » = [{I}E”] (@5 = 7 (1 - 5@ 0)"")

(] Tl Ti {II}IQﬁ
‘ HE _ {}‘ "]’uu}(}‘ i ﬁ.’r-me]
o 2npya, (A} — AL)

The only required input is the the momentum fraction at the
probed empirical scale!!



DGLAP: All orders evolution !

Implication 4: glue and sea from valence M, = Cy, Vq
¢ ¢ All quarks active
QE d {:E”>EH = ( hf::u Zﬂf’}“q ) <:E”)¥H
‘ T
g2 \ (2™)5s i You  Vgg (&™) gu
(xn}%” oy ST +alSY n\¢y N terms of the moments for the
¢ — = . ” Z( } sum of all valence-quark
(:.17”)5,” 5> (S_ = S+') q distributions at hadronic scale
1 }_ﬂ o Aur; o — lr - (. \/l 2 M — Ta n
= :IZ/\” _;k” - EIE{F ) 4T1 (I'™) — Det (I'™)
2 ™ 2npvny n=1 case oY 916 e 3 4 7/4
T — L = A - + —
Ry = g | @, =88+ :u,, 1, ?[ (89
'}'t;i:."'l’?t:u = C (: f,."ll
S1 = [SEOPE ™ o = (@25 (1 )
| G | ()7 <x>:; (2) %
s (AR =7 AD = 90) Ref [55] | 0.412(36) 0.449(19) 0.138(17)
i 2n v, (AT — A™) Herein | 0.40(4)  0.45(2)  0.14(2)

The only required input is the the momentum fraction at the

bed rical el Z-F. Cui et al., arXiv:2006.1465
probed empirical scale!!



DGLAP: All orders evolution !

Implication 4: glue and sea from valence M, = Cy, Vq
¢ ¢ All quarks active
CE d {:EH>EH = ( f:’f::u 2?’1_‘{’}“1”’, ) <:EH)EH
de? \ (2™ l You Vg (™G
(33“}%” "fh'-"—|—*5’E T ﬁf—lsri n\¢y N terms of the moments for the
¢ — o i i Z( } sum of all valence-quark
(ﬂrﬂ)gH f g (S_ = S+) q distributions at hadronic scale
}_n — ’:r AR — ITI' {]-m.] e \/1'1"1.2 (1"*”} Det {Fﬂ)
ol = ik,,_;;::‘ =3 i :
an znf Tty n=1case ':“ — {2y '? T {:. E _I 7/4
[ Yuu 4 r,-’l
" = =z S(Cu. €)]
St = [H Q)J"‘*’ e e = | (S f ( )
| G| (@) <w>:; (%)
an _ (AL = %) (AL — 7o) Ref [55] | 0.412(36) 0.449(19) 0.133(17)
TOE T dnpym (N — AT) Herein | 0.40(4)  0.45(2)  0.14(2)

The only required input is the the momentum fraction at the

bed rical el Z-F. Cui et al., arXiv:2006.1465
probed empirical scale!!

R.S. Sufian et al., arXiv:2001.04960
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Pion PDF

> Let us assume the data can be parameterized
with a certain functional form, i.e.:

H-?T(I'; [ﬂl]:C) — ﬂgmﬁf(l . IE)“E(]_ + ﬂ'gﬂ'_ﬁ'g)

/ {af]i = 1,2,3}

Normalization
Free parameters

0.4} ++ * %
IR LL,
. 'h t b,
'55 0.2} ﬁ{'i,}
i‘*i
"o
0.0k ~ - . |
0.0 0.2 0.4 0.6 0.8 1.0

Data from [Aicher et al. Phys. Rev. Lett. 105, 252003 (2010)]



Pion PDF

> Let us assume the data can be parameterized » Then, we proceed as follows:

with a certain functional form, i.e.:
1) Determine the best values a. via least-

¢ . : squares fit to the data.
" (w; [ail; ) = n{z®i (1 - 2)°3(1 + afa’)

