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Propagators, vertices, glueballs

@ Glueballs: Existence and properties? el
6
@ Bound state equations: Setup and input
in form of propagators and vertices? 5T .
. . - $ ¢ .
@ Propagators and vertices in the complex T, @ ; . gt .
lane: Models? Calculations? O ¢
plane: Models? Calculations? =, .
= []
) § gon E " .BSE
T ey - lattice [Morningstar, Peardon, 1999]
n = lattice [Athenodorou, Teper, 2020]
U*‘* (r" 2+‘+ 2"’ :s"+ .s"* 4*‘* 4=F
Experiment (BESIII): f,(1710) [JPAC Coll., Rodas Quenched: [Morningstar, Peardon, Phys. Rev. D60 (1999);
etal., Eur.Phys.J.C 82 (2022)], fo(1770) [Sarantsev, MQH, Fischer, Sanchis-Alepuz, Eur.Phys.J.C80,C81
Denisenko, Thoma, Klempt, Phys. Lett. B 816 (2021)], (2020,2021); Athenodorou, Teper, JHEP11 (2020)]

X(2370) [Ablikim et al. (BESIII), PRL132 (2024)]
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Introduction Bound states

Bound states

@ Calculation of bound states from different methods with individual challenges

@ Bound state equations (Bethe-Salpeter, Faddeey, ...)

Example: Mesons, glueballs

— —[ Input:

+ Kﬁjﬁ(& + K| ,©- @ Nonperturbative propagators:
L o Gluon, ghost, quarks

- fpe
iﬁ: Kﬁ@i +:K>®= +:K :® ° erels
o e

}

8 8

1 I~ ] — Non erturbative vertices
+ K| O + K>®= P
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Functional spectrum calculations

Functional methods successful in describing many aspects of the hadron spectrum qualitatively
and quantitatively!

1 3t 3 st 3 1+

M(GeV]
20
n
. ooy Ness) e ooy () neers) 7 are20) & oy B scioon
B @z NO710) M, nieso) 2% N(1720) [ N(1700) == w2 a(1700) = sz
- L} N(1535) == N(1520)  PZ, A(1600)
“ e N(1440) E ::’qq
12 <= A(1232) P0G
PDG
10 PDG "
== N(940)

[Eichmann, Sanchis-Alepuz, Williams, Alkofer, Fischer, Prog.Part.Nucl.Phys. 91 (2016); Eichmann,

Few Body Syst. 63 (2022)]
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Functional spectrum calculations

Functional methods successful in describing many aspects of the hadron spectrum qualitatively
and quantitatively!

1 1 3t 3 st 3 1

M(GeV]
20
ooz T Naisss) e Nasoo () naers) 7 scoz0) M & sty B acis00
10 -
Y 72 N(1710) - M, N(ieso) 2% N(1720) g N(1700) = w2 a(1700) = s FV
- L} N(1535) == N(1520)  PZ, A(1600)
= N(1440) (=)
— = ada
12 == (1232) i
PDG
PDG
== N(940)

[Eichmann, Sanchis-Alepuz, Williams, Alkofer, Fischer, Prog.Part.Nucl.Phys. 91 (2016); Eichmann,

Few Body Syst. 63 (2022)]

Workhorse for more than 20 years: Rainbow-ladder . )
truncation with an effective interaction, e.g., restricted structure of equations (T, - Vi)
Maris-Tandy (or similar) which depends only one IR strength + perturbative UV
scale!l
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Introduction Bound states

Correlation functions for complex momenta

P (000)
- = AP)I(P)=K-T(P)
IS8
p - & — Eigenvalue problem for I'(P):
< @ Solve for A(P).
- @ Find P with A(P) = 1.
(pseudoscalar glueball) = M? = —P?
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Introduction Bound states

Correlation functions for complex momenta

x P
L, SN A(P)F(P) = K - T(P)
_ &
P N &~ @ — Eigenvalue problem for [(P):
=< 1+5 @ Solve for \(P).
- @ Find P with A(P) = 1.
= M =—_pP?

(pseudoscalar glueball)

However:
P\?* P2 M?
Propagators are probed at (qi 2> =4+ G+ \/P2qg2cosfh = -t G®+ iM+/q? cosf
— Complex for P? < 0!

Time-like quantities (P? < 0) — Correlation functions for complex arguments. J
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Introduction Bound states

Quark propagator and models

Quark propagator DSE:
—e——'- - ‘é’ﬁgm’% Example: [windisch, Phys. Rev. C 95 (2017)]

0 |

Re(av(p%)

Quark-gluon vertex and the gluon propagator “‘\

given in closed form. — Calculation for a N yd

-4
complex momenta. N P
Re(p?) [GeVI] 5 S mehieev
\\\\/// g
[RY

May, 2025
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Introduction Bound states

Glueballs with model input

Glueballs? Rainbow-ladder?
s — mg.ﬂ%@ —%méj:?w+m<}z
oy ﬁ—éﬂ%‘mf]

=

[N
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Introduction Bound states

Glueballs with model input

Glueballs? Rainbow-ladder?
e — ml,mﬁ —(_ﬁméj:?w+m<}z

There is no rainbow for gluons! TN 1
+o8 @ —

=

[N
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Glueballs with model input

ﬁ-;%+m@

There is no rainbow for gluons! TN 1
+o8 @ —

Model based BSE calculations
(J=0):

@ [Meyers, Swanson, Phys.Rev.D87 (2013)]

Glueballs? Rainbow-ladder?

