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Motivation 

• As it has been shown along the conference it is posible to seed and manipulate defects in 
ultracold fermionic systems by optical means and one can print density and phase 
patterns with micro-mirror devices (MMDS) and spatial light modulators (SLM). These 
are interesting novel conditions to seed dynamical protocols. 

• Besides from manipulating vortices in 2D and other topological objects, a simple test 
setup can be a solitonic solution in an elongated system. There are well know solutions to 
this problem and has been extensive explored over the past decades. This gives an ideal 
candidate to explore possible effective theories for effective simulation, as methods like 
BdG and self consistent density methods can be computationally very expensive to use. 

• Recent developments with equilibrium theory  (LPDA and related extensions) motivates 
the exploration of these ideas in a time dependent extension in the non-equilibrium setup. 

• We have some preliminary tests we want to share :)



Dark soliton solution of the GPE 
(No potential) 

With trapping potential is not necessary stable… 

iℏ∂tψ = −
1
2

∂2
xψ + q |ψ |2 ψ, q > 0

Supports the dark soliton solution: 

ψ = exp(−iqt/ℏ)tanh ( qx)
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Theoretical basis (LPDA) 
Based on the works of  Strinati, Pieri, Simonucci, Pisani and Piselli in the BCS BEC crossover. 
PRB 89, 054511 (2014) we take as basis.  

In the ground state following the BCS-BEC formalism with coarse graining one can write: 

EQUATION FOR THE SUPERFLUID GAP OBTAINED BY . . . PHYSICAL REVIEW B 89, 054511 (2014)

where fF (E) = (eE/(kBT ) + 1)−1 is the Fermi function and
2EA(k; Q|r) = EA

+(k; Q|r) + EA
−(k; Q|r).

At this point, further approximations involve (i) setting in
the exponent Q(R,τ ) · r " Q(R,τ = 0) · R + Q(R,τ ) · (r −
R); (ii) transforming the sum over τ into an integral over
the independent variable Q under the assumption that all
the relevant values of Q are effectively sampled by varying
τ in the volume of side ! centered at R (cf. Fig. 1);
(iii) transforming also the sum over R into an integral;
(iv) identifying "(R) = e2iQ(R,τ=0)·R"̃(R); (v) eliminating v0
in favor of aF through a standard regularization [12,13]. The
gap equation then becomes

− m

4πaF

"(r) =
∫

dR "(R)
∫

dQ
π3

e2iQ·(r−R) KA(Q|r) (9)

where we have introduced the kernel [14]

KA(Q|r)=
∫

dk
(2π )3

{
1 − 2 fF (EA

+(k; Q|r))
2EA(k; Q|r)

− m

k2

}
. (10)

The desired differential equation for "(r) results eventually
from Eq. (9) by expanding the kernel KA(Q|r) in powers of
Q and integrating by parts the integral over R therein. Up to
quadratic order, one obtains [15]

− m

4πaF

"(r) = I0(r) "(r) + I1(r)
∇2

4m
"(r)

− I1(r) i
A(r)
m

· ∇"(r) (11)

with the notation

I0(r) =
∫

dk
(2π )3

{
1 − 2fF (EA

+(k|r))
2 E(k|r)

− m

k2

}
(12)

and

I1(r) = 1
2

∫
dk

(2π )3

{
ξ (k|r)

2 E(k|r)3
[1 − 2fF (EA

+(k|r))]

+ ξ (k|r)
E(k|r)2

∂fF (EA
+(k|r))

∂EA
+(k|r)

− k · A(r)
A(r)2

1
E(k|r)

∂fF (EA
+(k|r))

∂EA
+(k|r)

}
(13)

where ξ (k|r) = k2

2m
− µ̄(r), E(k|r) =

√
ξ (k|r)2 + |"(r)|2,

and EA
+(k|r) = E(k|r) − k·A(r)

m
.

Equation (11) represents the main result of the present
paper. From the way it was obtained, we may regard it as
representing a local phase density approximation (LPDA),
that should hold with no a priori restrictions on coupling
and temperature regimes, provided that "(r) varies slowly
enough with its magnitude varying more slowly than its phase.
Note, in particular, the presence of the vector potential in the
arguments of the Fermi functions entering the coefficients (12)
and (13) of the LPDA equation, which results in a kind of a
local Fulde-Ferrell phase. This feature (which will be a crucial
ingredient when applying the LPDA equation, for instance,
to neutral fermions in a rotating trap) distinguishes, too, the
present from other proposals also based on the slow spatial
variation of the gap parameter [16].