/ {af]i = 1,2,3}

Normalization
Free parameters

0.4} H, * %
IR LL,
. 'h t b,
'55 0.2} ﬁ*ii
i‘*i
"o
0.0k ~ - . |
0.0 0.2 0.4 0.6 0.8 1.0

Data from [Aicher et al. Phys. Rev. Lett. 105, 252003 (2010)]



Pion PDF

> Let us assume the data can be parameterized » Then, we proceed as follows:

with a certain functional form, i.e.:
1) Determine the best values a. via least-

- b o ¢ 2 squares fit to the data.
u (I; [ﬂi]: C] = nr! (1 - T) ' ?(1 g 5 HH‘T-)
/ 2) Generate new values a,, distributed

TETT
ol = 1,2,3} randomly around the best fit.

Normalization
Free parameters

0.4 + {,

N &
=2 iii
"
e
990 0.2 0.4 06 ufa."""'f’u

Data from [Aicher et al. Phys. Rev. Lett. 105, 252003 (2010)]



Pion PDF

> Let us assume the data can be parameterized

with a certain functional form, i.e.:

5

u™ (23 [oi]; €) = nSai (1 — 2)%3 (1 + o

/ {af]i = 1,2,3}

Normalization
Free parameters

9

0.4 + {,

N &
3 0 i,}*
"
e
990 0.2 0.4 06 08

» Then, we proceed as follows:

1) Determine the best values a. via least-
squares fit to the data.

2) Generate new values a,, distributed
randomly around the best fit.

3) Using the latter set, evaluate:

\ Data point with error

Data from [Aicher et al. Phys. Rev. Lett. 105, 252003 (2010)]



Pion PDF

> Let us assume the data can be parameterized » Then, we proceed as follows:

with a certain functional form, i.e.:
1) Determine the best values a. via least-

= ¢ ot " ¢ 9 squares fit to the data.
u” (x; [&i]; )= n, T (1—2)™2(1+ ﬂﬁx-)
_ 2) Generate new values a,, distributed
{atli = 1,2,3) !
L L 158 randomly around the best fit.
Normalization

Free parameters
3) Using the latter set, evaluate:

. | N 8 2
0.4} ] 2 _ [H' (s [El’;] C}} 'H-J'}
e &* ' \ Data point with error
'52' 0.2 ﬁ+i§ 4) Accept a replica with probability:
L ‘ .
%, P(x3: d) (1/2552 ..., 2
' P=—>+— Ply:d) = —-_:,r‘-"]"lu_-**'”
" POGd) I'(d/2)
0.0k . . . ""'l—-:
0.0 0.2 0.4 0.6 0.8 1.0
X

Data from [Aicher et al. Phys. Rev. Lett. 105, 252003 (2010)]



Pion PDF

> Let us assume the data can be parameterized » Then, we proceed as follows:

with a certain functional form, i.e.:
1) Determine the best values a. via least-

= ¢ ot " ¢ 9 squares fit to the data.
u” (x; [&i]; )= n, T (1—2)™2(1+ ﬂﬁx-)
_ 2) Generate new values a,, distributed
{atli = 1,2,3) !
L L 158 randomly around the best fit.
Normalization

Free parameters
3) Using the latter set, evaluate:

. | N m 2
0.4} ] 2 _ [H' (s [El’;] C}} 'H-J'}
e, TR
E &* ' \ Data point with error
'52' 0.2 ﬁ+i§ 4) Accept a replica with probability:
L : _
%, P(x3: d) (1/2552 ..., 2
' P=—>+— Ply:d) = —-_:,r‘-"]"lu_-**'”
" POGd) I'(d/2)
0.0L : - ~ egan.
0.0 0.2 0.4 0.6 0.8 1.0 5) Evolve back t
X JEvolvebackio (7 Repeat (2-5).

