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» Statement of the problem

« Hamiltonian and potentials for the five-particle model of *C, 4O, and N
nuclei

» Method (variational method in Gaussian representation)

* R.m.s. radii and r.m.s. distances between particles

» Charge density distributions, and charge formfactors

» Pair correlation functions

« Momentum distributions

 Probability density and two spatial configurations
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Structure of °He nucleus
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E=-09734+0.0010 MeV G.Audi, A.H.Wapstra. Nucl.Phys. A595 (1995) p.409.

<Rc2h >1/2 = 2.054 £ 0.014 fm Li-Bang Wang. Phys. Rev. Lett. 93, 142501 (2004).
= 2068+ 0.011 fm P.Mueller, 1.A.Sulai, A.C.C.Villari et al., Phys. Rev. Lett. 99, 252501 (2007).

2\M2 _ L.V.Chulkov, B.V.Danilin, V.D.Efros, A.A.Korsheninnikov and M.V.Zhukov, Europhys.
(Raj  =257=0.10fm Lett. 8 (1989) 245.
=2.59 £0.05fm B.V.Danilin, S.N.Ershov, and J.S.Vaagen, Phys. Rev. C 71, 057301 (2005)
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Structure of °Li nucleus
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E=-3.699+0.001 MeV

G.Audi, A.H.Wapstra. Nucl.Phys. A595 (1995) p.409.

(RZ)"* = 2.56+0.05 fm
= 2.51+0.04 fm

C.W. de Jager, H. De Vries, and C. De Vries, At. Data Nucl. Data Tables 36, 495 (1987).
W. Nortershauser, A. Dax, Guido Ewald et al., Kluwer Academic Publishers, Netherlands,
2005. Noertershaeuser-Laser2004.tex; 12/04/2005; 10 p.

(R2)" =2.45+0.07 fm

P. Egelhof et al., Eur. Phys. J. A 15, 27-33 (2002).




Structure of °He nucleus
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The structure of the wave function
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Light cluster nuclei 1*°C and °Be

Half-life 1387x10° vears E=-8387 MeV (J*=0" T=1)
Ro=12.357(21) tm

OC: p+tptatoa
Halt-life 19.29 sec E=-373MeV (I*=0"T=1)
Roy=2.42 tm
r;m — r{]_{(x 10
P Be: n+n+o+ o

B. E. Grinyuk, 1. 1. Simenog. Physics of Atomic Nuclei 77,415 (2014). 4
doi: 10.1134/S1063778814030090
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The wave function of 1°Be nucleus
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What Is the structure of the mirror
nuclei 4C and **0Q? And that of 1*N?

Isotope Half-life Spin  Isospin Core + Valence Isotope Half-life Spin Isospin Core + Valence

4C 5730+ 40y 0 l 3o+ 2n 140 706s 0 1 3o+ 2p




Hamiltonian for 140
Z pz +Upp (r12)+ Z U (ri;) +

2
-y 2
=1

7>1=3
2 5 A 5 ZZ
+ ) Upa (i) + > = L
1=1 5=3 j>i=1

Similar form has the Hamiltonian for **C (less number of Coulomb terms)

Parameters of the singlet J7,, potential 70 N . .
o = o nnphase shit 5 =189fm r_=2.75fm
(energies in Mel’, radi1 in fm). © :
Potential V7, (7): Ao | Tomms =
2 ' 2
Vo;: 052.15, 1'0320.440.
Vm: —79.39, 1'02:0.959.
Vg_g: —37.89, 1'03:1.65?.
Experiment: —189 | 275+ e
+0.05 ° ' ' ' '
1] 10 20 30

Enn- M ey
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Hamiltonian for 4N

- :
2 2 - 2 2
3 P1 P> - P - E : 'y
H = p + p + p + 63.‘)?2, ('712) + (”'thr ('7 U) +
2m,  2m,, — 2m,, —
' 1=3 J>1=3
5
. Z 7 ;e*
E (”pu 71_} E (”nu ‘TZJ + E
J>1=1
§
Parameters of the triplet I, potential (energies i AMel”, radn m fm). _%”
Poteut@al Vip(r) mthe | a,, Moot g, R, @
tnplet state:
N
V)= anke\pi Cef) | sana | 1783 | 2224576 | 2140
Vor = 840.545, rg;=0.440,
Foa=—146.0406, rp=1.271.
E_\;pel‘jlnent: 5424+ | 1.760+ 3 224575(9 21402+
£0.003 | 20.005 | ~23273O) | 40 0028
[1:] [1:] [13] [14] T T T T T T T T T T T T T
0 50 100 150 200 250 300 350
E,MeV