=

—1 —1
TOCHPOOT = TOOBOOOOD —+

[N

@ [Sanchis-Alepuz, Fischer, Kellermann, von
Smekal, Phys.Rev.D92, (2015)]

@ [Souza et al., Eur.Phys.J.A56 (2020)]
@ [Kaptari, Kampfer, Few Body Syst.61 (2020)]
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Glueballs with model input

ﬁ-;%+m@

There is no rainbow for gluons! 2N
9 v @ E

Glueballs? Rainbow-ladder?

=

—1 —1
TOCHPOOT = TOOBOOOOD —+

[N

Model based BSE calculations Alternative: Calculated input [MQH, Phys.Rev.D 101 (2020)]
(J=0): @ J = 0: [MQH, Fischer, Sanchis-Alepuz, Eur.Phys.J.C80 (2020)]
@ [Meyers, Swanson, Phys.Rev.D87 (2013)] o J— 07 2‘ 37 4: [MQH, Fischer, Sanchis-Alepuz,
@ [Sanchis-Alepuz, Fischer, Kellermann, von Eur.Phys.J.C81 (2021)]
Smekal, Phys.Rev.D92, (2015)]
@ [Souza et al., Eur.Phys.J.A56 (2020)] Extreme sensitivity on input! J

@ [Kaptari, Kampfer, Few Body Syst.61 (2020)]
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Introduction Bound states

Kernels for (pure) glueballs

Systematic derivation from 3Pl eff. action: [Berges, Phys. Rev. D 70 (2004); Carrington, Gao, Phys. Rev. D 83 (2011)]
Need propagators and vertices!

- e @ g --em
: , P
R S
. e 6@ &

[Fukuda, Prog. Theor. Phys 78 (1987); McKay, Munczek, Phys. Rev. D 40 (1989); Sanchls -Alepuz, Williams, J. Phys: Conf. Ser. 631
(2015); MQH, Fischer, Sanchis-Alepuz, Eur.Phys.J.C80 (2020)]
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Input for bound state equations from 20137

Bound state equations require propagators and vertices as input.

Truncation: Three-gluon vertex model ‘tailored to reproduce lattice results.

Propagators from 2013 [sternbeck, hep-lat/0609016; MQH, von Smekal, JHEP 04 (2013)]:

Gluon dressing function:

, Ghost dressing function:
Z(p%

>
4 G(p")
6
| N
?
3 e 5
/7 R
2 T e 4
2f ¢ i
4 rrorrem,
] g
i AN
I \
1 \
e
0 L L L L . p[GeV] R
0 1 2 3 4 5 . p[GeV]
00 05 10 15 20 25 30
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Input for bound state equations from 20137

Bound state equations require propagators and vertices as input.

Truncation: Three-gluon vertex model ‘tailored to reproduce lattice results.

Propagators from 2013 [sternbeck, hep-lat/0609016; MQH, von Smekal, JHEP 04 (2013)]:

Gluon dressing function: Three-gluon vertex [Cucchieri, Maas, Mendes, Phys.
2P Rev. D 77 (2008); MQH, Phys. Rev. D 101 (2020)]:
. DAz 2’ 2’ 2
J’- [\A (ZF.)D pe P9
3 .
//’7\ e 15
2 /‘/ \tt'.)'”"ﬁtt-rnr, 10 (] T
3 - 05
A 0.0 s " 5p[GeVJ
-05 N
O PIGRV] E

— Insufficient for bound states.
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Introduction Correlation functions

Correlation functions of quarks and gluons
Equations of motion of 3PI effective action — [Review: MQH, Phys.Rept. 879 (2020)]

’Truncation: 3-Ioop\

m‘mﬁw@ij@w@ -

Conceptual and technical challenges:
3 nonperturbative renormalization, two-loop
;&ﬁ‘% _ y‘%«% I A é N % diagrams, convergence, size of kernels, ...
P& @ Self-contained: Only parameters are the
strong coupling and the quark masses!
+3 +%§Z§% +%§Z:i @ Long way, e.g., ghost-gluon vertex,
three-gluon vertex, four-gluon vertex, ...
i /% f ji_ @ — MQH, Phys.Rev.D 101 (2020)

/ s .
p \\ p \\ ,‘mvm
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Introduction Correlation functions

Correlation functions of quarks and gluons
Equations of motion of 3PI effective action — [Review: MQH, Phys.Rept. 879 (2020)]

’Truncation: 3-Ioop\

@ Conceptual and technical challenges:
nonperturbative renormalization, two-loop
diagrams, convergence, size of kernels, ...

