
SOUND AND ANOMALOUS DOPPLER 
EFFECT IN SUPERSOLIDS 

ALESSIO RECATI 
PITAEVSKII BEC CENTER  

CNR-INO & UNIVERSITÀ DI TRENTO

research funded and supported also by:
Based on: 

Marija Sindik, Tomasz Zawiślak, Sandro Stringari, AR 

PRL 132, 146001 (2024) & 

arXiv:2408.16489 (to appear in PRL) 

NONEQUILIBRIUM PHENOMENA IN SUPERFLUID SYSTEMS: ATOMIC NUCLEI, LIQUID HELIUM, ULTRACOLD 

GASES, AND NEUTRON STARS (12-16 May ECT*, Trento, I)



WHAT IS A SUPERSOLID? WHY IS RELEVANT?

A system which shows spatial order and superfluid 

properties  (spontaneously breaks continuous translational 

invariance and “particle conservation” - U(1))

Seminal works [1] based on SUPERFLUID HELIUM

[1] Gross (1957), Andreev & Lifshitz (1969), Chester (1970), Leggett (1970)  -  

excluded in Penrose & Onsanger (1956)

The hope/believe was that due to large enough  

zero-point motion the solid has vacancies,  

which move around and at low T Bose condense  

giving rise to finite superfluid density 

NO CLEAR EVIDENCE SO FAR… 

it seems very hard if not impossible to have a supersolid 

with “one atom per site”  

(QMC calculation for He-4 as well as dipolar gases )



SUPERSOLID PHASE IN BOSE-EINTEIN CONDESATE GASES
IDEA: change paradigm from “one atom per site”  to a modulated superfluid or coupled 

superfluid clusters (easier to have coherence…) a.k.a. cluster supersolids (E. Gross, L. Pitaevskii…)

One of the first attempt in this direction was to use a gaseous BEC 

with soft sphere interaction. [Pomeau & Rica, PRL 1994] 

Proposal with Rydberg atoms to engineer such a system in 

[Cinti et al. PRL (2010)]

- spin-orbit coupling (stripe phase) 

(exp. by [Ketterle’s group, Nature (’17)] and more recently 

better evidence by [Tarruell’s group, arXiv:2412.13861])  

- in cavity QED  

(exp. [Esslinger’s group, Nature 2017…]) 

- dipolar interaction (the platform used in my talk) - see also Poli’s talk   

(Many exps. since 2019 in  Florence, Innsbruck and Stuttgart…) 
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Since 2017 CLUSTER SUPERSOLIDITY have been observed in platforms using ultra-cold Bose gases 
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T=0 SUPERSOLID HYDRODYNAMIC
Supersolid: “a state of matter, which spontaneously breaks translational invariance and U(1) 

symmetry” , i.e., the state is characterised by crystalline and superfluid long range orders



T=0 SUPERSOLID HYDRODYNAMIC
Supersolid: “a state of matter, which spontaneously breaks translational invariance and U(1) 

symmetry” , i.e., the state is characterised by crystalline and superfluid long range orders

T=0 one dimensional hydrodynamic equation (2 conservation + 2 order parameters):
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Constituent (infinitesimal) relations 
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In absence of current the linearised hydrodynamic leads to the 2 sounds  
[Yoo & Dorsey,  PRB 81, 134518 (2010)]

THE 2 SOUNDS ARE RELATED TO THE GOLDSTONE MODES DUE TO THE SPONTANEOUS BREAKING 
OF U(1) AND 1D GALILEAN CONTINUOUS SYMMETRY
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The “clusters” give rise to a  

normal component (Landau 2-fluid model) 
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(MAGNETIC) DIPOLAR BOSE GASES
We consider magnetic dipolar gases, with dipole oriented by an external magnetic field.

The atoms interact via short range potential  
which for the temperature and energy of the experiments can be 

replaced by the usual s-wave contact interaction
B
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as well as via dipole-dipole interaction

the relative strength which can be varied by changing the s-wave scattering  

through Feshbach resonances
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At zero temperature the gas forms a Bose-Einstein condensate, whose mean-field equation of 

motion for the order parameter (Gross-Pitaevskii equation) reads: 
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(MAGNETIC) DIPOLAR BOSE GASES
For an homogenous system solutions exists if                          is <1."dd = add/a

<latexit sha1_base64="aBOd3EJjXVYnoTyMSMI7eO1Qdu0=">AAACAnicjVDLSgMxFM3UV62vUVfiJlgEV3VGKroRim5cVrAPaIdyJ5NpQzOZIckUylDc+CtuXCji1q9w59+YTrtQUfBAuCfn3Etyj59wprTjfFiFhcWl5ZXiamltfWNzy97eaao4lYQ2SMxj2fZBUc4EbWimOW0nkkLkc9ryh1dTvzWiUrFY3OpxQr0I+oKFjIA2Us/e645A0kQxbm5ZEEwuIC/H0LPLbsXJgf8mZTRHvWe/d4OYpBEVmnBQquM6ifYykJoRTielbqpoAmQIfdoxVEBElZflK0zwoVECHMbSHKFxrn6dyCBSahz5pjMCPVA/van4m9dJdXjuZUwkqaaCzB4KU451jKd54IBJSjQfGwJEMvNXTAYggWiTWul/ITRPKm61cnpTLdcu53EU0T46QEfIRWeohq5RHTUQQXfoAT2hZ+veerRerNdZa8Gaz+yib7DePgHdSZe7</latexit>

c(✓)2 = c
2

0

�

1 + "dd(3 cos
2(✓)� 1)

