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A Quantum Cellular Automaton (QCA) 

is the most general 

discrete-time, local, reversible dynamics 

of a lattice of quantum systems

R. Feynman, 

Int. J. Theor. Phys. 21, (1982)

What is a Quantum Cellular Automaton?
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Definition

= 𝒜𝑥= ℒ ℂ𝐷 D-level 

quantum systems

𝒜R =⊗𝑥∈R 𝒜𝑥

𝒜ℤ𝑑 ≔ R⊂ℤ𝑑ڂ 𝒜R

‖⋅‖∞ Algebra 

of the ∞ lattice ℤ𝑑

Local algebra 

of finite region R

∞ lattice ℤ𝑑

B. Schumacher, R. F. Werner, arXiv 0405174 (2004)

𝒜𝑥

𝒜𝑅



A Quantum Cellular Automaton 𝛼 
with neighborhood 𝒩
is an automorphism of 𝒜ℤ𝑑

such that:

• 𝑂𝑥 ∈ 𝒜𝑥  ⇒ 𝛼 𝑂𝑥 ∈ 𝒜𝑥+𝒩

(locality)

• 𝛼 , 𝜏𝑦 = 0 ∀shift 𝜏𝑦
by 𝑦 ∈ ℤ𝑑

(translation invariance)

Definition

𝑡

𝑡 + 1

𝑡 − 1

𝛼 𝑂𝑥

𝑂𝑥

𝛼−1 𝑂𝑥

B. Schumacher, R. F. Werner, arXiv 0405174 (2004)



𝛼 𝑂𝑥𝑂𝑦 = 𝛼 𝑂𝑥 𝛼 𝑂𝑦  

𝑂𝑥 𝑂𝑦

Update Rules of 𝛼:

Definition B. Schumacher, R. F. Werner, arXiv 0405174 (2004)

unitary operators 

𝛼 𝑂𝑥 = 𝑈𝑥+𝒩
†  𝑂𝑥 ⊗ 𝐼  𝑈𝑥+𝒩



𝑂𝑥 𝑂𝑦

Update Rules of 𝛼:

Definition B. Schumacher, R. F. Werner, arXiv 0405174 (2004)

unitary operators 

𝛼 𝑂𝑥 = 𝑈𝑥+𝒩
†  𝑂𝑥 ⊗ 𝐼  𝑈𝑥+𝒩

Overlaps constrain the rules

𝑈 gives an update rule of 𝛼 iff

𝛼 𝒜𝑥  , 𝛼 𝒜𝑦 = 0

for 𝑦 ≠ 𝑥 ∈ ℤ𝑑



Examples

A quantum circuit is a QCA...

depth
......



Examples

A quantum circuit is a QCA...

depth

Circuit depth must be 

independent 

of the lattice size

......



Examples

A quantum circuit is a QCA... but, not all QCA are circuits!

depth
e.g.  Shift 𝜏𝑎 𝑂𝑥 = 𝑂𝑥+𝑎

...... ......



Classification of 

QCA



Classification Flavors

Update Rules Invariants

&

Equivalence Classes 

modulo Circuits dynamics from 

information-processing 

principles
topological phases of matter

Quantum Technologies



𝑈 gives a good update rule of a 

QCA 𝛼 iff

𝛼 𝒜𝑥  , 𝛼 𝒜𝑦 = 0

Fix:

- A lattice

- The cell algebra ℒ ℂ𝐷

- A neighborhood 𝒩

Find:

All good unitaries 

in U D 𝒩
 

to update a cell.

Classification: Update Rules



Classification: Invariants & Equivalence classes

invariant IND

 𝛼 ∼  𝛽 ∼ 

IND = 1 

IND = 0 

equivalence relation ∼



GNVW Index = information flux

1d QCA fully classified

𝛼 ∼ 𝛽 ⇔
𝛼 = Circuit ⋅ 𝛽 ⇔
IND 𝛼 = IND(𝛽)

≠ 0

= 0

D. Gross, V. Nesme, H. Vogts, R.F. Werner, CMP 310, 419 (2012)

Classification: Invariants & Equivalence classes

Circuits

Shifts

IND = 0

IND ≠ 0



Our Classification



ASSUMING:

- Lattice ℤ𝑑
 

- Qubits ℒ ℂ2

- Nearest neighbor

RESULTS:

- Update Rules 

- Multi-Index

- Equivalence classes modulo Circuits

arXiv: 2408.04493



Multiply 

Controlled-Phase

Site-wise unitary Shift

𝑉 Ԧ𝜃𝐶𝑃 𝜑 𝑆𝑤𝑎𝑝

Update Rules



𝛼  ⊆ ⊂ 
A B

C D

Multi-Index



IND→
2 𝛼 =

dim 

dim 

B D

IND↑
2 𝛼 =

dim 

dim 

A B

Information Flux as GNVW

A B

C D

IND↑

IND→

Multi-Index



Multi-Index

Unique Equivalence Classes 

ti
m

e

space ℤ𝑑

(Finite-depth) Circuits Shifts

𝛼 ∼ Circuit ⇔ log IND 𝛼 = 0
 𝛼 ∼ Shift ⇔ log IND 𝛼 ≠ 0



Entanglement entropy of a qubit 

vs QCA parameters, 

maximized over input states 

(pure, separable, homogeneous)

Simulation & Entanglement production

Entanglement grows 

with time 𝑡 and lattice size ℤ𝑑



Conclusions & Outlooks

Our qubit QCA classification generalizes the results on ℤ to ℤ𝑑

Quantum Cellular Automata are the most general local, discrete dynamics

Their classification in 𝑑 ≥ 2 is largely unexplored

Index Theory in 𝑑 ≥ 2 

Classification of Fermionic QCA  (Majorana modes)

Renormalization of QCA (coarse-grained dynamics)

Thank you for the attention!

What’s next ?  (in preparation)
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