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• Introduction: LFV and new physics

• Use Higgs-mediated LFV to illustrate:

• Interplay of UV and nuclear physics in μ-to-e conversion 

• Model-diagnosing power of multiple probes 

2

Vast literature — apologies in advance for incomplete referencing



Connecting scales with EFT:  LFV
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Motivated by neutrino mass, expect (hope?) that  
at some scale between Planck and weak scale,                                                                                    

there exist new LFV and possibly LNV violating particles and interactions. 

At low energy, they leave behind local operators
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Scalar: RPV SUSY and RPC 
SUSY for large tan(β) and 
low mA, leptoquarks, … 

4-lepton:  Type II seesaw,  
RPV SUSY,  LRSM, … 

Vector  Type III seesaw,   
LRSM,  leptoquarks, …
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τ-μ sector:  h vs τ decays
Dipole (D),  Scalar 4-fermion (S), Gluon (G) operators 
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τ→μππ is the decay mode most closely related to the LHC process

Higgs decay
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CLFV phenomenology
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Each model generates a specific pattern of operators 
→ multiple CLFV measurements needed to extract the underlying physics 

Λ/√C ~ 104-5 TeV
Λ/√C ~ 102 TeV

μ-e sector: 

τ-μ(e) sector: 

(Muon decays)
(Tau decays)

BRα→β ~ (vew/Λ)4∗|(Cn)αβ|2 

• New physics mass scale through any process



CLFV phenomenology

Each model generates a specific pattern of operators 
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• Relative strength of operators ([CD]eμ vs [CS]eμ… ) through μ →3e  vs  μ →eγ  
vs  μ →e conversion  (and similarly for 𝜏→µ,e) ⇒  Mediators,  mechanism  

• Flavor structure of couplings  ([CD]eμ vs [CD]τμ…) through  μ → e vs τ → μ  
vs  τ → e  ⇒  Sources of flavor breaking

• New physics mass scale through any process
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An example: Higgs-mediated LFV
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• Simplest framework:  LFV  Yukawa couplings of the Higgs

• Achieved in the SM-EFT through a single dim-6 operator that decouples 
lepton mass matrix from O(h) couplings

• Good starting point if new physics is heavy,  arises in many UV models 

Harnik-Kopp-Zupan ’12 
Blankenburg-Ellis-Isidori 12 
McKeen-Pospelov-Ritz ’12 

…

Goudelis-Lebedev-Park ’11 
 Davidson-Grenier ’10 

...
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LFV Higgs couplings

High Energy:                    
LFV Higgs decays 
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McKeen-Pospelov-Ritz ’12 

…

Goudelis-Lebedev-Park ’11 
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as the NLO light quark contribution.

• Assuming C(q)
S↵ ⇡ 1/yq in both cases, i.e., nonzero

C(q=u,d)
S↵ and C(q=u,d,s)

S↵ , we see that the negative
NLO contributions are⇡ 25%, which is consistently
larger than the LO uncertainties ⇡ ±13%. This is
because the two light-quark contributions dominate
the conversion process if the scalar operators are

generated with mqC
(q)
S↵ = O(1).

This analysis implies two important take-home messages:
(1) the overall uncertainty is dominated by the LO am-
plitude, in particular by the sigma terms; (2) the central
value of the NLO corrections could be larger than the un-
certainty on the LO term if light quarks (q = u, d) have
nonzero LFV couplings, making the analysis of NLO ef-
fects phenomenologically relevant. As we find in the next
section, the relative significance of the NLO contributions
can be diminished in scenarios with large contributions
from either gluonic couplings generated by heavy quarks
or dipole operators.

It should be noted that in our analysis we have adopted
a central value and uncertainty for the two-nucleon con-
tribution based on the Fermi gas model. In light of the
nuclear shell model results and their strong dependence
on short-range correlations, it is at present impossible
to rigorously quantify the uncertainty in the two-nucleon
sector. Nonetheless, it is reasonable to regard the values
considered here as an upper limit on the relative strength
of the two-body contribution (and in turn the NLO con-
tribution).

IV. PHENOMENOLOGY IMPLICATIONS

We next discuss some phenomenological implications
of the improved analysis of transition rates.

A. Dipole-scalar dominance model

First, we consider a restricted EFT setup in which only
dipole and scalar operators are generated, assuming that
the ratio CD/CS is characterized by a real parameter
r. As in Ref. [17], we assume CDR = (r/8e)CSR with

CSR = C(d)
SR = C(s)

SR = C(b)
SR, while the rest of the op-

erators are zero. This scenario may be explicitly real-
ized in some regions of the R-parity conserving SUSY
see-saw parameter space [58] (large tan� and relatively
low “heavy” Higgs sector) and within R-parity violating
SUSY [59–62]. The nonzero dipole operators generate
the µ ! e� process as well, whose branching ratio is
simply expressed as

Bµ!e� ⌘
�(µ ! e�)

�(µ ! e⌫µ⌫̄e)
(41)

= 96⇡2

⇣ v

⇤

⌘4 ⇣
|CDR|

2 + |CDL|
2
⌘
. (42)

Figure 2 shows Bµ!e(Al)/Bµ!e� in the upper plot
and Bµ!e(Ti)/Bµ!e(Al) in the lower plot. In this
parametrization, the dominant contribution to the µ ! e
conversion switches from the scalar operator to the dipole
one around r ⇡ 10�6. The band in the upper plot is ob-
tained by taking the 1� range of the input parameters
(�⇡N ,�s, �̇s, ✏, �m), the uncertainty in fSI

e↵
from Table I,

and a 50% error in the one-body form factor. For exam-
ple, at r = 10�7 where the scalar operator dominates
Bµ!e(Al), the uncertainty in Bµ!e(Al)/Bµ!e� corre-
sponds to ±20% which can be understood from the anal-

yses of ⌧ (�1)

S /⌧ (�1)

S,c in the previous section. On the other
hand, taking the ratio of the conversion process between
two nuclei, one can see that the uncertainty becomes neg-
ligible as seen in the lower plot. Here, we take the central
values of fSI

e↵
for Al and Ti, since we expect that the un-

certainty in the e↵ective one-body coupling is correlated
across all isotopes. We see a few % di↵erences from the
results in [17].
However, it should be noted that the ratio

Bµ!e(Ti)/Bµ!e(Al) is a↵ected by the uncertainty in the
overlap integrals due to the neutron densities. As given
in Table I, the uncertainty in the neutron density pa-
rameter Rn determined from pionic atom experiments is
roughly 6% in 27Al. This propagates to a 5% error in the
neutron overlap integrals for Al. For Ti, in absence of
a direct measurement of the neutron density, we employ
the same density profile as the measured proton density
in Ti. Therefore one would expect a significantly larger
uncertainty on the Ti overlap integrals stemming from
the neutron density; for example, in the nearby nucleus
56Fe – for which a measurement of the neutron density is
available – the di↵erence between using a neutron density
measured in pionic atoms compared to assuming identical
density profiles for protons and neutrons results in ⇡ 7%
change in the neutron overlap integrals. Accounting for
this discrepancy, as well as the uncertainty in the neu-
tron profile parameters, we assume an 8% error on the
Ti neutron overlap integrals below in Eq. (46). None of
these overlap integral uncertainties are reflected in Fig-
ure 2, although we expect these errors to be relevant in
the scalar-dominated region where r . 10�5.