In addition, for a sufficiently small A(r) one may expand
fF (EA

+(k|r)) and ∂fF (EA
+(k|r))/∂EA

+(k|r) in Eqs. (12) and
(13) in powers of k · A(r). In this case

I1(r) ∼=
1
2

∫
dk

(2π )3

{
ξ (k|r)

2 E(k|r)3
[1 − 2fF (E(k|r))]

+ ξ (k|r)
E(k|r)2

∂fF (E(k|r))
∂E(k|r)

+ k2/(3m)
E(k|r)

∂2fF (E(k|r))
∂E(k|r)2

}

and

I0(r)∼=
∫

dk
(2π )3

{
[1 − 2fF (E(k|r))]

2 E(k|r)
− m

k2

}
− A(r)2

m
I1(r)

where now the local chemical potential µ(r) = µ − V (r) no
longer contains the A(r)2 term. Grouping all terms containing
I1(r) in Eq. (11), one correctly recovers the gauge-invariant
form − I1(r)

4m
[i∇ + 2A(r)]2. Related expressions for the coarse

grained number density and current will be obtained in Sec. III.

B. Recovering the GL and GP equations

The LPDA equation reduces to the GL and GP equations
in the appropriate limits, which can be shown as follows.

For weak coupling (kF aF )−1 % −1 and temperatures close
to Tc, in the above expression for I1(r) one can approximate
E(k|r) ∼= |ξ (k|r)| and neglect the terms whose integrands are
odd in ξ (k|r). Omitting further the external potential, one ob-
tains I1(r) ∼= k2

F

2m
N0

6(kBTc)2

∫ ∞
0

dy
y

tanh y

cosh2 y
where N0 = mkF /(2π2)

is the density of states at the Fermi level per spin component.
In addition, using the BCS equation for Tc one obtains
I0(r) ∼= − m

4πaF
+ N0

(Tc−T )
Tc

− 7 ζ (3)
8π2

N0
(kBTc)2 |"(r)|2 where ζ (3) is

the Riemann zeta function of argument 3. The GL equation
is thus readily recovered from the LPDA equation (11) in this
limit [5].

In the opposite limit of strong coupling (kF aF )−1 ' +1
and low temperatures, the two-body binding energy ε0 =
(ma2

F )−1 = −2µ + µB is the largest energy scale in the
problem, where µB is the residual chemical potential for
the composite bosons that form in this limit. To the lead-
ing significant order, one obtains I1(r) ∼= m2aF

8π
and I0(r) ∼=

− m
4πaF

+ m2aF

8π
[µB − 2 V (r) − ma2

F

2π
|"(r)|2]. The GP equation

for composite bosons is thus readily recovered from the LPDA
equation (11) in this limit [6].

C. Numerical comparison for an isolated vortex

We pass now to test the numerical solution of the LPDA
equation (11) with A(r) = 0 for the nontrivial case of an
isolated vortex embedded in an infinite medium, against the
results of the accurate solution of the BdG equations reported
in Ref. [17] across the BCS-BEC crossover for all T < Tc.
This case exemplifies the situation depicted in Fig. 1, whereby
the magnitude of the gap parameter varies more slowly than
its phase, and actually represents a rather extreme situation
since the gradient of the phase diverges when approaching the
center of the vortex.

Figure 2 shows the profiles "(ρ) of the gap parameter
(in units of the asymptotic value "0 away from the center
of the vortex) vs the radial distance ρ (in units of k−1

F ) for
various temperatures and couplings across unitarity, obtained
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In addition, for a sufficiently small A(r) one may expand
fF (EA

+(k|r)) and ∂fF (EA
+(k|r))/∂EA

+(k|r) in Eqs. (12) and
(13) in powers of k · A(r). In this case
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where now the local chemical potential µ(r) = µ − V (r) no
longer contains the A(r)2 term. Grouping all terms containing
I1(r) in Eq. (11), one correctly recovers the gauge-invariant
form − I1(r)

4m
[i∇ + 2A(r)]2. Related expressions for the coarse

grained number density and current will be obtained in Sec. III.

B. Recovering the GL and GP equations

The LPDA equation reduces to the GL and GP equations
in the appropriate limits, which can be shown as follows.

For weak coupling (kF aF )−1 % −1 and temperatures close
to Tc, in the above expression for I1(r) one can approximate
E(k|r) ∼= |ξ (k|r)| and neglect the terms whose integrands are
odd in ξ (k|r). Omitting further the external potential, one ob-
tains I1(r) ∼= k2
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∫ ∞
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where N0 = mkF /(2π2)

is the density of states at the Fermi level per spin component.
In addition, using the BCS equation for Tc one obtains
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4πaF
+ N0

(Tc−T )
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− 7 ζ (3)
8π2

N0
(kBTc)2 |"(r)|2 where ζ (3) is

the Riemann zeta function of argument 3. The GL equation
is thus readily recovered from the LPDA equation (11) in this
limit [5].

In the opposite limit of strong coupling (kF aF )−1 ' +1
and low temperatures, the two-body binding energy ε0 =
(ma2

F )−1 = −2µ + µB is the largest energy scale in the
problem, where µB is the residual chemical potential for
the composite bosons that form in this limit. To the lead-
ing significant order, one obtains I1(r) ∼= m2aF

8π
and I0(r) ∼=

− m
4πaF

+ m2aF

8π
[µB − 2 V (r) − ma2

F

2π
|"(r)|2]. The GP equation

for composite bosons is thus readily recovered from the LPDA
equation (11) in this limit [6].