�

<latexit sha1_base64="6t5nRWUo2ISQcBVpU7rY43aNzXg="></latexit>

There exist directions for which the speed of sound is imaginary 

By (harmonically) confining the gas in the z-direction the spectrum shows a roton-like minimum  

[Santos, Shlyapnikov, Lewenstein, PRL 2003] 
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For large dipolar interaction the roton eventually should lead to collapse of the cloud… 

BUT it does not thanks to stabilisation beyond mean field: Lee-Huang-Yang correction    

(i.e., energy correction due to zero-point fluctuations) 



(MAGNETIC) DIPOLAR BOSE GASES: DROPLET 
For large dipolar interaction the roton eventually should lead to collapse of the cloud… 

BUT it does not thanks to stabilisation beyond mean field: Lee-Huang-Yang correction    

(i.e., energy correction due to zero-point fluctuations): 

Experimentalists have observed the droplets [Pfau’s group, 2015-2018] and  

measured the roton spectrum [Ferlaino’s group, PRL 2019]  
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DIPOLAR BOSE GASES: COHERENT DROPLETS 
The phenomenology is very well capture by a time dependent density functional theory build on 

the GPE including the LHY term, a.k.a. extended GPE  
(perfect analogy with the Bose-Bose mixtures as well as strong analogy with the liquid of light (non-linear optics), 

He-4 droplets, liquid droplet model for nuclei)
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LHY term:

IS IT POSSIBLE TO HAVE COHERENCE AMONG THE DROPLETS?  YES (ALTHOUGH IN A SMALL PARAMETER RANGE)  

The existence of a “supersolid” phase in dipolar BEC has been experimentally verified in a 

number of experiments where the coherence, the SF and crystal modes, Josephson-like effect 

and the existence of vortices have been observed. 

[Theory results by Roccuzzo and Ancilotto, PRA 2019]
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DIPOLAR BOSE GASES: COLLECTIVE MODES
What does it happen in a trapped gas?

• Collective (discrete) modes  replace the “usual” dispersion relation 

• We need to probe bulk properties -> breathing (compressional) mode

1. determine the ground state of the system 

2. apply a small external perturbation along the longitudinal axes 

3. evolve in time 

WE OBSERVE A WELL-DEFINED SINGLE FREQUECY IN THE SUPERFLUID AND INCOHERENT DROPLETS PHASE 
AND A CLEAR BEATING IN THE SUPERSOLID 
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What does it happen in a trapped gas?

WE OBSERVE A WELL-DEFINED SINGLE FREQUECY IN THE SUPERFLUID AND INCOHERENT DROPLETS PHASE 
AND A CLEAR BEATING IN THE SUPERSOLID 

Fourier decomposition clearly show  

that the higher mode is a (mainly)  

crystal like (lattice deformation)  

and the lower one 

is (mainly) an amplitude modulation
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[L. Tanzi, S. Roccuzzo et al., Nature 574, 382 (2019)]
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WE OBSERVE A WELL-DEFINED SINGLE FREQUECY IN THE SUPERFLUID AND INCOHERENT DROPLETS PHASE 
AND A CLEAR BEATING IN THE SUPERSOLID 

Fourier decomposition clearly show  

that the higher mode is a (mainly)  

crystal like (lattice deformation)  
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is (mainly) an amplitude modulation
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[L. Tanzi, S. Roccuzzo et al., Supersolid symmetry breaking  

from compressional oscillations in a dipolar quantum gas,  

Nature 574, 382 (2019)]

Experimentally indeed in the SS phase 

the amplitude and the lattice oscillates with  

2 different  we found two frequencies

DIPOLAR BOSE GASES: COLLECTIVE MODES



Short after very analogous conclusions have been drawn by the Pfau’s and Ferlaino’s group 

in very nice and complementary experiments! 
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[M. Guo et al. The low energy Goldstone mode  

in a trapped dipolar supersolid,  

Nature 574, 386 (2019)]

[G. Natale et al. The excitation spectrum of a  

trapped dipolar supersolid and its experimental evidence,  

Phys. Rev. Lett. 123, 050402 (2019)]
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A PROTOCOL TO MEASURE THE SOUND
On the theory side the speed of sound can be extracted in an infinite system and 

calculating the (Bogloliubov) spectrum of the gas. 

> Prepare the initial state of the system in a (large)  

ring geometry in presence of a small  

additional potential  

> Remove the potential 

> Record the average value                                           
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We however used a protocol based on solving the (e)GPE which should be applicable in 

a real experiment:
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SOUND SPEED FOR A DIPOLAR SUPERSOLID
HD parameter’s estimation
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� ' 0 Dipolar supersolid 



In absence of current the linearised hydrodynamic leads to the 2 sounds  
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normal component (Landau 2-fluid model) 
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T=0 SUPERSOLID HYDRODYNAMIC

IN PRESENCE OF CURRENT SPEEDS OF SOUND ARE MODIFIED BY A DOPPLER CORRECTION,  
BUT HOW?