11



na-interaction potential
I = T'(}*)+ g‘ H(}")><H(}"1 )‘ = T’(}’*)+ gu(r)J.H(rl ) dr,

180

140

1204 Gm= 32

8, degrees

160 -

8, degrees

140 S

120

100 ~

80 -

2
3
60 T I T I T I 1 I 1 I 1 I 1 I 1 I 1
0 5 10 15 20 25 30 35 40 45
E.__, MeV

2 2
I,f(;-)SO,ZOSGXp{(;ﬂJ J g=1350. 1{(]')ﬂ‘3f4exp{(£7]J 3



pa-interaction potential

V;aﬂg(r)= V(}‘)SU(F)+ gu (r )I u(r‘l )FP’(}‘I )dl‘l :

180

-~ 0
V. potential &
(@]
S
D), Vyet Vg S 16001
Ze)
7, (r) =—43.00 exp (— (r/2.34 )2)
140
3
£=135.0 Mev-fm . .
u(r)= 7" exp (— (r/2.67 )2) 120 - \ E(Li)= -3.70 MeV
- R =2.560 fm
(D), Vo= Vg 100 - N R =2.568 fm
2 [~
Vo(r)=-45.13 EXP(— (r/2.37) ) 1 E(CL)=-3.70 MeV s
3 go{ R, =2.560fm T
§=140.0 Mev-im, | R =2553Mm BRREE
- 2
u(ry=r 3Mexp(— (r/2.7) ) 60 , | , | , | ,
0 10 20 30 40
E, MeV
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aa-interaction potential

T'(*)+ g‘ z-z(*)><z-z(r1 )‘ = T'(")-I— gn(*)ju(rl ) dr,

a-o. phase shift
360

a00 | V = - 47.6exp(-(r/2.65)")+250.0exp(-(r/1.45)°)+

| +40.0|R=1.75><...|
240 — ()

8, degrees

180 - Ali-Bodmer (S-state)
o l& V= -130.0exp(-(0.475r)")+500.0exp(-(0.7r)%)
60-:
0-
-60-:

-120 - L

-180 —1T - 1 1 -1 T -1 17 1T T 17" T1°

E , MeV 14



Potentials used for 1“C and *O nuclei

3 3 ]

952.15 expl- (r/ 0.44)*)-79.39 expl— (1 0.959) )- 37 89 exp - (/1.657)})

2

—43.95exp (— (;.~ /2. 25)2 )+ 140 ’O‘ exp (— (r 2.79) )>< |

2 2

—46.5exp (— (r /2.55 )2 )+ 240.0exp (— (r /1 ‘3) )+ 60 ‘O‘ exp (— (r /1. 765) )>< . |

» 952.15 expl- (r/0.44) ) - 79.39 exp(= (r/0.959) ) 37.89 exp— (r/1.657 )
5 — 44757 exp - (/2.27) J+140.0fexp (- (- 2.79) (.|
y ~46.5exp(- (/2,551 )+240.0exp - (/1.3 J+ 60 0fesp - (- /1.765) (.|
Nuclei E Fexp Ren Reh, exp
11C —20.398  —20.398 2.500 2,496 [17]

2.503 [12]

140 —13.845 —13.845 2.415 —




Potentials used for “N nucleus

~146.046 expl (r/1.271) )+ 840 545 expl- (/0.44) )

Vnp

me — 43 85expl- (f‘/2‘25)2)+140‘0‘e}§p(— (r/2.79) )><‘..\

Vpaf 44757 expl- (/227 )+l40.0‘exp(—(7‘/2.79)2 ))(...\

V. —43.5exp(-(r/ 2.746) + 240.0expl- (/153 )+ 60.0]exp(- (/1765 ) (..
Nucleus E Eesp Ra, Retexy

N —19.772 —19.772 2.558 2.5582
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na-, pa- and aa- phase shifts

V,(rr")= 27" II r,1' )2, (cos @ )d(cos 6), P, e’ )=V ()00 — v )+ glalr W ul(r')