Data from [Aicher et al. Phys. Rev. Lett. 105, 252003 (2010)]



Pion PDF: ASV analysis of E615 data

> Applying this algorithm to the ASV data yields:

Hean values (of moments) and errors

B.5,2.7514d = 18" |, |8.199833, 0. 0064TA45), [0.199987, §.88T3544E), (0. 142895, A.0PERGII],

0.4} ** + B. 167174, B 0BABRTSS ), (0.8835188, A.BR532834 |, (0.0668TLL, A. 006596,
+* ﬂ ++ 80547511, 0.00409028), (0.0456496, 6.00361041) , (9.0386394, 000320600
{ R
5 #
¥ {'{+
EE*: 0.2 *i*
*
'h‘-'h
0.0L - - : S E——
0.0 0.2 0.4 0.6 0.8 1.0
X

Data from [Aicher et al. Phys. Rev. Lett. 105, 252003 (2010)]



Pion PDF: ASV analysis of E615 data

> Applying this algorithm to the ASV data yields:

Hean valugs (of moments

0.4} {, +
it
_ H# H*ﬁ{-ﬁ
%U-E ﬁh“
!‘qi
e

%,

0955 02 0.4 06 o0

v The produced moments are compatible with a

symmetric PDF at the hadronic scale.

v It seems it favors a soft end-point behavior just

like the CSM result.

8.5, 2.75044 187" |,

B.187d74, 0.0B0EEST ],

00547511, &, 004809028

and errars
B.2199833, 0.0BEATA45), [8.199987, 8. 08T3544E ), (0. 142895, 0. DDEEG2 |,

0.8435108, B.00232834 |, [@.8008711, B.0E40L030 ],

p (B 0456496, 0.00361041) , (0,6386394, 0,00320669

v Then, we can reconstruct the moments produced by
each replica, using the single-parameter Ansatz:

u”(x

i (n) = npIn(1 + z°(1 — )*/p*)

1.5}

0.8 1.0

U‘ﬂu.'[:

0.2 0.4 0.6

X
Data from [Aicher et al. Phys. Rev. Lett. 105, 252003 (2010)]



Kaon PDF

10

> Let us assume the data can be parameterized
with a certain functional form, i.e.:

K, ¢ : r
(3 ]a); €) = izl (1 - 2)° (1 + a5e”)
Pion’s free parameters: {as]i = 1,2,3}

P &
Kaon'’s : O g

» Then, we proceed as follows:

1) Determine the best values a. via least-

squares fit to the ASV data for the pion.

2) Use u*/u™ data to fix the only free parameter
for the kaon

3) Generate new values a,, distributed

randomly around the best fit parameters
4) With these values, evaluate for the pion:
N . 3 2
P (17 (5 [0]; C5) — uy)*
=)y e T
= ’
2
p _ POC:d)

- {lf‘g}d,ﬁ]ﬁ. ;F..-"'.-E—lv—y,-"'.-l
o Plxsd) ;

, P(y;d) = mﬂ

5) And for the kaon in terms of data for

by

Ric/= (25| aSi | ;G u¥ (z; [of®, o, ad];)
Kim % |B3K)285) T e [ 5]
i |:.,J' . :“e !:|

6) Accept replicas with probabilities
pr:ﬁ y p‘tl Iey = ’p;ﬁ K/ p‘t.ﬁ_—r

7) Evolve back to { zy and repeat (2-7)



Kaon PDF

10

> Let us assume the data can be parameterized
with a certain functional form, i.e.:

uK'n(:lr; Bl ) = ﬁE:E“f(l — :r)“g(l + u-ﬁ:::z)

Pion’s free parameters: {aS|i = 1,2,3}

L

Kaon'’s : O g

1 L 4 i 1 a i L 1 i L i 1

06 0.8 1.0

X
Data from [Badier et al. Phys. Lett. B 94, 354 (1980)]

0.2 04

» Then, we proceed as follows:

1) Determine the best values a. via least-
squares fit to the ASV data for the pion.