(STANDARD) DOPPLER EFFECT IN FLUIDDYNAMICS 
"In presence of a current the speed of sound  of a fluid is modified w.r.t. to its value at rest"
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Hydrodynamic equation for a Galilean system (one dimensional):

Momentum conservation Number conservation (continuity equation)  
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Sound: linearise the hydrodynamic equations around a state with velocity 
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p


�1 ± vf



In presence of a superfluid and a normal component which can have a relative motion ,  

Khalatnikov realised that the situation can be less trivial. 
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<D (y) = (21t)-'f•e-Y'/2 [ 1 + 110 (ys- 3y) 

1 mL-E 3 mL.E ] 
+ ___ , _o (y4-6y2+3) + ___ ,_o(y6-15y4 +45y2-15) + .. ; 

28 (1.2 400 (1.2 (16) 

y2 = (E- £)2 (3Li(1.2/2mEg) (1 + 3mE0/2Li(1.2P; (17) 

(18) Bn = (2m/(1.2)n-lE2n-l/(n -1) (2n -1) Li (Eo), E 

From Eq. (16) it is evident that for sufficiently 

large ratio LimE I p.2 , the distribution function 
differs from a Gaussian one even 
at the end of the passage. The curve has a chW'-

acteristic ''tail" at the low energy and a sharp 

cutoff on the high energy side. Its maximum is 

displaced in the direction of greater energies 
relative to its center of gravity ( y = 0 ). 

1L. D. Landau, J. Phys. USSR 8, 201 (1944). 
2 

I. Ia. Pomeranchuk, ]. Exptl. Theoret. Phys. 
(U.S.S.R.) 1_8, 759 (1948). 

Translated by M. 1. Stevenson 
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The Propagation of Sound in Moving 
Helium II and the Effect of a Thermal 

Current UP-on the Propagation of 
Second Sound 

I. M. KHALATNIKOV 

Institute for Physical Problems, Academy of 

Sciences, USSR 

(Submitted to JETP editor December 15, 1955) 

J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 

617-619(March, 1956) 

ROM ordinary hydrodynamics it is well known 

that an ''entrainment" of sound occurs in a 

moving fluid. A similar phenomenon must take 

place in the hydrodynamics of a superfluid. Inas-
much as in the case of a superfluid two types of 

motion (normal, with a velocity v n , and superfluid, 

with a velocity v s ) as well as two types of sound 

vibrations, propagated with different velocities, 
are possible, it is natural that the picture of 

sound propagation in a moving superfluid liquid 

should differ from the corresponding phenomenon 

in classical hydrodynamics. 
Let sound oscillations of frequency w be propa-

gated in a direction characterized by the unit 
vector n (along the x-axis) through helium II 

in which normal and superfluid motions are taking 

place with the constant velocities v n and v s • The 

wave vector k is equal to nw I u, where u is the 

velocity of sound. We shall determine here the 

velocitfes of first and second sound in the moving 
Helium II under the assumption that the motion 

proceeds at velocities which are small by com-
parison with the velocity of sound. Let us write 

the complete set of hydrodynamic equations for 

Helium II: 

op + ct· · o 
j)f IV j = , 

Here p is the density, s is the entropy per unit 

mass, p is the pressure, j = PnV n + p s v s is the mass 
current density, p and p are the densities of 
the normal and superfluil components, and 

<1>=<11 0 (p,T)- Pn ( vn- v s) 2 I 2p is the thermo-

dynamic potential, depending upon the relative 

velocity v n- v s. If we take the pressure and 

temperature as independent variables, then from 
the thermodynamic identity for the potential 

p d<D =- ps dT + dp + (j- pv ) d (v - v ) 
s n s 

it follows that the density p and the entropy s 

are functions of the relative velocity v - v . 
n s · 

iJ ( P n ) (a <I> ) S=so+ iJT "]p. (vn-Vs)2, So=- iJ; , 

1 (iJ<D0 ) 
.Po= 7fT p 

We shall look for increments linear in vn and v s 

to the velocity of sound for the stationary fluid. 

For this purpose it is necessary to rewrite the 
hydrodynamic equations to include terms quadratic 

in the velocity. We shall introduce the notation 

v = jl p and w = vn- v s· The components of 

these vectors in the direction of the wave vector 

k we shall identify by the index k, and those in a 

plane perpendicular to k by the index l . In a 

traveling sound wave, all quantities depend upon 

1. Not only first (standard) sound: different sound 

has a different Doppler shift  

2. Non trivial Doppler due to the dependence of 

the superfluid fraction on the thermodynamic 

quantities

A series of works by Y. Nepomnyashchy, explored the 

effect in details, 

finding interesting behaviours of the Doppler for the 

second and fourth sound. 