@ Self-contained: Only parameters are the
strong coupling and the quark masses!

@ Long way, e.g., ghost-gluon vertex,
three-gluon vertex, four-gluon vertex, ...

@ — MQH, Phys.Rev.D 101 (2020)

Start with pure gauge theory. )
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Introduction Correlation functions

Landau gauge correlation functions

Z(p*),G(*)

~— G(p®), Huber (2020)
—— Z(p*), Huber (2020)

— G(p?),Cyrol et al. (2016)

Z(p?), Cyrol et al. (2016)
Boucaud et al. (2018)

PlGeV]

[FRG: Cyrol et al., Phys. Rev. (2016);
DSE: MQH, Phys. Rev. D 101 (2020);
lattice: Boucaud: Phys. Rev. D 98
(2018)]

Markus Q. Huber (Giessen University)

CAM(2 g p?)

CAM(2, 2 k2

— FRG, Cyrol et al. (2016)

— 3P, Huber (2020)
i ¥ Sternbeck et al. (2017)

A Pinto-Gomez et al. (2024)

-1
0 1 2 3
p[GeV]
10
3-loop 3PI
05
3-loop 3PI (SP)
---- 2-loop DSE (SP)
0.0
-0.5
0 1 2 3 4
VE(Gev]

Three-point functions in the complex plane

[MQH, Fischer, Sanchis-Alepuz, 2503.03821]

12
o3
10 3
& i BT
N T
= o8l |+ I
: 0.6 —— 3PI, Huber (2020)
& )
Iyl * Aguilar et al. (2024)
02p I
0 1 2 3 4 5

p[GeV]

[DSE: MQH, Phys. Rev. D 101 (2020);
lattice: Aguilar et al., Phys. Lett. B 858
(2024)]
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Landau gauge correlation functions: Apparent convergence?

— [MQH, Fischer, Sanchis-Alepuz, 2503.03821]

@ Good agreement between lattice and functional methods
@ Good agreement between different functional methods

@ Further tests:

e Three-gluon vertex: tree-level dressing dominant [Eichmann, Williams, Alkofer, Vujinovic, Phys.Rev.D89 (2014)]
e Influence of other four-point functions tiny [MQH, Eur. Phys.J.C77 (2017)]

— Glueballs?
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Glueballs as bound states of gluons

Use results for glueball calculations?

All results for spacelike momenta. — Not directly.
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Glueballs as bound states of gluons

Use results for glueball calculations?

All results for spacelike momenta. — Not directly.

@ Reconstruction from Euclidean results to get correlation functions for complex arguments.
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Glueballs as bound states of gluons

Use results for glueball calculations?

All results for spacelike momenta. — Not directly.

@ Reconstruction from Euclidean results to get correlation functions for complex arguments.

OR

@ Extrapolation of the eigenvalue curve. — More stable and tests possible.
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Extrapolation of \(P?)

Extrapolation method

@ Extrapolation to time-like P? using Schlessinger’s continued fraction method (proven
superior to default Padé approximants) [Schlessinger, Phys.Rev.167 (1968)]

@ Average over extrapolations using subsets of points for error estimate

Coefficients g; can be
determined such that
f(x) exact at x;.
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Extrapolation of \(P?)

Extrapolation method

@ Extrapolation to time-like P? using Schlessinger’s continued fraction method (proven
superior to default Padé approximants) [Schlessinger, Phys.Rev.167 (1968)]

@ Average over extrapolations using subsets of points for error estimate

Test extrapolation for solvable system:
Heavy meson [MQH, Sanchis-Alepuz, Fischer, Eur.Phys.J.C 80 (2020)]

f(X1) 1.2f

a1 (X—x1)
1 + 1+ a(x—xp)
1+a3(x—xa)

f(x) =

Coefficients g; can be
determined such that
f(x) exact at x;. 02

0.0
0

M(GeV?]
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Introduction Glueballs

M[GeV)

Glueball results

JPCglueballs
| ]
¢ ¢ P
[) 3 - +. -
u . f
n
e
. 3
¢ " .BSE
« lattice [Morningstar, Peardon, 1999]
= lattice [Athenodorou, Teper, 2020]

0t o+ o= 3t 31\ At 4

[MQH, Fischer, Sanchis-Alepuz, Eur.Phys.J.C81 (2021)]

Markus Q. Huber (Giessen University)

@ Agreement with lattice results
@ Newstates: 0" *,0 —+, 37,47+

Three-point functions in the complex plane

JPCglueballs

- BSE
- lattice [Morningstar, Peardon, 1999]
= lattice [Athenodorou, Teper, 2020]

ot 9= 3t 31\ At 4

All results for rp, = 1/418(5) MeV.
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Apparent convergence in glueball calculations

[MQH, Fischer, Sanchis- Alepuz 2503. 03821]

a ) m. gm
Compare gluons only, one-loop and two-loop kernels. E g+ - %
Ground state: Flrst ex0|ted state
0.63 T T T T
O (50) MM (s,)
0.230
AN (5, C\\\(S,a 5)
Ar( 02251 b CAM(Sy, a, 5) + ghosts
g e . CAMA(Sy,a,8) + gh. + gl. 2-loop
2 o0215F B ""'\»—\\—
0.210»%—
0.205 1
L L L L L 0.200 - > L L L
0.00 0.05 0.10 0.15 0.20 0.00 0.05 0.10 0.15 0.20
PGeV?) P*[GeV?)