B. CLFV Yukawa couplings

Finally, we apply our analysis to the Higgs-mediated
CLFV model, where the following Yukawa interactions
generate µ ! e transitions

L = �YeµēPRµh� Yµeµ̄PReh+ h.c.. (43)

These Yukawa interactions induce µ ! e� at one- and
two-loop level as discussed in [63].5 On the other hand,

5
For the two-loop contributions, we follow the expressions in [64,

65].
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LFV Higgs couplings

High Energy:                    
LFV Higgs decays 
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Effective Lagrangian at low E
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FIG. 2. Ratios Bµ!e(Al)/Bµ!e� (top) and
Bµ!e(Ti)/Bµ!e(Al) (bottom) against the parameter

r = (8e)CDR/C
(q=d,s,b)
SR .

the scalar operators arise from a tree-level process medi-
ated by the Higgs particle. The Wilson coe�cients are
given by

1

⇤2
GFmµvC

(q)
SR = �

1

m2

h

Yeµ, (44)

1

⇤2
GFmµvC

(q)
SL = �

1

m2

h

Yµe, (45)

where the Higgs vacuum expectation value v = 246 GeV

and the Higgs mass mh = 125 GeV. Note that C(q)
S↵ in

this model becomes independent of the label q. Having
the parametrization of CD = r/(8e)CS that we employ
in the previous section, we obtain r = 3.4⇥ 10�6 in this
model.

Figure 3 depicts bounds on the CLFV Yukawa cou-
plings Yeµ and Yµe. The gray line represents the upper
limit on the two couplings from Bµ!e(Au)< 7 ⇥ 10�13.
The bound originating from µ ! e� is presented by the
orange region, which corresponds to Yeµ, Yµe . 10�6.
As shown by the black dashed line, the next-generation
µ ! e experiments will provide a sensitivity to Yeµ and

FIG. 3. Current and prospective limits on Yeµ and Yµe in the
CLFV Yukawa model. The gray line is the upper limit from
Bµ!e(Au)< 7⇥ 10�13, and the orange region is excluded by
Bµ!e� < 4.2⇥ 10�13. The expected sensitivities at the next-
generation experiments are depicted by the black dashed line
for Bµ!e(Al)< 8 ⇥ 10�17 and the gray dash-dotted line for
Bµ!e� < 6⇥ 10�14, showing the future discovery window.

Yµe that is stronger than MEG II [7] and ten times
stronger than current limits.6 The uncertainty resulting
from the hadronic input parameters and NLO interac-
tions is not visible on the scale of the plot.
The plurality of probes, namely µ ! e� and µ !

e conversion in possibly more than one target nucleus,
provides an opportunity to test underlying new physics
CLFV mechanisms. The minimal Higgs-mediated CLFV
scenario considered here produces at low-energy a specific
combination of scalar and dipole operators, which leads
to the following pattern of branching ratios:7

Bµ!e(Al)/Bµ!e� = (8.7± 0.3)⇥ 10�3 (46a)

Bµ!e(Ti)/Bµ!e(Al) = 1.5± 0.1 . (46b)

Here, we assign a 5(8)% error to neutron overlap inte-
grals ⌧⇢n and ⌧fn in Al (Ti). While the dominant uncer-
tainty in Bµ!e(Al)/Bµ!e� arises from hadronic input
parameters, the ratio Bµ!e(Ti)/Bµ!e(Al) is primarily
a↵ected by the uncertainties in neutron densities of Al
and Ti whereas those of the hadronic parameters are

6
To illustrate our point, here we take Bµ!e(Al)< 8 ⇥ 10

�17

for Mu2e, based on Ref. [66], which is slightly weaker than the

COMET expected 90% CL upper limit 2.6⇥ 10
�17

[11].
7
The LO results are Bµ!e(Al)/Bµ!e� = (9.0± 0.3)⇥ 10

�3
and

Bµ!e(Ti)/Bµ!e(Al) = 1.5± 0.1.
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VC, Kaori Fuyuto, Michael Ramsey-Musolf, Evan Rule 2203.09547 

• Matching conditions for minimal Higgs-
mediated LFV: scalar and gluon 

2

SU(2) chiral perturbation theory (ChPT) was introduced
in Ref. [24]. More recently, in the framework of SU(2)
ChPT, the impact of next-to-leading order (NLO) nu-
cleon interactions induced by quark-level scalar densities
was discussed in Ref. [25]. The NLO contributions in-
volve both single-nucleon scalar form factors and two-
nucleon interactions, which were reduced in Ref. [25]
to an e↵ective one-nucleon interaction by performing an
average of the interaction over a Fermi gas model. It
was found that, when scalar operators are the dominant
sources for the conversion process, the NLO interactions
could bring destructive contributions relative to LO con-
tributions and significantly reduce the branching ratio.

Inspired by those previous studies, we revisit the calcu-
lation of branching ratios of µ ! e conversion in several
nuclei including the NLO nucleon interactions induced
by scalar quark densities. Our analysis is performed in
a model-independent way, i.e. the Standard Model Ef-
fective Field Theory (SM-EFT) [26–29], focusing on a
particular class of SM-EFT operators: photonic dipole
and scalar four-fermion operators. This setup is well mo-
tivated by BSM models with heavy scalar particles such
as Two-Higgs Doublet Model and Leptoquark Models.
As a byproduct of our analysis, we correct two errors
appearing in [25]: (1) we eliminate two un-physical con-
tributions to the overlap integrals (denoted by ⌧ (2,3));
(2) we provide a corrected expression and corresponding
numerical result for the e↵ective one-nucleon interaction
resulting from the average over the Fermi gas model. We
also develop a new method to include the momentum-
dependence of the scalar form factor in the overlap in-
tegrals. With these results at hand, we assess the NLO
contributions to the conversion process and discuss the
current hadronic and nuclear uncertainties. We discuss
the prediction of this scalar-dominance model for the ra-
tio of µ ! e� over µ ! e conversion in 27Al and for the
ratio of conversion rates in di↵erent target nuclei. Fi-
nally, we apply the analysis to a simple model in which
CLFV is mediated by CLFV Yukawa couplings of the SM
Higgs, which realizes the current setup.