ANOMALOUS DOPPLER  EFFECT - NO EXPERIMENTAL 

EVIDENCE YET

(ANOMALOUS) DOPPLER EFFECT IN SUPERFLUID DYNAMICS 

Two fluid model
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j = ⇢nvn + ⇢svs
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Unusual Doppler effect in He II

Y.A. Nepomnyashchy
Physics Department, Technion Isra-el Institute of Technology, Haifa 32 000, Israel

(Received 20 April 1992)

Many years ago Khalatnikov described unusual properties of the Doppler shift for the second sound

in He II, first of all the "back-entrainment" effect: at some temperatures (at the beginning of the roton

region) the center of the spreading sound moves in the direction opposite to the normal-component ve-

locity v„[buz=y( Tlv„,yl T-0.6K) (0]. However, the existing theory describes Doppler shift of the

first and fourth sounds as a trivial, "kinematic" effect: the center of the spreading sound moves with the

velocity of the liquid as a whole [Au, 4=j/p =(1—p„/p)v, ]. We show that the real situation is quite

different. We find (1) the coefficient K in the Doppler-shift expression, Au
& 4 =(1—K, 4p„/p)U„substan-

tially diff'ers from the kinematic value K =1:~K~,„reaches some tens. (2) K, (T) and K4(T) have

different (qualitatively opposite) nontrivial temperature dependences, in particular a high peak (modulo)

at the beginning of the roton region. (3) K& 4(T) can be negative: E j &0 in the region of the peak,

K4 &0 in the phonon region. This implies an "outstripping" effect: the center of the spreading sound

moves faster than the flowing superAuid part of the liquid itself.

I. INTRODUCTION

The presence of two types of macroscopic motions and

several sound modes in a superAuid provides an unusual

manifestation of the Doppler effect. The simplest situa-

tion corresponds to a completely locked normal com-

ponent: the Doppler shift of the fourth sound in He
II.' In Sec. II we consider the theory of this

phenomenon. We prove that the existing description of it
is inadequate. It claims that the effect is practically "ki-
nematic": The center of the sound sphere moves with the

velocity of liquid as a whole, v= j/p, i.e., with its center

of mass. Corrections to this result are supposed to be

small. We show that the real situation is quite different.

The coefficient K~ (—:K) in the Doppler-shift expression

bu4=(1 Kp„/p)v, su—bstantially differs from the kine-

matic value L = 1. The existing theory's formula

neglects the thermodynamic derivatives that are propor-
tional to the thermal expansion coefficient a(T). This is
not justified in the present case. Moreover, the coefficient

K can be expressed in terms of the derivatives of sound
velocity (c) and the roton gap (b, ) with respect to the

density [a—= (pic)dc ldp, r =(p/b. )db, /dp] and the

derivatives can be deduced from the experimental values

of a( T) (note that the parameters a, r are nearly constant

in the most interesting temperature region T ( 1 K).
Our theory predicts some physical effects: (i) At the

phonon region of temperatures T ~ 0.4 K, we get

K ( T)=const (0 (K=—2.7); i.e., the center of the sound
sphere moves faster than the superAuid component itself

(an "outstripping" effect). (ii) At the beginning of the ro-
ton region of temperatures (T=0.63 K), the function

K ( T) has a sharp peak (K,„=26. 5 ).
In Sec. III we investigate the Doppler shift in the case

of a "free" normal component. Many years ago, Khalat-

nikov obtained very striking results for the Doppler shift

of second sound: The coefficient y(T) (hu2=yv„)

changes sign at the beginning of the roton region, so that
the entrainment" of the second sound becomes opposite
to the direction of the normal-component velocity v„.
Since the difference between v„and v=j/p (at v, =0) is
of zeroth order in p„/p, it is natural that the difference

between hu2 and U„,U is also of zeroth order in p„/p.
Correspondingly, hu2 is described by the calculation to

the lowest order in p„/p. In particular, one can indeed

neglect here the derivatives proportional to cr(T). How-

ever, for the case of first sound, this approximation is

inadequate: The differences between b u &,U, and

v =(1—p„/p)v, (v„=0)are of first order in p„/p. We
obtain a nontrivial behavior of the coefficient K, (T)
[b,u, =(1—K,p„/p)v, ]: Unlike the case of fourth sound,

the function
K i ( T) (= const) in the phonon region is pos-

itive (and large, Ki =47), and it becomes negative with

large modulus ~K, ~,„=33)at the beginning of the roton
region (T=0.55 K) where ~Ki(T)~ has a high peak.

Thus we get here a very large outstripping effect.

Note that although the difference between the kinemat-

ic prediction and the real situation in terms of the
coefficient K& 4 is very large, the maximum distinctions of
the total corrections to the Doppler shift correspond to
the low temperatures ( T—0.6 K) where the ratio p„lp is

small (see Tables I and II). Accordingly, the effect would

not be easily observable. in case of K4 [:—K(T)], it is
ore accessible to observe the growth of K(T) at de-

creasing temperature: if we are interested in corrections
of more than, e.g., 0.5%, the corrections are measurable

down to T;„=0.7 K, whereas the kinematic prediction

is T;„=1 K. In the case ofKi(T), it becomes accessible
to observe directly the outstripping effect, even though

the maximal (modulo) value of the total correction,

Kip„/p, is —0.12% (T=0.65 K).
In the conclusion of the paper, we discuss the origin of

the nonkinematic character of the Doppler shift in a

super Quid.