2) Use u*/u™ data to fix the only free parameter
for the kaon

3) Generate new values a, distributed
randomly around the best fit parameters

4) With these values, evaluate for the pion:

N o, -
2 (™ (g [ei]; G5) — uj)
X = Z 52 .
=1 [
P(x*;d) (LN s 5 o
P=—"" Plyd) = ————: .I'Il"gl;ﬁ."f"g
=R T Tam

5) And for the kaon in terms of data for
- uk (e a$®, ast n':|:|
Ricre |23 |23 | 1G5 ) = Ly e ek
22 ( [ '”"] ‘:) u=(x: 'ln::]:l
6) Accept replicas with probabilities

pu.-r ’ :'D’Hn' - pﬂn‘_frpun

7) Evolve back to (77 and repeat (2-7)
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Kaon PDF

> Let us assume the data can be parameterized » Then, we proceed as follows:

with a certain functional form, i.e.:
1) Determine the best values a. via least-

squares fit to the ASV data for the pion.

K,z < g
U (:L‘; [ﬂ:i]; C) = ﬂE:}:“l (1 = :1:)“2 (1 + ﬂ'gﬂ:z) 2) Use u"/u” data to fix the only free parameter
- ' for the kaon
Pion’s free parameters: 1¢; [t = 1,2,3} 3) Generate new values a,, distributed
Kaon's - ¢ randomly around the best fit parameters
aons - Ak 4) With these values, evaluate for the pion:

N

Mxy; [04]; G5) — uy
J:E - Z {5? J

=1

e
P P[j\_‘ ;d) |
P(x3;d)’

(lf?}df{z_ ;fl.-"'.-i—lﬂ—'_ejl.-"'.i

P(y;d) = Dk

5) And for the kaon in terms of data for

uk (e a3t n':;' o35 )

Rh‘_.-'w (,r: [‘Iih] :C:.'.) — “' [.: |: ]
| | | | ' - 6) Accept replicas with probabilities
0.0 02 04 06 08 1.0 B P =P P

X

7) Evolve back to (77 and repeat (2-7)
Data from [Badier et al. Phys. Lett. B 94, 354 (1980)]



Kaon PDF
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> Let us assume the data can be parameterized
with a certain functional form, i.e.:

uK'n(:lr; Bl ) = ﬁE:E“f(l — :r)“g(l + u-ﬁ:::z)

Pion’s free parameters: {aS|i = 1,2,3}

e - &
Kaon'’s : O g

g¥ (6 dw) = noIn |1+ (1 = 0% /pf, | (1 £ yar(1 = 2)]

» Then, we proceed as follows:

1) Determine the best values a. via least-

squares fit to the ASV data for the pion.

2) Use u*/u™ data to fix the only free parameter
for the kaon

3) Generate new values a, distributed

randomly around the best fit parameters
4) With these values, evaluate for the pion:

N w 2
2 o (™M@ (o] Gs) — uy)
Ji T Z {5‘2
I=1 [
2 1/2
P — M . P(y:d) = Myﬂﬁ—le—wﬁ
—POGd) T TEfR)
5) And for the kaon in terms of data for
Mo uk (e ::\{E"-:lg",ni}{i:]

6) Accept replicas with probabilities

Puﬂ ’ pﬂn‘ - pﬂn‘_frpun

7) Evolve back to (77 and repeat (2-7)



Kaon PDF

11

> Let us assume the data can be parameterized
with a certain functional form, i.e.:

K,mt ¢ ¢
i (.1‘; [ﬂ:l]:C): ﬂEm“l(l_x)ﬁg(l_}_ﬂ.ng)
Pion’s free parameters: {f.xf|;:,' = 1.2 31

e - &
Kaon'’s : O g

0.5 g5 (x;Car) = [ (25 Car)]?
DSE/BSE :
0-0 S il 1 L 1 L ]
o0 02 04 06 038 1.0
X

g¥ (6 dw) = noIn |1+ (1 = 0% /pf, | (1 £ yar(1 = 2)]

» Then, we proceed as follows:

1) Determine the best values a. via least-

squares fit to the ASV data for the pion.