The paper is organized as follows. In Section II we
set up the EFT framework, starting from quark-level in-
teractions and matching to nucleon-level interactions. In
Section III we present the results for the overlap integrals
and the µ ! e conversion rate, including NLO chiral ef-
fects. In Section IV we discuss the implication for scalar-
mediated CLFV first in the EFT setup and subsequently
in a model with ‘minimal’ Higgs-mediated CLFV, i.e. an
extension of the Standard Model in which the only new
interactions are CLFV Yukawa couplings of the Higgs to
leptons. We present our conclusions in Section V and
relegate some technical details to the Appendices.

II. EFFECTIVE INTERACTIONS: FROM
QUARKS TO NUCLEONS

We assume in this work that the BSM physics responsi-
ble for CLFV originates at energies above the electroweak
scale. In this case contributions from any BSM physics
are captured by e↵ective operators expressed in terms
of SM fields, with appropriate couplings that contain in-
formation about the underlying model – this is the SM-
EFT framework. We restrict our attention to a particular
class of SM-EFT operators mediating CLFV transitions,
namely the ones mediated by heavy scalar particles, in-
cluding the SM Higgs itself. As our goal is to assess
the uncertainties in scalar-mediated CLFV, we take as
starting point below the electroweak scale the following
e↵ective Lagrangian (for a complete set of operators see
Refs. [16, 17])

Le↵ =�
1

⇤2

X

↵=L,R


CD↵ mµ ē��⌫P↵µF�⌫

+
X

q=u,d,s,c,b,t

C(q)
S↵ GFmµmq q̄q ēP↵µ

+ CG↵ GFmµ↵s Ga
�⌫G

a�⌫ ēP↵µ+ h.c

�
, (1)

where Fµ⌫ is the field strength of the photon, PL,R =
(1 ⌥ �5)/2 are the chirality projectors, ⇤ represents the

new physics scale, and the Wilson coe�cients CD↵, C
(q)
S↵

are dimensionless.
With this normalization, the chirality flip in lepton and

quark bilinears is accompanied by a muon or a quark
mass insertion, respectively.1 This choice comes with-
out loss of generality and simplifies many intermediate
steps in the analysis. Finally, the factors of mq and ↵s

multiplying the quark scalar bilinears and the gluonic op-
erator ensure that the corresponding Wilson coe�cients
do not run under QCD renormalization. After integrat-
ing out the heavy quarks, at the GeV scale the e↵ective
Lagrangian takes the form of Eq. (1), with q = u, d, s
and [30]

CG↵ ! CG↵ � 1/(12⇡)
X

Q=c,b,t

C(Q)

S↵ . (2)

The scalar quark operators in Eq. (1) induce single-
and multi-nucleon momentum-dependent operators at
low-energy, which eventually lead to nuclear transitions.
The form of one- and two-nucleon operators has been
derived to NLO in both SU(3) ChPT [31] and SU(2)
ChPT [24, 25, 32, 33], and we will work here in the
SU(2) case. Making the following identifications (recall
↵ 2 {L,R} is a chirality label for the lepton bilinear ap-
pearing in the scalar operators)

1
The scalar interactions have an additional factor GFmµmq com-

pared to the definition in [25].
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ated by the Higgs particle. The Wilson coe�cients are
given by

1

⇤2
GFmµvC

(q)
SR = �

1

m2

h

Yeµ, (44)

1

⇤2
GFmµvC

(q)
SL = �

1

m2

h

Yµe, (45)

where the Higgs vacuum expectation value v = 246 GeV

and the Higgs mass mh = 125 GeV. Note that C(q)
S↵ in

this model becomes independent of the label q. Having
the parametrization of CD = r/(8e)CS that we employ
in the previous section, we obtain r = 3.4⇥ 10�6 in this
model.

Figure 3 depicts bounds on the CLFV Yukawa cou-
plings Yeµ and Yµe. The gray line represents the upper
limit on the two couplings from Bµ!e(Au)< 7 ⇥ 10�13.
The bound originating from µ ! e� is presented by the
orange region, which corresponds to Yeµ, Yµe . 10�6.
As shown by the black dashed line, the next-generation
µ ! e experiments will provide a sensitivity to Yeµ and

FIG. 3. Current and prospective limits on Yeµ and Yµe in the
CLFV Yukawa model. The gray line is the upper limit from
Bµ!e(Au)< 7⇥ 10�13, and the orange region is excluded by
Bµ!e� < 4.2⇥ 10�13. The expected sensitivities at the next-
generation experiments are depicted by the black dashed line
for Bµ!e(Al)< 8 ⇥ 10�17 and the gray dash-dotted line for
Bµ!e� < 6⇥ 10�14, showing the future discovery window.

Yµe that is stronger than MEG II [7] and ten times
stronger than current limits.6 The uncertainty resulting
from the hadronic input parameters and NLO interac-
tions is not visible on the scale of the plot.
The plurality of probes, namely µ ! e� and µ !

e conversion in possibly more than one target nucleus,
provides an opportunity to test underlying new physics
CLFV mechanisms. The minimal Higgs-mediated CLFV
scenario considered here produces at low-energy a specific
combination of scalar and dipole operators, which leads
to the following pattern of branching ratios:7

Bµ!e(Al)/Bµ!e� = (8.7± 0.3)⇥ 10�3 (46a)

Bµ!e(Ti)/Bµ!e(Al) = 1.5± 0.1 . (46b)

Here, we assign a 5(8)% error to neutron overlap inte-
grals ⌧⇢n and ⌧fn in Al (Ti). While the dominant uncer-
tainty in Bµ!e(Al)/Bµ!e� arises from hadronic input
parameters, the ratio Bµ!e(Ti)/Bµ!e(Al) is primarily
a↵ected by the uncertainties in neutron densities of Al
and Ti whereas those of the hadronic parameters are