@ Small influence of three-gluon kinematics (Sp only vs. Sy, a, s) — Am ~ 50 MeV
@ Ghost diagrams essential: Am ~ 200 — 350 MeV
@ Two-loop diagrams negligible: Am < 2%
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Correlation functions in the complex plane

/\2
Standard integration techniques fail. 4 /d4q—>/ . dqz/d91
N

Consider example integral:
1 1

b(p? :/quJ 9, p%), J(q% p? :/desin29
2( ) ( ) ( ) 1q2+p2+\/[?\/q72<:0591+m2q2+m2
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Correlation functions in the complex plane

Ay
/d4q—>/ dqz/d91
Na

Standard integration techniques fail. Il

Consider example integral:
1 1
2\ _ 2 2 .2 2 .2\ . 2
h(p )f/dq J(g%,p%), J(a°,p )—/dﬁsm 04 PR+ Voot R E T
After 64 integration:
T J(¢%, —4+1i/2)
7 /"\ \\7\\\\;
4
S /]
// 7"714~(’ |
LA =7 Z7 2 /
0.4 ¢ S\ ZA T |
02| AN LA /2
\ il &7 /0 1
5 3
May, 2025

Three-point functions in the complex plane
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Contour deformations Two-point functions

Correlation functions in the complex plane

Standard integration techniques fail. Il

Consider example integral:

Ay
/d4q—>/ dqz/d91
Na

1 1

b(p? :/dZJ 2 0?2). (G, P :/desin29
>(P7) 9°J(q%,p7), J(a°,p%) Y 2= P

After 64 integration:
T J(¢%, —4+1i/2)

e —

VL)
".(, )
S

2
<N A7
LI TR
T ATZ
SE 4

L7
L3>
1555

Markus Q. Huber (Giessen University)

Three-point functions in the complex plane

Integration path A% — A2y, on real line
forbidden. — Take a detour.
3

integration path ]
2
5 t 1
o 2 cul
N’C‘ I.
= 0 >
= —m*
=
cut 2
-2
-3
-8 -6 -4 -2 0 2 4
Re(q7)

May, 2025
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Contour deformations Two-point functions

Contour deformation method (CDM)

Originally used for QED: [Maris, Phys.Rev.D52, (1995)]
Recent resurgence: massive propagators,
three-point functions, e.g.: [Akofer et al., Phys.Rev.D 70
(2004); Eichmann, Krassnigg, Schwinzerl, Alkofer, Ann.Phys. 323 (2008);
integration path_J———___1  Strauss, Fischer, Kellermann, Phys.Rev.Lett. 109 (2012); Windisch,
MQH, Alkofer, Phys.Rev.D 87 (2013), Acta Phys.Polon.Supp. 6 (2013);
Strodthoff, Phys.Rev.D 95 (2017); Weil, Eichmann, Fischer, Williams,
1 s a / Phys.Rev.D 96 (2017); Pawlowski, Strodthoff, Wink, Phys.Rev.D 98
(2018); Williams, Phys.Lett.B 798 (2019); Miramontes, Sanchis-Alepuz,
-3 _8 _6 _4 2 0 2 4 Eur.Phys.J.A 55 (2019); Eichmann, Duarte, Pena, Stadler, Phys.Rev.D
Re(q?) 100 (2019); Fischer, MQH, Phys.Rev.D 102 (2020); Miramontes,
Sanchis-Alepuz, Phys.Rev.D 103 (2021); Eichmann, Ferreira, Stadler,
Phys.Rev.D 105 (2022); Miramontes, Alkofer, Fischer, Sanchis-Alepuz,
Phys.Lett.B 833 (2022); MQH, Kern, Alkofer, Phys.Rev.D 107 (2023); ...]

2 cut 1
P
.

o = N W

Im(q%)

Landau conditions: When do singularities arise in external momenta [Landau, Sov. Phys. JETP 10 (1959)]?
Directly reflected in possible contours [windisch, MQH, Alkofer, Acta Phys.Polon.Supp. 6 (2013); MQH, Kern, Alkofer,
Phys.Rev.D 107 (2023)].
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Landau gauge propagators in the complex plane

Simpler truncation: L L méij?& o em
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Contour deformations YYang-Mills propagators

Landau gauge propagators in the complex plane

Simpler truncation: L L méz;?w o em

m = 0: Branch cuts are circles with one opening.

Im ¢°

2_ .2 _ =
¢ =p =pc branch cut

Euclidean L2
T Re ¢

— Opening at ¢° = p°.
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Landau gauge propagators in the complex plane

Simpler truncation: L L méz;?w o em

m = 0: Branch cuts are circles with one opening.