Varlable ?hase approach leads to an equation with
singularitie

io‘o( )=—%sm fer+ 5, ( J‘df ' )sin(kr’ + 5, (7))

dr

do,(s)

ds

ctg(ks+,(s))|:

x exp| — I ds
P

F.Calogero. Nuovo Cimento 33, 352 (1964)
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An approach without singularities:
uﬁ”(r)+k2u0(r)— Flrﬂ(r,rl)uﬂ(rl )dri =0,

1, () = ¢, (r)sm(kr) +c, (r)cos(kr).

cl' (r = & (kr) IV (r v )(c (r )sm (Ar )+ c (r )cos (Ar ))dr X
()=~ (’””) 1), )sin i)+, oos i

¢, (0)=1_ ¢, (0)=0_ 1g(5,)= lim C (l:) |

() = [ () n+ el Ml =al)rrel)

J o c(0)=1_ ¢ (0)=0.
O A Y QR (3 R G o\

| =il -]
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An approach without singularities:

2u

=7 7 el )
H_;-”(?')-l- kz—f(fjl)_ -

g ()= [V oy e, = 0

\ | \ \ \ o uZ 7. e’
w,(r)=C,(r)E(kr,n)+ C,(r)G,(kr.n). 7= hik

r J

[ G,(kr,n)¢,, ﬂ, .
e, ()= ST [ ()€, o ) €16, Gl D,
0

~ ! F k}".ﬁJ ¢ r al al
c) ()= EUI ) (€, b )+ 1) G
( 0 \

\

\ \ \ U (r
C,(0)# 0 (in particular, C,(0)=1) and C,(0)=0: fg(7,(k))=lim—2 )

S, =y, + [, where [ 1s the Coulomb phase shift
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An approach without singularities:

md kctgly,(k))+ 2kn i?(f}_):—i-l- 110 k* —P; ]L ... (for I=0)

exp(27n)-1 a, 2

€]

where hl(n)=n° —In(n)—7. and » = 05772 is the Euler constant.
= ;H(I’?z +f;2) /

7 C,(r)=lm Gl '}~ a, ——hm Cylr)
expl2zn)—1 k=0 r 0 ( )

o), [ e )+ e (2 |an,
o)== L £ v cueons % ] AOLAE)

1 _2uZZe*
R ht

Cilr)=Clr)

L

C,(0)= 0 (in particular ~(0)=1) and C,(0)=0:

L(x)= ( 1), H,(x)= 243K, (%),

where I, and K, are the modified Bessel functions.



Variational method

K K
0,= 8 D,p, =8 D, expl-a, (1, -1,)* =b, (1, —1,)* —¢, (r, —1)*)
k=1 k=1

Z:D Py _SZD e\p( L S ey e (ol o ff"u)

k= =1

J=i=l1

K A
D. =, Z P, = Z)e\p( Za“m J

S'q9m>—E<S'¢)k S m>): 0, km=12..K

20,0

Kukulin V. I. and Krasnopol’sky V. M. A Stochastic Variational Method for Few-Body
Systems // J. Phys. G: Nucl. Phys. - 1977. - Vol. 3, No. 6. - P. 795 - 811.

Suzuki Y., Varga K. Stochastic Variational Approach to Quantum Mechanical Few-
Body Problems // Springer-Verlag Berlin Heidelberg, 1998.
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Convergence
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Root mean square (r.m.s.) radii
and r.m.s. relative distances

1
p,(r)={®|s(r -(r,- R, ))|D} R, = U;' ‘P, (r)dr) 2.
1

P ()= (@[5 = (e, =R @) R, =([r2p, ., (r)dr)

2,,(r)=(@[5(r - (5,7 1.)) D). g,,(r)=(@[5(r—(r, -1,)) ©):

r
= ([ g, ()ar)" e = ([ 72,0 ()ar)*

1
9 o 2 | 2
R; = e (M — m;) E m;ry; E M MET)
L i<k
7 (i, ki)

23



R.m.s. radii and relative distances

14 nep (1) = /na (|Jr = t'|) nen,a e (') dr’

R, =R+ R}, (*He)
140 .