6
To illustrate our point, here we take Bµ!e(Al)< 8 ⇥ 10

�17

for Mu2e, based on Ref. [66], which is slightly weaker than the

COMET expected 90% CL upper limit 2.6⇥ 10
�17

[11].
7
The LO results are Bµ!e(Al)/Bµ!e� = (9.0± 0.3)⇥ 10

�3
and

Bµ!e(Ti)/Bµ!e(Al) = 1.5± 0.1.
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SU(2) chiral perturbation theory (ChPT) was introduced
in Ref. [24]. More recently, in the framework of SU(2)
ChPT, the impact of next-to-leading order (NLO) nu-
cleon interactions induced by quark-level scalar densities
was discussed in Ref. [25]. The NLO contributions in-
volve both single-nucleon scalar form factors and two-
nucleon interactions, which were reduced in Ref. [25]
to an e↵ective one-nucleon interaction by performing an
average of the interaction over a Fermi gas model. It
was found that, when scalar operators are the dominant
sources for the conversion process, the NLO interactions
could bring destructive contributions relative to LO con-
tributions and significantly reduce the branching ratio.

Inspired by those previous studies, we revisit the calcu-
lation of branching ratios of µ ! e conversion in several
nuclei including the NLO nucleon interactions induced
by scalar quark densities. Our analysis is performed in
a model-independent way, i.e. the Standard Model Ef-
fective Field Theory (SM-EFT) [26–29], focusing on a
particular class of SM-EFT operators: photonic dipole
and scalar four-fermion operators. This setup is well mo-
tivated by BSM models with heavy scalar particles such
as Two-Higgs Doublet Model and Leptoquark Models.
As a byproduct of our analysis, we correct two errors
appearing in [25]: (1) we eliminate two un-physical con-
tributions to the overlap integrals (denoted by ⌧ (2,3));
(2) we provide a corrected expression and corresponding
numerical result for the e↵ective one-nucleon interaction
resulting from the average over the Fermi gas model. We
also develop a new method to include the momentum-
dependence of the scalar form factor in the overlap in-
tegrals. With these results at hand, we assess the NLO
contributions to the conversion process and discuss the
current hadronic and nuclear uncertainties. We discuss
the prediction of this scalar-dominance model for the ra-
tio of µ ! e� over µ ! e conversion in 27Al and for the
ratio of conversion rates in di↵erent target nuclei. Fi-
nally, we apply the analysis to a simple model in which
CLFV is mediated by CLFV Yukawa couplings of the SM
Higgs, which realizes the current setup.

The paper is organized as follows. In Section II we
set up the EFT framework, starting from quark-level in-
teractions and matching to nucleon-level interactions. In
Section III we present the results for the overlap integrals
and the µ ! e conversion rate, including NLO chiral ef-
fects. In Section IV we discuss the implication for scalar-
mediated CLFV first in the EFT setup and subsequently
in a model with ‘minimal’ Higgs-mediated CLFV, i.e. an
extension of the Standard Model in which the only new
interactions are CLFV Yukawa couplings of the Higgs to
leptons. We present our conclusions in Section V and
relegate some technical details to the Appendices.

II. EFFECTIVE INTERACTIONS: FROM
QUARKS TO NUCLEONS

We assume in this work that the BSM physics responsi-
ble for CLFV originates at energies above the electroweak
scale. In this case contributions from any BSM physics
are captured by e↵ective operators expressed in terms
of SM fields, with appropriate couplings that contain in-
formation about the underlying model – this is the SM-
EFT framework. We restrict our attention to a particular
class of SM-EFT operators mediating CLFV transitions,
namely the ones mediated by heavy scalar particles, in-
cluding the SM Higgs itself. As our goal is to assess
the uncertainties in scalar-mediated CLFV, we take as
starting point below the electroweak scale the following
e↵ective Lagrangian (for a complete set of operators see
Refs. [16, 17])

Le↵ =�
1

⇤2

X

↵=L,R


CD↵ mµ ē��⌫P↵µF�⌫

+
X

q=u,d,s,c,b,t

C(q)
S↵ GFmµmq q̄q ēP↵µ

+ CG↵ GFmµ↵s Ga
�⌫G

a�⌫ ēP↵µ+ h.c

�
, (1)

where Fµ⌫ is the field strength of the photon, PL,R =
(1 ⌥ �5)/2 are the chirality projectors, ⇤ represents the

new physics scale, and the Wilson coe�cients CD↵, C
(q)
S↵

are dimensionless.
With this normalization, the chirality flip in lepton and

quark bilinears is accompanied by a muon or a quark
mass insertion, respectively.1 This choice comes with-
out loss of generality and simplifies many intermediate
steps in the analysis. Finally, the factors of mq and ↵s

multiplying the quark scalar bilinears and the gluonic op-
erator ensure that the corresponding Wilson coe�cients
do not run under QCD renormalization. After integrat-
ing out the heavy quarks, at the GeV scale the e↵ective
Lagrangian takes the form of Eq. (1), with q = u, d, s
and [30]

CG↵ ! CG↵ � 1/(12⇡)
X

Q=c,b,t

C(Q)

S↵ . (2)

The scalar quark operators in Eq. (1) induce single-
and multi-nucleon momentum-dependent operators at
low-energy, which eventually lead to nuclear transitions.
The form of one- and two-nucleon operators has been
derived to NLO in both SU(3) ChPT [31] and SU(2)
ChPT [24, 25, 32, 33], and we will work here in the
SU(2) case. Making the following identifications (recall
↵ 2 {L,R} is a chirality label for the lepton bilinear ap-
pearing in the scalar operators)

1
The scalar interactions have an additional factor GFmµmq com-

pared to the definition in [25].

• For CD, see refs. in previous slide
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FIG. 2. Ratios Bµ!e(Al)/Bµ!e� (top) and
Bµ!e(Ti)/Bµ!e(Al) (bottom) against the parameter

r = (8e)CDR/C
(q=d,s,b)
SR .

the scalar operators arise from a tree-level process medi-
ated by the Higgs particle. The Wilson coe�cients are
given by

1

⇤2
GFmµvC

(q)
SR = �

1

m2

h

Yeµ, (44)

1

⇤2
GFmµvC

(q)
SL = �

1

m2

h

Yµe, (45)

where the Higgs vacuum expectation value v = 246 GeV

and the Higgs mass mh = 125 GeV. Note that C(q)
S↵ in

this model becomes independent of the label q. Having
the parametrization of CD = r/(8e)CS that we employ
in the previous section, we obtain r = 3.4⇥ 10�6 in this
model.