Im ¢°

2_ .2 _ =
¢ =p =pc branch cut

Euclidean L2
T Re ¢

— Opening at ¢° = p°.

Rays: (p+ g)° x €'’ — Argument dressings all on the rays. )

Arc: Contribution tiny. Manageable with extra techniques.
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Landau gauge propagators in the complex plane

3.0
25
2.0
15
1.0
0.5]

0.0buus L i !
0.001 0.010 0100 1 10 100 1000

[l
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Contour deformations YYang-Mills propagators

Landau gauge propagators in the complex plane

Ray technique for self-consistent solution of a DSE:
. T i [Fischer, MQH, Phys.Rev.D 102 (2020)]
S ReVZ(p2) Re G(p?)

3.0
25

2.0]
1.5]
1 Polar coordinates: p?> = p?e’?

0.5]

0.0buut i H i
0.001 0.010 0.100 1 10 100 1000
[l

@ Current truncation leads to a pole-like structure in the gluon propagator.
@ Analyticity up to 'pole’ confirmed by various tests (Cauchy-Riemann, Schlessinger, reconstruction).
@ Origin? Effect of dynamic three-point functions?
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Contour deformations Three-point functions

Kinematics
ky
| 2-point k| 3-point /3 =
indep. momenta | 1 2
Lorentz inv. 1 3 e -
nontrivial integr. | 2 3 P P
~
ko
A o s 1
? (2m)d g* + m? g2 4 p? — 2./p?\/q% cos 01 + m?
1 1 1
I(pa, Pp) = dS/'sza/'Ode
N e e R e e S Ry
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Singularities in the integrand

Integration over 6 and 6, creates branch cuts. — One generic form (z; = cos 64):

Im r/m
3

ve(zi: 0%, mP) =/ 21 £ i/ mP + p2(1 — 2)

Y =\/P? cos 0y + in/ m? + p?sin® b;
/SN

I e 3-point
_1':"”'@ o
< . Ka = Vax(21; P5, MP) = v1(21; P5, MP),
—2F oo ~
’ 0 kbﬁf}/bi(Z;pgan‘F) :’Y:t(*Z;pgamz)
3L
_ /2 - p . .
r=vq Z = cosf = cos b cosfq +sinf sinfq cosbo.

v
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Contour deformations Landau condition from CDM: Three-point functions

3-point for p2 = p2 = p

Branch cuts on top of each other:
@ 74+ as for 2-point integral.
@ - is a function of 6; AND 6..

Im r/m

Im r/m 2

0
‘ Re r/m n
1 2

Re r/m

p? = —3m?, 0 =21/3, 0 =
two cuts cross at im

Markus Q. Huber (Giessen University) Three-point functions in the complex plane

/
[MQH, Kern, Alkofer, Phys.Rev.D 107 (2023)]
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3
¢° theory

Simple scalar theory with cubic interaction:
1 1 g
_ w, o222 Y3
L= 5(0u0)0"0 — 5mPo% + 10

— Technical testbed for QCD: 2-point, triangle, swordfish integrals

VDo
ky
b N,
p p
lCQ l7r I)Q

(Ignoring instability of theory.)
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Three-point function results Example: ¢3 theory

Nonperturbative equations

3P effective action truncated at 3 l00ps [Berges, Phys. Rev. D 70 (2004); Carrington, Gao, Phys. Rev. D 83 (2011)]

Propagator:
1.30
— Full
1.25 —— Simplified

Equations of motion:

. . 1.20
=115
N
[}
%110
= +
1.05
1.00
1073 1072 107! 10° 10t 102 103
pZ/mZ

[MQH, Kern, Alkofer, Phys.Rev.D 107 (2023)]
Simplified kinematics: p2 = p2 = p?
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Three-point function results Example: ¢3 theory

Nonperturbative equations

3P effective action truncated at 3 l00ps [Berges, Phys. Rev. D 70 (2004); Carrington, Gao, Phys. Rev. D 83 (2011)]

Vertex:

1.200

—— Full
—— Simplified

1.175
Equations of motion: 1150

S 1125

+11.100

=1
2
1.075
1.050
= +
1.025

1.000

(p2,p2t=

1073 1072 107t 10° 10! 102 10°
p?/m?

[MQH, Kern, Alkofer, Phys.Rev.D 107 (2023)]
Simplified kinematics: p2 = p2 = p?
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Propagator

S
SR
CREIRIALIAL 777177
LA "’Illlllli
4 4

77
""7;3"[%/

-1 3
-2 2\
ee®

@ Nonperturbative pole at p> = —0.75m? = —m?

r
@ A branch cut starting at —3m? = —4m? v
Three-point functions in the complex plane

[MQH, Kern, Alkofer, Phys.Rev.D 107 (2023)]
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Three-point function results Example: ¢3 theory

[MQH, Kern, Alkofer, Phys.Rev.D 107 (2023)]

Dressing:

rD’.t=0.792))

e (I (p2,

4 2

@ Numerically more demanding due to calculations close to cu

May, 2025 27/34
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Three-point function results Example: ¢3 theory

Vertex
Branch point position: Calculation vs. Landau [MQH, Kern, Alkofer, Phys.Rev.D 107 (2023)]
0.0
-0.5

-1.0

|
-
w

p_maxz/m?
[
N
o

-2.5
-3.0
-3.5
-4.0
0 n/6 /3 néz 2n/3 5n/6 m

@ Numerically more demanding due to calculations close to cuts.