47 905 1993 The American Physical Society

Curious Doppler shift of fourth sound
in the low temperature limit

Yu.A. Nepomnyashchy and M. Revzen

Physics Department, Technion — IsraelInstitute of Technology, Haifa 32000, Israel

Journal of Low Temperature Physics, Vol. 100, Nos. 3/4, 1995 
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We investigate the influence of SHe admixture on the Doppler shift of dif- 
ferent sounds in superfluid 4He with internal motion. This influence proves to 
be very strong in the whole region of the nontrivial temperature behavior of 
the Doppler shift and implies in particular an unexpected amplification of 
certain Doppler anomalies. We explain origin of the features of the internal 
Doppler effect in pure 4He and ~He-~He mixture and notice an interesting 
peculiarity of the 4He-3He two-fluid hydrodynamics: its nonanalyticity at low 
temperature and small SHe concentration: T -* O, X ~ O. 

1. INTRODUCTIO N. INTERNAL DOPPLER SHIFT 

AND ANOMALIES 

Investigation of the sound propagation by means of the two-fluid 

hydrodynamics 1 reveals a special manifestation of the superfluidity of 4He: 

the nonkinematic Doppler effect which is connected with the metastable 

internal motion. 2~ 

Let ~7~ and ffi(F) are the sound velocities in the rest and moving 

superfluid respectively (i= (1, 2, 4) is the "number" of sounds). The non- 

kinematic "internal" Doppler effect consists in a difference between the shift 

of the sound velocity, AG=G(~')-~7~ (i.e. the velocity of the center 

of spreading sound) and the velocity of the liquid as a whole, 

v= (P~/P)G + (Ps/P)G. This difference is approximately proportional to 

the velocity of the relative motion between the normal and superfluid 

components, ~ = G - G: 

Oui(w, v) (1) 
Aui--v:fi(w);~):iW , i.e. Yi- 0~~= ~ 

The most interesting aspect of this phenomena is the Doppler 

anomalies which contradict some "natural" suppositions that the velocity 
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finite temperature weakly interacting Bose gas 
 [Physics LettersA 161 (1991)]



Q: Does a system with a finite normal component at zero temperature 

show an anomalous  Doppler effect? 

(ANOMALOUS) DOPPLER EFFECT IN SUPERFLUID DYNAMICS 



DOPPLER EFFECT FOR A BEC IN AN OPTICAL LATTICE
In an optical lattice the superfluid of an atomic BEC is not 1 even at T=0, 

the normal fraction is locked to the lattice.

T=0 Hydrodynamic equation (one dimensional):
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@tvs + @xµ = 0

Order parameter (Josephson equation)  

Constituent relations 

Number conservation (continuity equation)  
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(Fourth) Sound: linearise the hydrodynamic equations around a state with velocity 
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Kinematic Doppler  Recently measured  

[Phys. Rev. Lett. 130, 226003 (2023)]
Anomalous Doppler  

[see also: Bergman, Halperin, &Hohenberg (1975), Smerzi & Trombettoni (2003), Taylor & Zaremba (2003)]



GROSS-PITAEVSKII ANALYSIS
The T=0 atomic BECs can be microscopically described by means of the Gross-Pitaevskii equation
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- Prepare the stationary states 

(with PBC) 
- Extract speed of sound 
- Calculate superfluid fraction for 

different densities

On the Doppler shift: 

To get an anomalous Doppler effect 

one needs that the:  

healing length is SMALLER that the 

lattice period
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<latexit sha1_base64="/VC2D7v/PtyQFV7Rl46YJASwIbg=">AAAB+nicdZA7TwJBFIVn8YX4Qi1tJhITK7JLYIWOaGOJiTwSIGR2uOCE2Udm7hrJyp+w1crO2PpnLPwvziIhavRUN9+5N/fkeJEUGm373cqsrK6tb2Q3c1vbO7t7+f2Dlg5jxaHJQxmqjsc0SBFAEwVK6EQKmO9JaHuTi9Rv34LSIgyucRpB32fjQIwEZ2hQp3cnelLS4SBfsIu1slupVahTtOeihlRLNdddkgJZqDHIf/SGIY99CJBLpnXXsSPsJ0yh4BJmuV6sIWJ8wsbQNWPAfND9ZJ53Rk9izTCkESgqJJ1D+H6RMF/rqe+ZTZ/hjf7tpfAvrxvjqNpPRBDFCAFPH6GQMH+kuRKmCKBDoQCRpcmBioByphgiKEEZ5wbGppmc6WNZw/9Dq1R03KJ7VS7UzxfNZMkROSanxCFnpE4uSYM0CSeSPJBH8mTdW8/Wi/X6tZqxFjeH5Iest0/usJSe</latexit>

⇠ ⌧ d

Parameters:  