Figure 3 depicts bounds on the CLFV Yukawa cou-
plings Yeµ and Yµe. The gray line represents the upper
limit on the two couplings from Bµ!e(Au)< 7 ⇥ 10�13.
The bound originating from µ ! e� is presented by the
orange region, which corresponds to Yeµ, Yµe . 10�6.
As shown by the black dashed line, the next-generation
µ ! e experiments will provide a sensitivity to Yeµ and

FIG. 3. Current and prospective limits on Yeµ and Yµe in the
CLFV Yukawa model. The gray line is the upper limit from
Bµ!e(Au)< 7⇥ 10�13, and the orange region is excluded by
Bµ!e� < 4.2⇥ 10�13. The expected sensitivities at the next-
generation experiments are depicted by the black dashed line
for Bµ!e(Al)< 8 ⇥ 10�17 and the gray dash-dotted line for
Bµ!e� < 6⇥ 10�14, showing the future discovery window.

Yµe that is stronger than MEG II [7] and ten times
stronger than current limits.6 The uncertainty resulting
from the hadronic input parameters and NLO interac-
tions is not visible on the scale of the plot.
The plurality of probes, namely µ ! e� and µ !

e conversion in possibly more than one target nucleus,
provides an opportunity to test underlying new physics
CLFV mechanisms. The minimal Higgs-mediated CLFV
scenario considered here produces at low-energy a specific
combination of scalar and dipole operators, which leads
to the following pattern of branching ratios:7

Bµ!e(Al)/Bµ!e� = (8.7± 0.3)⇥ 10�3 (46a)

Bµ!e(Ti)/Bµ!e(Al) = 1.5± 0.1 . (46b)

Here, we assign a 5(8)% error to neutron overlap inte-
grals ⌧⇢n and ⌧fn in Al (Ti). While the dominant uncer-
tainty in Bµ!e(Al)/Bµ!e� arises from hadronic input
parameters, the ratio Bµ!e(Ti)/Bµ!e(Al) is primarily
a↵ected by the uncertainties in neutron densities of Al
and Ti whereas those of the hadronic parameters are

6
To illustrate our point, here we take Bµ!e(Al)< 8 ⇥ 10

�17

for Mu2e, based on Ref. [66], which is slightly weaker than the

COMET expected 90% CL upper limit 2.6⇥ 10
�17

[11].
7
The LO results are Bµ!e(Al)/Bµ!e� = (9.0± 0.3)⇥ 10

�3
and

Bµ!e(Ti)/Bµ!e(Al) = 1.5± 0.1.
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SU(2) chiral perturbation theory (ChPT) was introduced
in Ref. [24]. More recently, in the framework of SU(2)
ChPT, the impact of next-to-leading order (NLO) nu-
cleon interactions induced by quark-level scalar densities
was discussed in Ref. [25]. The NLO contributions in-
volve both single-nucleon scalar form factors and two-
nucleon interactions, which were reduced in Ref. [25]
to an e↵ective one-nucleon interaction by performing an
average of the interaction over a Fermi gas model. It
was found that, when scalar operators are the dominant
sources for the conversion process, the NLO interactions
could bring destructive contributions relative to LO con-
tributions and significantly reduce the branching ratio.

Inspired by those previous studies, we revisit the calcu-
lation of branching ratios of µ ! e conversion in several
nuclei including the NLO nucleon interactions induced
by scalar quark densities. Our analysis is performed in
a model-independent way, i.e. the Standard Model Ef-
fective Field Theory (SM-EFT) [26–29], focusing on a
particular class of SM-EFT operators: photonic dipole
and scalar four-fermion operators. This setup is well mo-
tivated by BSM models with heavy scalar particles such
as Two-Higgs Doublet Model and Leptoquark Models.
As a byproduct of our analysis, we correct two errors
appearing in [25]: (1) we eliminate two un-physical con-
tributions to the overlap integrals (denoted by ⌧ (2,3));
(2) we provide a corrected expression and corresponding
numerical result for the e↵ective one-nucleon interaction
resulting from the average over the Fermi gas model. We
also develop a new method to include the momentum-
dependence of the scalar form factor in the overlap in-
tegrals. With these results at hand, we assess the NLO
contributions to the conversion process and discuss the
current hadronic and nuclear uncertainties. We discuss
the prediction of this scalar-dominance model for the ra-
tio of µ ! e� over µ ! e conversion in 27Al and for the
ratio of conversion rates in di↵erent target nuclei. Fi-
nally, we apply the analysis to a simple model in which
CLFV is mediated by CLFV Yukawa couplings of the SM
Higgs, which realizes the current setup.

The paper is organized as follows. In Section II we
set up the EFT framework, starting from quark-level in-
teractions and matching to nucleon-level interactions. In
Section III we present the results for the overlap integrals
and the µ ! e conversion rate, including NLO chiral ef-
fects. In Section IV we discuss the implication for scalar-
mediated CLFV first in the EFT setup and subsequently
in a model with ‘minimal’ Higgs-mediated CLFV, i.e. an
extension of the Standard Model in which the only new
interactions are CLFV Yukawa couplings of the Higgs to
leptons. We present our conclusions in Section V and
relegate some technical details to the Appendices.

II. EFFECTIVE INTERACTIONS: FROM
QUARKS TO NUCLEONS

We assume in this work that the BSM physics responsi-
ble for CLFV originates at energies above the electroweak
scale. In this case contributions from any BSM physics
are captured by e↵ective operators expressed in terms
of SM fields, with appropriate couplings that contain in-
formation about the underlying model – this is the SM-
EFT framework. We restrict our attention to a particular
class of SM-EFT operators mediating CLFV transitions,
namely the ones mediated by heavy scalar particles, in-
cluding the SM Higgs itself. As our goal is to assess
the uncertainties in scalar-mediated CLFV, we take as
starting point below the electroweak scale the following
e↵ective Lagrangian (for a complete set of operators see
Refs. [16, 17])