2) Use u*/u™ data to fix the only free parameter
for the kaon

3) Generate new values a, distributed

randomly around the best fit parameters
4) With these values, evaluate for the pion:

N w 2
2 o (™M@ (o] Gs) — uy)
Ji T Z {5‘2
I=1 [
2 1/2
P — M . P(y:d) = Myﬂﬁ—le—wﬁ
—POGd) T TEfR)
5) And for the kaon in terms of data for
Mo uk (e ::\{E"-:lg",ni}{i:]

6) Accept replicas with probabilities

Puﬂ ’ pﬂn‘ - pﬂn‘_frpun

7) Evolve back to (77 and repeat (2-7)



Kaon PDF
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> Let us assume the data can be parameterized
with a certain functional form, i.e.:

K,mt :
(23 aql; €) = nfa®i (1 - 2)%(1 + afa?)
Pion’s free parameters: {f.lﬂz' = 1,2, 3}

P &
Kaon'’s : O g

0.0} ‘ | | . 1
0.0 0.2 0.4 0.6 0.8 1.0
X
Capitalizing on 3%(x; &x) = u*(1 - x;¢&x) , antiquark DF
can be derived for each replica and be evolved up again

» Then, we proceed as follows:

1) Determine the best values a. via least-

squares fit to the ASV data for the pion.

2) Use u*/u™ data to fix the only free parameter
for the kaon

3) Generate new values a, distributed

randomly around the best fit parameters
4) With these values, evaluate for the pion:

P i ™(z4; [04); C5) — U,
X _Z 52
1=1 [
P(x?;d) (12182 o 5 o
P=—=2 Plyd) = -y e V2
™~ P(x2:d) (v: d) rape Y °

5) And for the kaon in terms of data for

s uk (e ", n‘;' n#"{iij
Rgix (,r: [”:i.'i-.'] :{:_—,) . Juil i ] 3K

u™(x; |

6) Accept replicas with probabilities
'p”ﬁ ’ pﬂ.ﬁ = pﬁh'_.-rerw

7) Evolve back to { zy and repeat (2-7)
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> Let us assume the data can be parameterized
with a certain functional form, i.e.:

.tfn(:lr; ];¢) = nz “l(l - :r)"‘g(l +aje

Pion’s free parameters:{f.lﬂ?i = 1,2,3}

Kaon'’s :

&
Q3 g

9

0.5[
0.4|
20.3]
52
o 0.2/
-
01|

0.0}

0.0

0.2

0.4 0.6 0.8
X

1.0

Capitalizing on $%(x; &w) = w™(1 — x;&x) , antiquark DF

can be derived for each replica and be evolved up again

» Then, we proceed as follows:

1) Determine the best values a. via least-

squares fit to the ASV data for the pion.

2) Use u*/u™ data to fix the only free parameter
for the kaon

3) Generate new values a, distributed

randomly around the best fit parameters
4) With these values, evaluate for the pion:

P i ™(z4; [04); C5) — U,
X _Z 52
1=1 [
P(x?;d) (12182 o 5 o
P=—=2 Plyd) = -y e V2
™~ P(x2:d) (v: d) rape Y °

5) And for the kaon in terms of data for

s uk (e ", n‘;' n#"{iij
Rgix (,r: [”:i.'i-.'] :{:_—,) . Juil i ] 3K

u™(x; |

6) Accept replicas with probabilities
'p”ﬁ ’ pﬂ.ﬁ = pﬁh'_.-rerw

7) Evolve back to { zy and repeat (2-7)



Kaon PDF: glue and quark singlet
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> Let us assume the data can be parameterized
with a certain functional form, i.e.:

K,mt :
(23 aql; €) = nfa®i (1 - 2)%(1 + afa?)
Pion’s free parameters: {f.lﬂz' = 1,2, 3}

P &
Kaon'’s : O g

2.5 - g1l =

u
- d
s
c

0.5} .

DD —— e \
0.001 0.01 0.1 1.0

X

.. and, similarly, glue and sea-quark DFs can be also
obtained, at different empirical scales!