N=200.000 Rb-87 atoms, 

transverse trapping: 150 Hz, 

Length = 96 micron 

d=16.7
<latexit sha1_base64="Fa9BVROde7dk1hQiSlfEifUp5yE=">AAAB9XicdZA7TwJBFIVn8YX4Qi1tJhITq80ugRU6oo0lRnkksCGzwwUnzD4yc1clG36CrVZ2xtbfY+F/cReJUaOnuvnOvbknx4uk0GhZb0ZuaXlldS2/XtjY3NreKe7utXUYKw4tHspQdT2mQYoAWihQQjdSwHxPQsebnGV+5waUFmFwhdMIXJ+NAzESnGGKLvt3YlAsWWa94lTrVWqb1lw0JbVy3XG+SIks1BwU3/vDkMc+BMgl07pnWxG6CVMouIRZoR9riBifsDH00jFgPmg3mUed0aNYMwxpBIoKSecQvl8kzNd66nvpps/wWv/2MviX14txVHMTEUQxQsCzRygkzB9prkTaAdChUIDIsuRARUA5UwwRlKCM8xTGaSmFtI+vGv4f2mXTdkznolJqnC6ayZMDckiOiU1OSIOckyZpEU7G5J48kEfj1ngyno2Xz9WcsbjZJz9kvH4AfguStA==</latexit>
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DOPPLER EFFECT FOR A SUPERSOLID
The linearised hydrodynamic leads to  

2 sound (Goldstone) modes with speeds:

<latexit sha1_base64="LZjhtG7tN7On5U2qi+97u3chaY8="></latexit>
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The Doppler shift due to the relative motion of the normal and superfluid is 

: kinematic Doppler effect
<latexit sha1_base64="fZgQeDeLPZ9ft0DYTx3fnviTGyg=">AAAB/XicdZA7SwNBFIVn4yvGV9TSZjAIVmE3JGtSCEEbywjmAXkxO7mJQ2Znl5m7gbAEf4WtVnZi62+x8L+4iUFU9FSX79zLPRwvlMKgbb9ZqZXVtfWN9GZma3tndy+7f9AwQaQ51HkgA93ymAEpFNRRoIRWqIH5noSmN76c+80JaCMCdYPTELo+GykxFJxhgtqTvurZ55O+6dn9bM7OV4puqVKiTt5eiCakXKi47hfJkaVq/ex7ZxDwyAeFXDJj2o4dYjdmGgWXMMt0IgMh42M2gnYyKuaD6caLyDN6EhmGAQ1BUyHpAsL3i5j5xkx9L9n0Gd6a394c/uW1IxyWu7FQYYSg+PwRCgmLR4ZrkXQBdCA0ILJ5cqBCUc40QwQtKOM8gVFSTibp46uG/4dGIe+4efe6mKteLJtJkyNyTE6JQ85IlVyRGqkTTgJyTx7Io3VnPVnP1svnaspa3hySH7JePwDbvpWr</latexit>
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Some limiting cases:

<latexit sha1_base64="RN/A34zrA9COxXwOf7H7wxd/ClA=">AAACDHicdZC9SgNBFIVn/Tf+RW0Em8EgWIWN6Go60cYygkmEbAh3JzdxcHZ2mbmrhKCP4FPYamUntr6Dhe/iJIagoqe6fOdc7syJUiUt+f67NzE5NT0zOzefW1hcWl7Jr67VbJIZgVWRqMRcRGBRSY1VkqTwIjUIcaSwHl2dDPz6NRorE31OvRSbMXS17EgB5FArvxEqF25DaGT3ksCY5CaUukO9Vr7gF8t7wX55n5eK/lDckcPdchCMSYGNVGnlP8J2IrIYNQkF1jZKfkrNPhiSQuFtLswspiCuoIsNN2qI0Tb7wx/c8u3MAiU8RcOl4kOI3zf6EFvbiyOXjIEu7W9vAP/yGhl1Dpt9qdOMUIvBIZIKh4esMNJVg7wtDRLB4OXIpeYCDBChkRyEcDBzXeVcH+Ma/h9qu8VSUAzO9gpHx6Nm5tgm22I7rMQO2BE7ZRVWZYLdsQf2yJ68e+/Ze/Fev6IT3mhnnf2Q9/YJ80OcYg==</latexit>

� ! 1 (incompressible lattice): 
<latexit sha1_base64="jYqqiaeTXv2npw/PhmFzGb3RnL4="></latexit>
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) 4th sound Doppler as in an 

ext. lattice

<latexit sha1_base64="yZoCcpvVNMoFowHzSqRYcjL3HpU=">AAACCnicdZC9SgNBFIVn/Y3xLyrY2AwGwSpsJFlNF7SxjGB+IAnh7nhNBmdnl5m7isS8gU9hq5Wd2PoSFr6LuzEEFT3V5Tv3cg/Hj5S05Lrvzszs3PzCYmYpu7yyurae29hs2DA2AusiVKFp+WBRSY11kqSwFRmEwFfY9K9OUr95jcbKUJ/TbYTdAPpaXkoBlKBebrtjBmFPd4zsDwiMCW9SwHu5vFuolLxypcyLBXcsnpCjg4rnTUmeTVTr5T46F6GIA9QkFFjbLroRdYdgSAqFo2wnthiBuII+tpNRQ4C2OxznH/G92AKFPELDpeJjiN8vhhBYexv4yWYANLC/vRT+5bVjujzqDqWOYkIt0kckFY4fWWFkUgzyC2mQCNLkyKXmAgwQoZEchEhgnDSVTfqY1vD/0DgoFL2Cd1bKV48nzWTYDttl+6zIDlmVnbIaqzPB7tgDe2RPzr3z7Lw4r1+rM87kZov9kPP2CfbKm0I=</latexit>