Le↵ =�
1

⇤2

X

↵=L,R


CD↵ mµ ē��⌫P↵µF�⌫

+
X

q=u,d,s,c,b,t

C(q)
S↵ GFmµmq q̄q ēP↵µ

+ CG↵ GFmµ↵s Ga
�⌫G

a�⌫ ēP↵µ+ h.c

�
, (1)

where Fµ⌫ is the field strength of the photon, PL,R =
(1 ⌥ �5)/2 are the chirality projectors, ⇤ represents the

new physics scale, and the Wilson coe�cients CD↵, C
(q)
S↵

are dimensionless.
With this normalization, the chirality flip in lepton and

quark bilinears is accompanied by a muon or a quark
mass insertion, respectively.1 This choice comes with-
out loss of generality and simplifies many intermediate
steps in the analysis. Finally, the factors of mq and ↵s

multiplying the quark scalar bilinears and the gluonic op-
erator ensure that the corresponding Wilson coe�cients
do not run under QCD renormalization. After integrat-
ing out the heavy quarks, at the GeV scale the e↵ective
Lagrangian takes the form of Eq. (1), with q = u, d, s
and [30]

CG↵ ! CG↵ � 1/(12⇡)
X

Q=c,b,t

C(Q)

S↵ . (2)

The scalar quark operators in Eq. (1) induce single-
and multi-nucleon momentum-dependent operators at
low-energy, which eventually lead to nuclear transitions.
The form of one- and two-nucleon operators has been
derived to NLO in both SU(3) ChPT [31] and SU(2)
ChPT [24, 25, 32, 33], and we will work here in the
SU(2) case. Making the following identifications (recall
↵ 2 {L,R} is a chirality label for the lepton bilinear ap-
pearing in the scalar operators)

1
The scalar interactions have an additional factor GFmµmq com-

pared to the definition in [25].
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FIG. 2. Ratios Bµ!e(Al)/Bµ!e� (top) and
Bµ!e(Ti)/Bµ!e(Al) (bottom) against the parameter

r = (8e)CDR/C
(q=d,s,b)
SR .

the scalar operators arise from a tree-level process medi-
ated by the Higgs particle. The Wilson coe�cients are
given by

1

⇤2
GFmµvC

(q)
SR = �

1

m2

h

Yeµ, (44)

1

⇤2
GFmµvC

(q)
SL = �

1

m2

h

Yµe, (45)

where the Higgs vacuum expectation value v = 246 GeV

and the Higgs mass mh = 125 GeV. Note that C(q)
S↵ in

this model becomes independent of the label q. Having
the parametrization of CD = r/(8e)CS that we employ
in the previous section, we obtain r = 3.4⇥ 10�6 in this
model.

Figure 3 depicts bounds on the CLFV Yukawa cou-
plings Yeµ and Yµe. The gray line represents the upper
limit on the two couplings from Bµ!e(Au)< 7 ⇥ 10�13.
The bound originating from µ ! e� is presented by the
orange region, which corresponds to Yeµ, Yµe . 10�6.
As shown by the black dashed line, the next-generation
µ ! e experiments will provide a sensitivity to Yeµ and

FIG. 3. Current and prospective limits on Yeµ and Yµe in the
CLFV Yukawa model. The gray line is the upper limit from
Bµ!e(Au)< 7⇥ 10�13, and the orange region is excluded by
Bµ!e� < 4.2⇥ 10�13. The expected sensitivities at the next-
generation experiments are depicted by the black dashed line
for Bµ!e(Al)< 8 ⇥ 10�17 and the gray dash-dotted line for
Bµ!e� < 6⇥ 10�14, showing the future discovery window.

Yµe that is stronger than MEG II [7] and ten times
stronger than current limits.6 The uncertainty resulting
from the hadronic input parameters and NLO interac-
tions is not visible on the scale of the plot.
The plurality of probes, namely µ ! e� and µ !

e conversion in possibly more than one target nucleus,
provides an opportunity to test underlying new physics
CLFV mechanisms. The minimal Higgs-mediated CLFV
scenario considered here produces at low-energy a specific
combination of scalar and dipole operators, which leads
to the following pattern of branching ratios:7

Bµ!e(Al)/Bµ!e� = (8.7± 0.3)⇥ 10�3 (46a)

Bµ!e(Ti)/Bµ!e(Al) = 1.5± 0.1 . (46b)

Here, we assign a 5(8)% error to neutron overlap inte-
grals ⌧⇢n and ⌧fn in Al (Ti). While the dominant uncer-
tainty in Bµ!e(Al)/Bµ!e� arises from hadronic input
parameters, the ratio Bµ!e(Ti)/Bµ!e(Al) is primarily
a↵ected by the uncertainties in neutron densities of Al
and Ti whereas those of the hadronic parameters are

6
To illustrate our point, here we take Bµ!e(Al)< 8 ⇥ 10

�17

for Mu2e, based on Ref. [66], which is slightly weaker than the

COMET expected 90% CL upper limit 2.6⇥ 10
�17

[11].
7
The LO results are Bµ!e(Al)/Bµ!e� = (9.0± 0.3)⇥ 10

�3
and

Bµ!e(Ti)/Bµ!e(Al) = 1.5± 0.1.
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SU(2) chiral perturbation theory (ChPT) was introduced
in Ref. [24]. More recently, in the framework of SU(2)
ChPT, the impact of next-to-leading order (NLO) nu-
cleon interactions induced by quark-level scalar densities
was discussed in Ref. [25]. The NLO contributions in-
volve both single-nucleon scalar form factors and two-
nucleon interactions, which were reduced in Ref. [25]
to an e↵ective one-nucleon interaction by performing an
average of the interaction over a Fermi gas model. It
was found that, when scalar operators are the dominant
sources for the conversion process, the NLO interactions
could bring destructive contributions relative to LO con-
tributions and significantly reduce the branching ratio.

Inspired by those previous studies, we revisit the calcu-
lation of branching ratios of µ ! e conversion in several
nuclei including the NLO nucleon interactions induced
by scalar quark densities. Our analysis is performed in
a model-independent way, i.e. the Standard Model Ef-
fective Field Theory (SM-EFT) [26–29], focusing on a
particular class of SM-EFT operators: photonic dipole
and scalar four-fermion operators. This setup is well mo-
tivated by BSM models with heavy scalar particles such
as Two-Higgs Doublet Model and Leptoquark Models.
As a byproduct of our analysis, we correct two errors
appearing in [25]: (1) we eliminate two un-physical con-
tributions to the overlap integrals (denoted by ⌧ (2,3));
(2) we provide a corrected expression and corresponding
numerical result for the e↵ective one-nucleon interaction
resulting from the average over the Fermi gas model. We
also develop a new method to include the momentum-
dependence of the scalar form factor in the overlap in-
tegrals. With these results at hand, we assess the NLO
contributions to the conversion process and discuss the
current hadronic and nuclear uncertainties. We discuss
the prediction of this scalar-dominance model for the ra-
tio of µ ! e� over µ ! e conversion in 27Al and for the
ratio of conversion rates in di↵erent target nuclei. Fi-
nally, we apply the analysis to a simple model in which
CLFV is mediated by CLFV Yukawa couplings of the SM
Higgs, which realizes the current setup.