Z-N. Xu et al., arXiv:2411.15376v2

» Then, we proceed as follows:

1) Determine the best values a. via least-

squares fit to the ASV data for the pion.

2) Use u*/u™ data to fix the only free parameter
for the kaon

3) Generate new values a, distributed

randomly around the best fit parameters
4) With these values, evaluate for the pion:

N

3 Z (@ (o) G5) — w4
=1 [
P(x?;d) (12182 o 5 o
P=—=2 Plyd) = -y e V2
™~ P(x2:d) Wid) = Fam¥"

5) And for the kaon in terms of data for

s uk (e ", n‘;' n#"{iij
Rgix (,r: [”:i.'i-.'] :{:_—,) . Juil i ] 3K

u™(x; |

6) Accept replicas with probabilities
'p”ﬁ ’ pﬂ.ﬁ = pﬁh'_.-rerw

7) Evolve back to { zy and repeat (2-7)



Kaon PDF: glue and quark singlet
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> Let us assume the data can be parameterized
with a certain functional form, i.e.:

K,z ¢ :
u (s [ei]; €) = nfz®i(1 — 2)*3(1 + a5z?)
Pion’s free parameters: {f.lﬂz' = 1.2.3}

P &
Kaon'’s : O g

- g/10

0.5

‘-hu-l-'-'-_‘_
0.0} . -1
0.001 0.01 0.1 1.0

... and, similarly, glue and sea-quark DFs can be also
obtained, at different empirical scales!

Z-N. Xu et al., arXiv:2411.15376v2

» Then, we proceed as follows:

1) Determine the best values a. via least-

squares fit to the ASV data for the pion.

2) Use u*/u™ data to fix the only free parameter
for the kaon

3) Generate new values a,, distributed

randomly around the best fit parameters
4) With these values, evaluate for the pion:

N

2 [uﬂ{:i':f:_ [r;.‘rf-];_ C.}} - "“';;']'2
=3 Wleled) - )
=
P(x?;d) {1},’2}{!;’2 —
P=—— t Plyd) = ~te—e—y™ j_w",]

5) And for the kaon in terms of data for

Ry (z" [uc" ] -;:.) u¥ (z; [of®, o, ad];)
'I...IF o I‘;h ! i o = i | A
u® |z, :n': 1)

6) Accept replicas with probabilities

'p”ﬂ , ‘P’HH = Pﬁh'_.-f:.—pu.—r

7) Evolve back to { zy and repeat (2-7)



Momentum fractions and comparisons

{ 5 'S 'S
(X {1}3: (XY (X g

{2
w | 0.230(6)(10)  0.028(2) 0.241(5)(10)
d 0 0.028(2) 0.241(5)(10)
s | 0.252(6)(11)  0.026(1)
¢ 0 0.008(1)
b 0 0
g 0.428(18)
{s
w | 0.197(5)(9)  0.036(2) 0.207(4)(9)
d 0 0.036(2) 0.207(4)(9)
s | 0216(5)09) 0.034(2)
¢ 0 0.019(1)
b 0 0.003(1)
g 0.461(20)

empirical [32, 1QCD]
M T K T K
I | 0.538(15) 0.286(12) | 0.499(55) 0.317(19)
s | 0.026(01) 0.278(13) | 0.036(15) 0.339(11)
¢ | 0.008(01) 0.008(01) | 0.013(16) 0.028(21)
g | 0.572(15) 0.572(18) | 0.575(79) 0.683(50)
g | 0.428(18) 0.428(18) | 0.402(53)  0.422(67)

———————————————————————————)

[32] Alexandrou, et al., arXiv:2405.08529 [hep-lat]
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[32] Alexandrou, et al., arXiv:2405.08529 [hep-lat]

K;f,- = {x’},ﬁe f{x’}qsx
K = 0uz )y
CSM = Z-F Cui, et al., Eur. Phys. J. C80 (2020) 1064.