3
Neh (1) = T /na (Jr—x')Nen ame (r')dr'—l—Z/np (| —1']) nen p(r')dr’

B2, = § (B, + B2, ("He)) + (R} + B2, (1))

NN I'Na ¥ aa Ry R

RI‘H

14C

2.621

2.667

3.189

1.786

1.852

2.493

140

2732

2.750

3.239

1.864

1.8382

2.520




R.m.s. radii and relative distances for *N

6 r
Neh (1) = 7 / o (v —1'|) nep 4pe (7) dr'+

|
+? / n, (| —r'|) nen., (r') dr’

R?, =2 (R + R?, (*He))+ = (R2 + B2, (p))

-dl@

T'pn 'pa Tna Tao R P Ry R Ry, Ry,

2.2372.692(2.683|3.559 | 1.598 [ 1.585]2.064 | 2.556 | 2.55¢




Charge density distributions
and formfactors of ®He and 1°Be nuclei

. I / J
nc}qj IOBQ (r) R J.ncx c.m. (l I )n(;}q’ 4He (r )dl

Fd,- (‘CJ) = je—f(qr )nch (7’" )(jl" > F::rh. 10p, (Q) = Fc/ c.m. (Q) F;},_ He (Q)

186 “He e
‘ g He 0,03

0,02 1

0,01

0,00

2 4 6 8 10 12 14 16
q-, fm



Charge formfactor of 14C nucleus

(1") = In(xc.m.(r - r!)nch, 417, (l"!)dl'!

nch, 14

—ilqr )
rh##

Fc:fr (Q) =

€

—

(r )dr )

F

0,01 4
1E-3 <

1E-4 -

1E-5 —

"He (experiment)

1

1

4C, charge formfactor m K-

4(3, point-like o~particles 3

| T T ' |
10 12 14 16

2 -2

g, fm

ch, 14C (9) = Fa c.m. (9) P;:h. ‘He

(9)

27



Charge formfactor of 1*O nucleus

1

3
Nen (1) = 1 /na (Jr = r')) nen 4pe (') dr'+ 1 /np (Jv = 2'|) nenp () dr’

3 1
Fch,140 (Q) — ZFa,MO (Q) Fch,4He (Q) + ZFp,MO (Q) FCh,p (Q)

] 140 ipoint-like o-particles ’ g
1E-4 ‘ t! hy =
3 1 ) II !
E ! i :
1 | Il
‘ .
' "He (experiment) ;
15 I ! — ' i ! ' T T T T T T  E—

28
qz, fm2



Density distributions in **C nucleus
ni (r) = (@0 (r—(r; — Rew)) [P)

0,16 : ' : ' : '

l4C, point-like neutrons

14C, poirit-jike a-particles

29



r2n(r)

0,08

Charge density distribution

140.

Ten (1)

Nen (1)

- / Tley (|I’ _ IJD Tlch,4He (TJ) dr’

/ Tt (‘I‘ _ IJD TNch,4He ("Y‘,) dr’ +

1 .
+1 / 7, (‘I‘ _ I.!D Neh.p (,.},J) dr’

0,0T—‘
0,06 1
0,05-‘
0,04—‘
0,03—-
0,02—-

0,01 +

0,00

extra neutrons

o-particles

2
r nch(r)

14¢

nch(r), fm

r, fm

0,035

0,030

0,025

0,020

0,015

0,010

0,005

0,000

o-particles

r, fm

30




g(rn

Pailr correlation functions

2u(r)= (@ - 1)) P): g,,(r)=(@[5(r—(r, -1,)) ®);  guu(r)=(@|5(r~(

Von = (J.rzgm (i’)dl‘)% 7 rrm: = (.[rzgna(r)dr)%; ’:1.*1 = (J‘rzgaa ’

0,03 : L : L : L : L : 0,03
nn 14¢ S 14
o) pp @)
0,02 - L 0,02
0,01 - L 0,01 -
\ ~ \
0,00 . l : I 0.00




1E-3 -

1E-4

1E-5

Momentum distributions
2 .2

0,01 -

n, () =(DL+> ok-(k -K_, )|DP) . (E,) = S, (k )k .
= Y 2m,
e o e
Ha(k) = <(D IT,Z ¢ (k _ (ks _ Iﬁc.m. ) (I)> » <Ek1'n >O;‘ = A 2”? Hof(k )dk
i=3 (84
HC: (E,,,)=32.66 MeV, (E,, ,)=6.83 MeV
40: (K, ,)=31.77 MeV, (E,, ,)=6.62 MeV
1 N 1 " 1 L 1 L 1 L 1 E 1 . N 1 : 1 N 1 N 1 N 1 " 1
&
c 01
1 extra proton in ‘O
extra neutronin ~C _
001+
alpha-particle in “C lE-S—; alpha-particle in O
164 4
: : : : : I 1E-5 : : : , : ,
2 4 6 8 10 12 0 2 4 6 8 10 12