@ Branch cuts start close to the predicted value \/
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The simplest three-point function in QCD?

Three-point functions depend on two momenta/three Lorentz invariants.

@ Quark-gluon vertex: 8 dressings @ and nontrivial kinematic dependence @, e.g., [wiliams,
Fischer, Heupel, Phys. Rev. D93 (2016); Gao, Papavassiliou, Pawlowski, Phys. Rev. D103 (2021); Cyrol et al. D97 (2018); Kizilersi
etal.,, 2111.13455]

@ Ghost-gluon vertex: kinematic dependence @ [Maas, 1907.10435; MQH, Phys. Rev. D90 (2020)]

w =gt k=0

v

¥

2%

DA(S)

VSi(Gev]

@ Three-gluon vertex: One dominant dressing @, in good approximation only one kinematic
variable 2 (planar degeneracy) [Eichmann, Williams, Alkofer, Vujinovic, Phys.Rev.D89 (2014); MQH, Phys. Rev. D90
(2020); Pinto-Gomez et al., Phys.Lett.B838 (2023); Aguilar et al., Eur.Phys.J.C83 (2023)]

— Explore three-point function without complications of three kinematic variables.
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Three-point function results Three-gluon vertex

Equation of motion

a Kinematics: Ss singlet only  [Eichmann, williams,
- ) + Alkofer, Vujinovic, Phys. Rev. D89 (2014)]
2 | 2
» ¢ _pitp+ [
;%; i

So
6
1 1
+3 2 . .

Doublet: a = s = 0 (symmetric point)

10
"":, osh 3-loop 3PI
n,: } 3-loop 3PI (SP)
I 2-loop DSE (SP)
j 0.0
©

-0.5 .

0 1 2 3 4 5

VSo[Gev]
[MQH, Phys. Rev. D90 (2020)]
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Three-point function results Three-gluon vertex

Gluon propagator

Reconstruction from [cyrol,
Pawlowski, Rothkopf, Wink, Sci. Post 5
(2018)].

model
— calculated

— Input has no complex conjugate poles by construction!
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Three-point function results Three-gluon vertex

Gluon propagator

Reconstruction from [cyrol,
Pawlowski, Rothkopf, Wink, Sci. Post 5
(2018)].

model

— calculated

— Input has no complex conjugate poles by construction!

Three-point functions in the complex plane

Markus Q. Huber (Giessen University)

Input

Ghost propagator

p? + m3
G(PZ) = ,DZTITI;

model

— calculated

10° 0.001 0100 10 1000 10°
PGeV?]

[MQH, Phys. Rev. D90 (2016)]
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Three-point function results Three-gluon vertex

Gluon propagator

Reconstruction from [cyrol,
Pawlowski, Rothkopf, Wink, Sci. Post 5
(2018)].

model

— calculated

Input

Ghost propagator

+ m?
G(p? :CL
(p%) e

model

— calculated

10° 0.001 0100 10 1000 10°
PGeV?]

[MQH, Phys. Rev. D90 (2016)]

— Input has no complex conjugate poles by construction!

Markus Q. Huber (Giessen University)

Three-point functions in the complex plane

Ghost-gluon vertex

Resulting three-gluon vertex

Me(k;p.q) =1

E(So)

1.5
G MQH, PRD90O
— models

0.5

0.0

-0.5

10 0.01 1 100  10*
SolGeV?)
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Three-gluon vertex in the complex plane

04‘\

Tm B(Sy) 03
(S0) M\\

01}

ol

15"
SiGev]

Markus Q. Huber (Giessen University)

nt function results Three-gluon vertex

Three-point functions in the complex plane
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Three-point function results Three-gluon vertex

Three-gluon vertex in the complex plane

Reconstruction from rays

(analyticity — Cauchy’s
integral formula):

15

1.0

— real line
« reconstruction

F 05
155}
0.0
-0.5
10" 0.01 1 100 10°
SolGeV?
Im p?
Y Re p? D? X) =
e (X) =

Markus Q. Huber (Giessen University)

Three-point functions in the complex plane

@ Real part looks flat’.

@ Imaginary parts has a
ridge. — Pole?