The paper is organized as follows. In Section II we
set up the EFT framework, starting from quark-level in-
teractions and matching to nucleon-level interactions. In
Section III we present the results for the overlap integrals
and the µ ! e conversion rate, including NLO chiral ef-
fects. In Section IV we discuss the implication for scalar-
mediated CLFV first in the EFT setup and subsequently
in a model with ‘minimal’ Higgs-mediated CLFV, i.e. an
extension of the Standard Model in which the only new
interactions are CLFV Yukawa couplings of the Higgs to
leptons. We present our conclusions in Section V and
relegate some technical details to the Appendices.

II. EFFECTIVE INTERACTIONS: FROM
QUARKS TO NUCLEONS

We assume in this work that the BSM physics responsi-
ble for CLFV originates at energies above the electroweak
scale. In this case contributions from any BSM physics
are captured by e↵ective operators expressed in terms
of SM fields, with appropriate couplings that contain in-
formation about the underlying model – this is the SM-
EFT framework. We restrict our attention to a particular
class of SM-EFT operators mediating CLFV transitions,
namely the ones mediated by heavy scalar particles, in-
cluding the SM Higgs itself. As our goal is to assess
the uncertainties in scalar-mediated CLFV, we take as
starting point below the electroweak scale the following
e↵ective Lagrangian (for a complete set of operators see
Refs. [16, 17])

Le↵ =�
1

⇤2

X

↵=L,R


CD↵ mµ ē��⌫P↵µF�⌫

+
X

q=u,d,s,c,b,t

C(q)
S↵ GFmµmq q̄q ēP↵µ

+ CG↵ GFmµ↵s Ga
�⌫G

a�⌫ ēP↵µ+ h.c

�
, (1)

where Fµ⌫ is the field strength of the photon, PL,R =
(1 ⌥ �5)/2 are the chirality projectors, ⇤ represents the

new physics scale, and the Wilson coe�cients CD↵, C
(q)
S↵

are dimensionless.
With this normalization, the chirality flip in lepton and

quark bilinears is accompanied by a muon or a quark
mass insertion, respectively.1 This choice comes with-
out loss of generality and simplifies many intermediate
steps in the analysis. Finally, the factors of mq and ↵s

multiplying the quark scalar bilinears and the gluonic op-
erator ensure that the corresponding Wilson coe�cients
do not run under QCD renormalization. After integrat-
ing out the heavy quarks, at the GeV scale the e↵ective
Lagrangian takes the form of Eq. (1), with q = u, d, s
and [30]

CG↵ ! CG↵ � 1/(12⇡)
X

Q=c,b,t

C(Q)

S↵ . (2)

The scalar quark operators in Eq. (1) induce single-
and multi-nucleon momentum-dependent operators at
low-energy, which eventually lead to nuclear transitions.
The form of one- and two-nucleon operators has been
derived to NLO in both SU(3) ChPT [31] and SU(2)
ChPT [24, 25, 32, 33], and we will work here in the
SU(2) case. Making the following identifications (recall
↵ 2 {L,R} is a chirality label for the lepton bilinear ap-
pearing in the scalar operators)

1
The scalar interactions have an additional factor GFmµmq com-

pared to the definition in [25].

• For CD, see refs. in previous slide
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• Chiral power counting for the scalar density (expand in p/Λχ) with  Λχ ~ GeV

• Leading couplings controlled by 
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where a single DM particle scatters off a nucleus, we will only
consider chiral interactions that are linear in the couplings
cu,d,s,G. In what follows, we introduce Q = p/!χ as the
expansion parameter.

To obtain the nuclear wave function, we require the strong
nucleon-nucleon potential. At leading order (LO) [O(Q0)],
the potential consists of a one-pion-exchange (OPE) diagram
and two short-range nucleon-nucleon interactions [30]. At
next-to-leading order (NLO) [O(Q2)], one finds corrections
to the OPE diagrams, several two-pion-exchange diagrams,
and subleading contact interactions [31]. At N2LO [O(Q3)],
additional TPE diagrams appear that arise from ππ -nucleon
interactions with chiral index $ = 1, the ci interactions [32],
which also give rise to three-nucleon forces. The number of
terms grows at even higher order [27], although how many
terms are relevant depends on the process under investigation.

The LECs appearing in the potential are fitted to pion-
nucleon scattering data (see, e.g., Ref. [33]) and the few-
nucleon database and then other nuclear observables can
be predicted. The scattering and bound-state equations are
typically divergent and a coordinate-space cutoff is applied
to regulate the integrals. Of course, observables should not
depend on the chosen cutoff, but in numerical calculations
explicit cutoff independence is lost. The LECs appearing in
the nucleon-nucleon potential are fitted (at each order) for
different values of the applied cutoff. By varying the chiral
order of the potential and the cutoff, we can test both the
chiral convergence and the cutoff dependence of our results,
allowing for a well-defined uncertainty estimate. We provide
more details of this procedure below.

A. Currents for isoscalar and isovector DM-quark interactions

The second part of the calculation involves the chiral
expansion of DM-hadron interactions. For the scalar inter-
actions under consideration, this has been studied in detail
in, for example, Refs. [9,13,15]. Here we repeat the analysis
for completeness and add a few comments about higher
order corrections. We begin by considering scalar interactions
involving up and down quarks. These can be treated in χPT
as ordinary quark mass terms by replacing the usual spurion
field χ ,

χ = 2BM → 2B[M − diag(mucu χ̄χ ,mdcd χ̄χ )], (2)

where M = diag(mu,md ) is the quark mass matrix. The
leading terms in the DM chiral Lagrangian are then given
by

Lχ ,q = f 2
π

4
Tr [U †χ + Uχ †] + c1Tr(χ+)N̄N + c5N̄ χ̂+N,

(3)

where N = (p, n)T is the nucleon isospin doublet containing
proton (p) and neutron (n) fields, the Goldstone bosons are
parametrized by