Probability density P(r,p,0)

. P(F-’/O?Q)E r2/02<(1)‘§(r_rnrz)§(p_pnn—cxcxo:)‘(b>
T

0,0040 | 0,0040 |
= 00035 g — 00 5 E.,: 0,0035 " o ggo 5
& 0,0030 ; & 0,0030 i
-Ei*’ 00025 | |\ 5 ooos | il
0,0020 il :'; ; 0,0020
oocots | [l AGG 0,0015 |
0,0005 - 0.0005 | | |
0,0000 ,-!I i _{il’ A : 0,0000___ _ .
25 . e . e
S - m P 5 /(.4’""; .

33



Probability density P(r,p,60) for 1*N

P(r.p.0)

70

1 34
7 0
Two configurations in the ground state of 14N nucleus manifesting themselves in the P (r, p, #) function at different angles ¢



A schematic model of *C or 14O nucleus
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Form factors of 12C, 160, and %°Ne nuclei within the a-cluster model

E, s = —28.29567 MeV
My = 3.7273794 GeV /c?
Ra,ch = 1.679 fm

o ‘N'-’g-_,
¢ Yo

¥




Statement of the problem

B al 4e?
H = A Vien -
Ytk Y ()

o k>n= kn

M

V(r)=U(r)+g |u(r))(u(...)|= U(r)Jrgu(;")/ur,(rl)...drl

Nucleus L, MeV Rep, tm
12C —7.2748 2.470
160) —14.4368 2.706

20Ne —19.1668 3.005

37




A few words about Helm approximation

PHYSICAL REVIEW VOLUME 104, NUMBER 5 DECEMBER 1. 1956

Inelastic and Elastic Scattering of 187-Mev Electrons from Selected Even-Even Nuclei*

Rrcuarp H. HELmt
High-Energy Physics Laboratory, Stanford University, Stanford, California

(Received August 27, 1956)

n; (r) =(P|o(r— (r;i — Rew))) |P)

b Nen (1) :/na (r")nenage (Jr —r']) dr’
@ Fi@= [ )i = @) o (0

R, = R2 + RZ, appe

C

IF_.@l

“He, Experiment

chh (Q)
d (q°)

1E-3 4

R?, :/r2nch (r)dr = —6

q—0

44— FF b ——F 7




Elastic form factors of 12C, %0, and ?°Ne in Helm approximation

-1 | i | i | L |
ND_ : 120
L 0.1 _
- o®® %% % o
0.01 - ° ®e . -
: ®
. ®
- ®
1E-3 5 —
1E'4 ] l ] l ] l | l |
0 2 4 6 8 10



0.01

1E-3

1E-4

-




0.01

1E-3

1E-4

o




The role of the protons exchange effects and elastic form factor of °C

IF_(a°)]

120
0.1 4 3
ee 8oy
0.01 4 ¢ ®ee. .
] . :
*®
1E-3 .
1E-4 —
0 4 6 10

(D (I‘JJ:P{27:E{3) X
X A®a,(1,2,3,4) ® 4. (5,6,7,8) ®age (9,10,11,12)

1

1 3

IF,, (@)

0.1 3

0.01 4

1E-3 =

12C

1E-4

12



Form factor of ?C nucleus with an account of the proton exchange

F_ ()]

0.1

0.01

1E-3

1E-4 L] I L] l L) I L] l L) I
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i

Conclusions

NN-, na-, pa- and aa- nteraction potentlals are proposed in concordance Wlth
the energies of 14C and %0, and with r.m.s. charge radius of 14C i
Within a five-particle model; the wave functions of 4C, **N, and *O nuclei are
found in:Gaussian representation using the variational method

Density distributions of extra nucleons as well as of a-particles are found and
r.m.s. radii and r.m.s. relative distances are calculated
The charge denSIty distributions and charge form factors are found In Helm
approximation | | |

The charge radius of 14O nucleus is predicted ( 2.415fm)

The pair correlation functions are calculated

The momentum distributions are found and analyzed

Two spatial configurations are revealed in the ground state of all the con5|dered ,
nuclei with two extra nucleons

. The form factors of 12C 160, and 2°Ne nuclel are calculated within the Helm

approximation | | |
The description of form factors with high precision needs some correction of the

well-known Helm approximation _
44



THANK YOU !
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