@ Numerical instability
increases with ¢

N2 e?D(N? e ¢)
TI'/ déRe ( Neld —
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Three-point function results Three-gluon vertex

Three-gluon vertex dissection

[MQH, Phys. Rev. D 101 (2020)]

3PI:
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nt function results Three-gluon vertex

Three:

Three-gluon vertex dissection

[MQH, Phys. Rev. D 101 (2020)]

3PL: o

a gluon triangle
- -2 + < ..
Y EEL N N —
sl 00 -
s S
<. ghost triangle -
1 1 1 O osEl - S
+3 +5 +5
-1.0
1072 107! 10° 10' 10?
p[GeV]
1.0

»)

<
<
T
S)
ghost triangle double triangle R
05 ifis A - -
-1.0
0.01 0.10 1 T 0
1)2[(}0V]
May, 2025 Y
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Three-point function results Three-gluon vertex

Three-gluon vertex dissection

[MQH, Phys. Rev. D 101 (2020)]

1.0
10k = s g\flio-rltnang\c
R T S
< g R
N; osl —loop 3PI :-3/ 0.0 P
= 3-loop 3PI (SP) 3 W/,/’ -
2 O s - -
= 2-loop DSE (SP) v
< 0.0
@) -1.0
1072 107" 10° 10' 10?
-05 ‘ ‘ ‘ ‘ ) p[GeV]
0 1 2 3 4 5 1of
\/ST)[GEV] o a gluon triangle
@ Different cancellations for 1Pl and 3PI with I o sonset e
similar results © R Goue fange = =
05} P
Consistent cancellations in different systems. J o
0.01 0.10 1 10 100

p*[GeV]
May, 2025 32/34
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Three-gluon vertex in the complex plane

05
10
15
i 20w | /
SilGev] 25~/

04‘\
Tm E(So) “;2‘\

01|

o}

15"
SiGev]

Markus Q. Huber (Giessen University)

Three:

nt function results Three-gluon vertex

Three-point functions in the complex plane
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Three-point function results Three-gluon vertex

Three-gluon vertex in the complex plane

‘ 15
1.0
¥ E 0.5 — Ray 0
Re E(Sy) ] _.Ray 45
0.0
— Ray 69
-0.5
. T | 7 0 1 2 3 4 5
S5i(Gev] 25/ |SE[Cev]|

Im E(S))
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15"
SiGev]
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Three: unction results Three-gluon vertex

Three-gluon vertex in the complex plane

15
1.0
% 0.5 — Ray 0
= — Ray 45
0.0
— Ray 69
-0.5
oo 0 1 2 3
53 GeV] 1
i [GeV] |SZ[GeV]|

oaf

Tm E(Sp) 03|
m E(Sy) 02|

Im E(S))

Markus Q. Huber (Giessen University)

Three-point functions in the complex plane

B (S)

Ray 9 (dashed) vs. 49

0.20} -

0.15
0.10
0.05

- swordfish
----- gluon triangle

0.00
-0.05
-0.10

10 001 1 100 10°
So[GeV?)

@ Size of individual
contributions increase.

@ Balance of cancellations
important!

@ Bug or feature?
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Summary and outlook

@ Propagators and vertices at complex momenta for bound state studies needed, in particular
for resonances, decays.

@ Contour deformation method gives access to analytic structure of correlation functions.
@ Mechanism of creation of branch cuts — "nonperturbative" Landau conditions

@ Origin of singularities? Unbalanced cancellations?

@ Testbed ¢° theory.

@ First results for three-gluon vertex (relevant for glueballs).
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Summary and outlook

@ Propagators and vertices at complex momenta for bound state studies needed, in particular
for resonances, decays.

@ Contour deformation method gives access to analytic structure of correlation functions.
@ Mechanism of creation of branch cuts — "nonperturbative" Landau conditions

@ Origin of singularities? Unbalanced cancellations?

@ Testbed ¢° theory.

@ First results for three-gluon vertex (relevant for glueballs).

Thank you for your attention.
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Spectrum for family of solutions

Couplings:

asg(P?) = a(?) [D%(0?)]° [2(0%)]°

agng(p*)
o kB N W & 0 o

Markus Q. Huber (Giessen University)

[MQH, Fischer, Sanchis-Alepuz, 2503.03821]

agng(P) = (k) [D9(p?))* Z(p?) [G(p?)]?

Three-point functions in the complex plane May, 2025
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-
Spectrum for family of solutions

Couplings: [MQH, Fischer, Sanchis-Alepuz, 2503.03821]
2 3 2 2
asg(p?) = a(u?) [D¥(p?)]” [Z(p?)] agng(P?) = a(p?) [D%(p?)]” Z(p?) [G(P?)]
plGeV]

af =t 1 T @ Invariant spectrum — Nonperturbative
o h . hﬁ‘ gauge hypothesis supported.

g w5 L }ﬂ} @ Invariance lost when deforming the

ER R 1 input. — Consistency relevant
i G(0) }

®s5 W7 W10 915® 2 V50 ®

0

0 0+ o P = o
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Creation of branch points in external momentum (2-point)

A branch point arises in the external momenta if the integration contour cannot be deformed.

J

Im r/m
3
Jﬁ
o
‘7{\
it
. . . ' Rer/m
-2 -1 1 2 er/
r A
/2
2t
0
3l
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Creation of branch points in external momentum (2-point)

A branch point arises in the external momenta if the integration contour cannot be deformed.

Im r/m
3

N

-2 -1 1

' Rer/m
, Rer/

T A

/2
7 '
‘ 0

Markus Q. Huber (Giessen University)

Increasing p? until i m is at the end point of the branch
cut. — Contour deformation no longer possible and
branch point is created.