⇢n ! ⇢ (Normal solid phase): 
<latexit sha1_base64="TyeNGiVRXIacPxVaCxbmnAvpL+U=">AAACDXicdZC7SgNREIbPxluMt1UrsTkYBAsJuyGuphNtLBVMFJIQZk/GeMjZC+fMKmEJPoJPYauVndj6DBa+i5sYgor+1fD9M8zM78dKGnKcdys3NT0zO5efLywsLi2v2KtrdRMlWmBNRCrSlz4YVDLEGklSeBlrhMBXeOH3jof+xQ1qI6PwnPoxtgLohvJKCqAMte2NZgcVQTt1d8uDppbdawKto1vutu2iU6pWvL3qHndLzkg8IwflqudNSJGNddq2P5qdSCQBhiQUGNNwnZhaKWiSQuGg0EwMxiB60MVGVoYQoGmloxcGfDsxQBGPUXOp+Aji94kUAmP6gZ91BkDX5rc3hH95jYSuDlqpDOOEMBTDRSQVjhYZoWWWDfKO1EgEw8uRy5AL0ECEWnIQIoNJFlYhy2MSw/9FvVxyvZJ3VikeHo2TybNNtsV2mMv22SE7YaesxgS7Yw/skT1Z99az9WK9frXmrPHMOvsh6+0TF46bxg==</latexit>

�1,2 ! 1 kinematic Doppler effect
<latexit sha1_base64="ky1ztO4N85oDy9E7tM3zxyK1TIs=">AAAB93icdZC9TgJBFIVn8Q/xD7W0mUhMrMhCYIWOaGOJiQskgGR2uOCE2dnNzF0SQngGW63sjK2PY+G7uLsSokZPdfOde3NPjhdKYdC2363M2vrG5lZ2O7ezu7d/kD88apkg0hxcHshAdzxmQAoFLgqU0Ak1MN+T0PYmV4nfnoI2IlC3OAuh77OxEiPBGcbInQ7UnT3IF+xiveJU61VaKtqpaExq5brjrEiBLNUc5D96w4BHPijkkhnTLdkh9udMo+ASFrleZCBkfMLG0I1HxXww/XkadkHPIsMwoCFoKiRNIXy/mDPfmJnvxZs+w3vz20vgX143wlGtPxcqjBAUTx6hkJA+MlyLuAWgQ6EBkSXJgQpFOdMMEbSgjPMYRnEtubiPVQ3/D61yseQUnZtKoXG5bCZLTsgpOSclckEa5Jo0iUs4EeSBPJIna2Y9Wy/W69dqxlreHJMfst4+AbGtk1w=</latexit>
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<latexit sha1_base64="5vnzxxVQDm56t7NpRJ3H29Qv6Ms=">AAAB/HicdVA9SwNBEN3z2/gVtbRZDII2x8XEXFIIoo2lglExCTK3jnFxd+/YnRMkxF9hq5Wd2PpfLPwv3sUIKvqqx3szzJsXJUo6CoI3b2R0bHxicmq6MDM7N79QXFw6dnFqBTZFrGJ7GoFDJQ02SZLC08Qi6EjhSXS9l/snN2idjM0R3SbY0dA18lIKoEw6W293QWvYDjbOi6XArzXCeq3KAz+sVsKtMCeVSj1o8LIfDFBiQxycF9/bF7FINRoSCpxrlYOEOj2wJIXCfqGdOkxAXEMXWxk1oNF1eoPEfb6WOqCYJ2i5VHwg4veNHmjnbnWUTWqgK/fby8W/vFZKl/VOT5okJTQiP0RS4eCQE1ZmVSC/kBaJIE+OXBouwAIRWslBiExMs24KWR9fT/P/yfGmX675tcNqaWd32MwUW2GrbJ2VWch22D47YE0mmGH37IE9enfek/fsvXyOjnjDnWX2A97rB58rlPI=</latexit>

(� = 0)
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DOPPLER EFFECT IN THE SS PHASE OF DIPOLAR BOSE GASES
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<latexit sha1_base64="jgaPjGhKemxMBd+JdnFhbdo6THY="></latexit>
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3 Integrated density profile for 

N=160.000 Dy-164 atoms, 

transverse trapping: 100 Hz, 

Length = 96 micron (with PBC) 

The current is due in this case by both the normal and the SF component and we prepare the 

stationary state via imaginary time evolution in presence of the boost:
<latexit sha1_base64="QjOZcBdyHuCUunZZ6trAGI6f1no=">AAAB+nicdZA7TwJBFIVn8YX4Qi1tJhITG8lCYIWOaGOJiTwS2GxmhwtOmJ3dzNwlEuRP2GplZ2z9Mxb+FxckRI2e6uY79+aeHD+SwqBtv1upldW19Y30ZmZre2d3L7t/0DRhrDk0eChD3faZASkUNFCghHakgQW+hJY/vJz5rRFoI0J1g+MI3IANlOgLzjBB7bORp2jdu/OyOTtfLTnlapkW8vZcNCGVYtVxliRHFqp72Y9uL+RxAAq5ZMZ0CnaE7oRpFFzCNNONDUSMD9kAOsmoWADGnczzTulJbBiGNAJNhaRzCN8vJiwwZhz4yWbA8Nb89mbwL68TY7/iToSKYgTFZ49QSJg/MlyLpAigPaEBkc2SAxWKcqYZImhBGecJjJNmMkkfyxr+H5rFfMHJO9elXO1i0UyaHJFjckoK5JzUyBWpkwbhRJIH8kierHvr2XqxXr9WU9bi5pD8kPX2CYvylGA=</latexit>
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Only normal velocity 