C. Numerical comparison for an isolated vortex

We pass now to test the numerical solution of the LPDA
equation (11) with A(r) = 0 for the nontrivial case of an
isolated vortex embedded in an infinite medium, against the
results of the accurate solution of the BdG equations reported
in Ref. [17] across the BCS-BEC crossover for all T < Tc.
This case exemplifies the situation depicted in Fig. 1, whereby
the magnitude of the gap parameter varies more slowly than
its phase, and actually represents a rather extreme situation
since the gradient of the phase diverges when approaching the
center of the vortex.

Figure 2 shows the profiles "(ρ) of the gap parameter
(in units of the asymptotic value "0 away from the center
of the vortex) vs the radial distance ρ (in units of k−1

F ) for
various temperatures and couplings across unitarity, obtained
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where fF (E) = (eE/(kBT ) + 1)−1 is the Fermi function and
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+(k; Q|r) + EA
−(k; Q|r).

At this point, further approximations involve (i) setting in
the exponent Q(R,τ ) · r " Q(R,τ = 0) · R + Q(R,τ ) · (r −
R); (ii) transforming the sum over τ into an integral over
the independent variable Q under the assumption that all
the relevant values of Q are effectively sampled by varying
τ in the volume of side ! centered at R (cf. Fig. 1);
(iii) transforming also the sum over R into an integral;
(iv) identifying "(R) = e2iQ(R,τ=0)·R"̃(R); (v) eliminating v0
in favor of aF through a standard regularization [12,13]. The
gap equation then becomes
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∫
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The desired differential equation for "(r) results eventually
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Q and integrating by parts the integral over R therein. Up to
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Equation (11) represents the main result of the present
paper. From the way it was obtained, we may regard it as
representing a local phase density approximation (LPDA),
that should hold with no a priori restrictions on coupling
and temperature regimes, provided that "(r) varies slowly
enough with its magnitude varying more slowly than its phase.
Note, in particular, the presence of the vector potential in the
arguments of the Fermi functions entering the coefficients (12)
and (13) of the LPDA equation, which results in a kind of a
local Fulde-Ferrell phase. This feature (which will be a crucial
ingredient when applying the LPDA equation, for instance,
to neutral fermions in a rotating trap) distinguishes, too, the
present from other proposals also based on the slow spatial
variation of the gap parameter [16].
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B. Recovering the GL and GP equations

The LPDA equation reduces to the GL and GP equations
in the appropriate limits, which can be shown as follows.
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to Tc, in the above expression for I1(r) one can approximate
E(k|r) ∼= |ξ (k|r)| and neglect the terms whose integrands are
odd in ξ (k|r). Omitting further the external potential, one ob-
tains I1(r) ∼= k2

F

2m
N0

6(kBTc)2

∫ ∞
0

dy
y

tanh y

cosh2 y
where N0 = mkF /(2π2)

is the density of states at the Fermi level per spin component.
In addition, using the BCS equation for Tc one obtains
I0(r) ∼= − m

4πaF
+ N0

(Tc−T )
Tc

− 7 ζ (3)
8π2

N0
(kBTc)2 |"(r)|2 where ζ (3) is

the Riemann zeta function of argument 3. The GL equation
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C. Numerical comparison for an isolated vortex

We pass now to test the numerical solution of the LPDA
equation (11) with A(r) = 0 for the nontrivial case of an
isolated vortex embedded in an infinite medium, against the
results of the accurate solution of the BdG equations reported
in Ref. [17] across the BCS-BEC crossover for all T < Tc.
This case exemplifies the situation depicted in Fig. 1, whereby
the magnitude of the gap parameter varies more slowly than
its phase, and actually represents a rather extreme situation
since the gradient of the phase diverges when approaching the
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This gives the correct limits in Ginzburg-Landau, BEC and BCS limits as shown in 2014 and 
subsequent works.



Effective dynamical equation 

After some algebra and some redefinitions it is convenient to re-write :(A = 0)
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∇2Δ + 2VΔ + (Ĩ2 |Δ | − 2πηĨ3 |Δ | + 2η2) Δ = μBΔ

It follows, we propose the time dependent extension:
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∇2Δ + 2VΔ + (Ĩ2 |Δ | − 2πηĨ3 |Δ | + 2η2) Δ = iℏ∂tΔ
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Conclusions

•We have a potentially useful method to explore dynamics of Fermi systems in the BCS-BEC 
crossover scenario at . 

•The method is amenable to further refine to consider finite  and possibly additional beyond MFT 
corrections. 

•The method allows to have some qualitative simulations to compare with other more sophisticated 
methods. 

•The effective theory has been implemented in GPU’s and runs smoothly. 
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Ĩ3

This work is partially supported by the grant UNAM-DGAPA-PAPIIT:IN118823,  
as well as by grants from NVIDIA and utilized NVIDIA RTX 6000 Ada. 