Lattice = C. Alexandrou, et al., Phys. Rev. D 103 (1) (2021)
014508; Phys. Rev. D 104 (5) (2021) 054504.






Summary

- The EHM is argued to be intimately connected to a Pl effective charge which enters a conformal

regime, below a given momentum scale, where gluons acquiring a dynamical mass decouple from
interaction.

~ Capitalizing on the latter, two main ideas emerge: (1) the identification of that decoupling with a
hadronic scale at which the structure of hadrons can be expressed only in terms of valence
dressed partons; and (ii) the reliability of an all-orders evolution scheme to describe the splitting of
valence into more partons, generating thus the glue and sea, when the resolution scale decreases.

~ Key implications stemming from both ideas have been derived and tested for the pion PDFs.
Grounding on them, Lattice QCD and experimental data have been shown to confirm CSM results.

» The robustness of the approach based on all-orders evolution from hadronic to experimental scale
has been proved with its application to the pion, kaon and proton cases. A model featuring massless
evolution for quark flavors activated after a hard-wall threshold and accounrting for Pauli blocking has
been solved analytically, and seen to expose some of the main results implied by the approach.
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QCD effective charge
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wavelength, such that larger gluon modes
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Modern continuum & lattice QCD analysis in the gauge
sector delivers an analogue “Gell-Mann-Low” running
charge, from which one obtains a process-independent,
parameter-free prediction for the low-momentum
saturation

* No landau pole

* Below a given mass scale, the interaction become scale-
independent and QCD practically conformal again (as in
the lagrangian).

1.0 e |
0.8} %
- [ Saturation
= 0.6}

= aal
Sy Hadron Scale

02 (g
o] A B
0.01 0.1 1 10
k / GeV




QCD effective charge

1.0 The strength of the charge defines
f ' de input for the evolution
0.8t :
"~ Saturation 21n (¢;/Agen)

..-""5 0.6} S(Cu,{r) = [2] s d%ﬁ-[t}
E 0 4 - ; H QoD
S Y"1 Hadron Scale UV fall

0.2 CH ¢ (@(¢s))g = %v:{p (—%SKH.&]) = (.20(2)

0.0, e . 5

0.01 0.1 1 10

k/GeV



QCD effective charge
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Then, the glue, valence- and sea-quark DFs can
be predicted, with no tuned parameter, on the
ground of the effective charge definition, from the
LFWF (or, equivalentely, from a symmetry-
preserving DSE/BSE computation of the valence-
guarks Mellin moments

[M. Ding et al, CPC44(2020)3,031002]
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Pion PDF: from CSM (DSEs) to the experiment

13

Symmetry-preserving DSE computation of the
valence-quark PDF:

[L. Chang et al., Phys.Lett.B737(2014)23]
[M. Ding et al., Phys.Rev.D101(2020)054014
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* The EHM-triggered broadening shortens the
extent of the domain of convexity lying on the

neighborhood of the endpoints, induced too by the trM

QCD dynamics

|t cannot however spoil the asymptotic QCD
behaviour at large-x (and, owing to isospin
symmetry, at low-x)
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Symmetry-preserving DSE computation of the
valence-quark PDF:

[L. Chang et al., Phys.Lett.B737(2014)23]
[M. Ding et al., Phys.Rev.D101(2020)054014
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Proton PDF: from CSM (DSEs) to the experiment -

An analogous symmetry-preserving DSE
computation of the valence-quark PDFs within
a proton, based on diquark-quark approach:
[L. Chang et al., Phys.Lett.B, arXiv:2201.07870]




Proton PDF: from CSM (DSEs) to the experiment -

An analogous symmetry-preserving DSE
computation of the valence-quark PDFs within
a proton, based on diquark-quark approach:
[L. Chang et al., Phys.Lett.B, arXiv:2201.07870]

Producing an isovector distribution in fair
agreement with lattice results
[H-W. Lin et al., arXiv:2011.14791]

[Wy-dV1(&3)




Proton PDF: pion and proton in counterpoint o
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