@ Analytical determination of branch points possible
from contour deformations [windisch, MQH, Alkofer, Acta
Phys.Polon.Supp. 6 (2013)]

@ — Landau conditions [Landau, Sov.Phys.JETP10 (1959)]:
Pg = —(mi + m)?

Three-point functions in the complex plane May, 2025
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R
Critical points

2 solutions: Relevant one is that with the critical point in the r plane closer to the origin.
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Critical points

2 solutions: Relevant one is that with the critical point in the r plane closer to the origin.

Tes. 10 15 20 25 30

. 2

Corresponds to Landau solution: . (0 ™
P —4mPsin ( = — <6<

- 2 2
Ps = —mP ™
0<o< -
9\2 -~ 2

cos (%)
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-
Creation of branch points (3-point)

2-point
Match a pole and the end points of the branch cuts (8 = 0, 7).

Markus Q. Huber (Giessen University) Three-point functions in the complex plane
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Creation of branch points (3-point)

2-point
Match a pole and the end points of the branch cuts (8 = 0, 7).

3-point: End point in 65!
@ Two cuts cross for same 6, at pole.
or

@ Two cuts meet for 64 ’inside’ of circle.

Markus Q. Huber (Giessen University) Three-point functions in the complex plane

.o 0
P34 = —4n? sin® —
’ 2
2 m?
Pee=—"""75%
cos® 3
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-
General kinematics for 3-point integral

Similar analysis [MQH, Kern, Alkofer, Phys.Rev.D 107 (2023)]:
@ |dentify case where all three propagators agree.

— P2 P2 P2 = mP(ph + Pl + Pi — 2(P% P2 + P2 P2 + P2 PE))
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-
General kinematics for 3-point integral

Similar analysis [MQH, Kern, Alkofer, Phys.Rev.D 107 (2023)]:
@ |dentify case where all three propagators agree.

— P2 P2 P2 = mP(ph + Pl + Pi — 2(P% P2 + P2 P2 + P2 PE))

@ |dentify cases where cuts cross closer to the origin than the pole.
Shortcut: Ignore one propagator and analyze a two-point integral. <+ Contracted diagrams of Landau analysis.
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-
General kinematics for 3-point integral

Similar analysis [MQH, Kern, Alkofer, Phys.Rev.D 107 (2023)]:
@ |dentify case where all three propagators agree.

— P4 P; Pa = mP(ph + ph + PE — 2(0 Ph + P3P + P PE))
@ |dentify cases where cuts cross closer to the origin than the pole.

Shortcut: Ignore one propagator and analyze a two-point integral. <+ Contracted diagrams of Landau analysis.

@ Quadratic equation for p2 — only one solution relevant.
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-
General kinematics for 3-point integral

Similar analysis [MQH, Kern, Alkofer, Phys.Rev.D 107 (2023)]:
@ Identify case where all three propagators agree.

— P4 P; Pa = mP(ph + ph + PE — 2(0 Ph + P3P + P PE))
@ |dentify cases where cuts cross closer to the origin than the pole.

Shortcut: Ignore one propagator and analyze a two-point integral. <+ Contracted diagrams of Landau analysis.
@ Quadratic equation for p2 — only one solution relevant.

Landau condition

,  2m*(p3 + pp) + Paph + /P3(4mP + p3)y/ Pp(4m? + p})
pC = 2m2
for —4m? <p2,pf <0, and p2+pi < —4nm?

P; = pp = p; = —4n?

%
S
G

else.

Sy,
&
2%

Markus Q. Huber (Giessen University) Three-point functions in the complex plane May, 2025 5/7



.
Branch points for general kinematics (3-point)

Exclusion of one solution of the quadratic equation for p:

25
Imr/mogg

Re r/m
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R
Generalizations (for two-point functions)

[MQH, Kern, Alkofer, Phys.Rev.D 107 (2023)]

@ Nonperturbative masses ~/
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R
Generalizations (for two-point functions)

[MQH, Kern, Alkofer, Phys.Rev.D 107 (2023)]

@ Nonperturbative masses ~/

@ Up to 3 different masses ~/
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R
Generalizations (for two-point functions)

[MQH, Kern, Alkofer, Phys.Rev.D 107 (2023)]

Im r/m

3

2 Vi
@ Nonperturbative masses ~/

@ Up to 3 different masses ~/

@ Cuts instead of poles
~» continuum of singular points — Forbidden area, but »
deformation doable.
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Generalizations (for two-point functions)

@ Nonperturbative masses ~/

@ Up to 3 different masses ~/

@ Cuts instead of poles
~» continuum of singular points — Forbidden area, but
deformation doable.

@ Nonperturbative vertices with singularities in dressings:

similar branch cuts in integrands as from propagators.

Markus Q. Huber (Giessen University) Three-point functions in the complex plane

[MQH,

Kern, Alkofer, Phys.Rev.D 107 (2023)]

Im r/m

3
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