Quantum of “circulation”:  

Non-zero SF velocity 
<latexit sha1_base64="RgnnDrPjPbnN1D6hEXS6AUj9HjE="></latexit>
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<latexit sha1_base64="0pKZc1w0V7lhq0k9TVRVtEFVeGg="></latexit>

hPxi = m(fnvn + fsvs)leading to



DOPPLER EFFECT IN THE SS PHASE OF DIPOLAR BOSE GASES
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For the comparison we need the SS parameters as well as 

the derivatives of the normal density w.r.t. density and 

displacement.  The GPE allows to determine all of them.

The two sound speeds

<latexit sha1_base64="4xLQf/v9L0TwJuOP6wZP2UQTS7Q="></latexit>
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DOPPLER EFFECT IN A BEC MIXTURE

(Momentum conservation is redundant 

for zero temperature homogeneous SF)

<latexit sha1_base64="7Dw7SRSdqghM6YDBa/5c75/RfCs="></latexit>

@tn1 + @xj1 = 0

@tn2 + @xj2 = 0

@tv1 + @x(µ1) = 0

@tv2 + @x(µ2) = 0

T=0 Hydrodynamic equation (4 conservation + 2 order parameters):
<latexit sha1_base64="srm2rc2QBY/Tk0LEPV636muLwnM="></latexit>
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<latexit sha1_base64="BDSVAAVP0IbuV+cwjlFkJhG3gSY=">AAAB+HicdZA7SwNBFIVn4yvGV9TSZjAIFrLshmRNCiFoYxnBPCBZwuzkJo6ZfTBzV4gh/8FWKzux9d9Y+F/cjSGo6Kku37mXezheJIVGy3o3MkvLK6tr2fXcxubW9k5+d6+pw1hxaPBQhqrtMQ1SBNBAgRLakQLmexJa3ugi9Vt3oLQIg2scR+D6bBiIgeAME9QUZ/ZJMdfLFyyzWnLK1TK1TWsmmpBKseo4C1Igc9V7+Y9uP+SxDwFyybTu2FaE7oQpFFzCNNeNNUSMj9gQOskYMB+0O5mlndKjWDMMaQSKCklnEL5fTJiv9dj3kk2f4Y3+7aXwL68T46DiTkQQxQgBTx+hkDB7pLkSSQ1A+0IBIkuTAxUB5UwxRFCCMs4TGCe9pH0savh/aBZN2zGdq1Khdj5vJksOyCE5JjY5JTVySeqkQTi5JQ/kkTwZ98az8WK8fq1mjPnNPvkh4+0T8vaS1A==</latexit>

i = 1, 2

A mixture one can have different velocities 

 for the two component:
<latexit sha1_base64="wXibBHprMpzqAx3TgTzgV6125As=">AAACCnicdZC9SgNBFIVn/Y3xLyrY2AwGwcYwG3Q1hRC0sVQwUcjPMjtedcjs7DpzNyLRN/ApbLWyE1tfwsJ3cTeGoKKnunznXu7hBLGSFhl7d0ZGx8YnJnNT+emZ2bn5wsJi3UaJEVATkYrMacAtKKmhhhIVnMYGeBgoOAk6+5l/0gVjZaSP8SaGVsgvtDyXgmOK/MLydZvtdn23zTa6frnNmhquKMv7hSIrVTa9rcoWdUusL5qSnXLF84akSAY69AsfzbNIJCFoFIpb23BZjK0eNyiFgrt8M7EQc9HhF9BIR81DsK1eP/8dXUssx4jGYKhUtA/h+0WPh9behEG6GXK8tL+9DP7lNRI832n1pI4TBC2yRygV9B9ZYWRaDNAzaQCRZ8mBSk0FNxwRjKRciBQmaVNZH8Ma/h/q5ZLrlbyjzWJ1b9BMjqyQVbJOXLJNquSAHJIaEeSWPJBH8uTcO8/Oi/P6tTriDG6WyA85b59QBZj4</latexit>
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<latexit sha1_base64="+KViNg4k/U3guNVsY4LpGxfAg6Q="></latexit>
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In this case is clear how the anomalous Doppler shift is due to Z_2 broken symmetry, i.e., to the 

hybridisation of the density and magnetisation (Goldstone) modes, as it occurs in a supersolid.
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<latexit sha1_base64="Hue4+06G6sLUfvsIeiWpYAkZoBE="></latexit>

@x[⇢(x)(v(x)� V )] = 0 i.e. v(x) = V + C/⇢(x)

<latexit sha1_base64="C8GS0lM+XovUAr86VLQVa2/UYx4="></latexit>Z
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