U (π ) = u(π )2 = exp
(

iπ · τ

fπ

)
, (4)

where π is the pion triplet, τ are the Pauli matrices, fπ =
92.4 MeV is the pion decay constant, and c1,5 ∼ O(1/!χ )

are LECs associated to the nucleon σ -term and strong
proton-neutron mass splitting. A hat denotes the traceless
component of a chiral structure, e.g., χ̂ = [χ − 1

2 Tr(χ )], and
χ± = u†χu† ± uχ †u.

We can now read off the relevant interactions beginning
with DM-pion interactions

Lπ
χ ,q = cπ

q π2 χ̄χ ,
(5)

cπ
q = m2

π

4
[cu(1 − ε) + cd (1 + ε)] ≡ m2

π

2
c̄q(is) ,

where ε = (md − mu)/(md + mu) = 0.37 ± 0.03 [34], and
we defined the effective isoscalar DM coupling c̄q(is) . Similarly,
we can read off the tree-level DM-nucleon interactions [35]

Lχ ,N = cN,(is)
q N̄N χ̄χ + cN,(iv)

q N̄τ 3N χ̄χ ,

cN,(is)
q = −4m2

πc1c̄q(is) ,

cN,(iv)
q = B(md − mu)c5

[
cu

(
1 − 1

ε

)
+ cd

(
1 + 1

ε

)]

≡ B(md − mu)c5c̄q(iv) , (6)

where cN,(is)
q and cN,(iv)

q are, respectively, the coupling strengths
of the isoscalar and isovector DM-nucleon interactions, and we
defined the effective isovector DM coupling c̄q(iv) .

1. Power counting

The DM-nucleon interactions contribute to DM-nucleus
scattering via Fig. 1(a), while the DM-pion interactions
contribute via one-nucleon and two-nucleon interactions via
Figs. 1(b) and 1(c), respectively. A power-counting scheme is
necessary to determine the relative order of these and other
contributions. We count powers of the generic momentum p,
where p is determined from the nuclear binding momentum
which for typical nuclei is of the order p ∼ mπ as usual in
χPT. In addition, we have the momentum transfer, q, between
DM and the nucleus, which for scattering off light nuclei is
expected to be somewhat smaller, but for simplicity we treat
q ∼ p.

Weinberg showed [30] that the usual χPT power counting
needs to be adapted for A ! 2 intermediate states that contain
only propagating nucleons. A diagram can then be separated
into two parts which do not contain such states (the irreducible
part) and a part which does (the reducible part). Inside an
irreducible subloop, the contour integration over the time
component of the loop momentum can always be done in such
a way that the nucleon pole is avoided and the nucleon energy
is of order ∼p as in standard χPT. An irreducible diagram can
then be counted via the rules p4/(4π )2 for each loop, 1/p for
each nucleon propagator, 1/p2 for a pion propagator, and the
product of the LECs associated to the relevant interactions.
In irreducible diagrams, however, the nucleon poles cannot
be avoided and the nucleon energy becomes ∼p2/mN instead
of ∼p. For such reducible diagrams, we use the modified
rules: p5/[(4π )2mN ] for each loop, mN/p2 for each nucleon
propagator, 1/p2 for a pion propagator, and the product of the
LECs associated to the relevant interactions. Typically p/mN

is counted as p2/!2
χ ∼ Q2, indicating a suppression of two

orders in the chiral counting [36].
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APPENDIX

E↵ective Lagrangians and power counting — We start
from two-flavor QCD in presence of external sources

L = LQCD � q̄R(s+ ip)qL � q̄L(s� ip)qR

+ q̄L�
µ
lµqL + q̄R�

µ
rµqR (16)

where qT = (u, d) and s(x), p(x), lµ(x), rµ(x) can be writ-
ten in terms of quark mass, Standard Model gauge fields,
and external classical fields s̄, p̄, l̄µ, r̄µ as follows

� ⌘ B0(s+ ip) = B0(mq + s̄+ ip̄) (17a)

lµ = �eQ
EM
L Aµ + Q

W
L J

lept

µ + Q
W†
L J

lept†
µ + l̄µ (17b)

rµ = �eQ
EM
R Aµ + r̄µ . (17c)

Here B0 is a constant with dimension of mass, mq is
the quark mass matrix, Q

EM
L = Q

EM
R = diag(qu, qd)

(with qu = 2/3, qd = �1/3), QW
L = �2

p
2GFVud ⌧

+, and
J
lept
µ = ēL�µ⌫eL. The Lagrangian in (16) is invariant un-

der local G = SU(2)L⇥SU(2)R⇥U(1)V transformations

qL ! L(x)e↵V (x)
qL , qR ! R(x)e↵V (x)

qR , (18)

with L,R 2 SU(2)L,R, provided Q
EM
L,R and Q

W
L trans-

form as “spurions” under the chiral group Q
EM,W
L !

LQ
EM,W
L L

† and Q
EM
R ! RQ

EM
R R

†, and that l̄µ and r̄µ

transform as gauge fields under G. This implies

� ! R�L
† (19a)

lµ ! LlµL
† + iL@µL

† + @µ↵V (19b)

rµ ! RrµR
† + iR@µR

† + @µ↵V . (19c)

Note that the external sources can be decomposed in
SU(2) singlet and non-singlet components as follows:
lµ = l

ns
µ + l

s
µ, rµ = r

ns
µ + r

s
µ.

To construct the e↵ective chiral Lagrangians, one in-
troduces the nucleon and pion fields as follows [50, 51],

N =

✓
p

n

◆
, U = u

2 = e
i⇧/(F )

, ⇧ =

✓
⇡
0

p
2⇡+

p
2⇡�

�⇡
0

◆

(20)

and F ⇠ F⇡ = 92.4 MeV. These fields transform under
the chiral group as follows

u ! LuK
†(u) = K(u)uR† (21a)

U ! LUR
† (21b)

N ! e
3i↵V K(u)N (21c)

where K(u) is a pion-dependent SU(2)V transformation.
To construct chiral invariant Lagrangians, it is very

useful to use chiral-covariant derivatives

DµU ⌘ @µU � ilµU + iUrµ ! L(DµU)R† (22a)

rµN ⌘

✓
@µ + �µ � i

3(lsµ + r
s
µ)

2

◆
N ! K(rµN)(22b)

�µ =
1

2

⇥
u(@µ � ir

ns
µ )u† + u

†(@µ � il
ns
µ )u

⇤

! K(u)�µK(u)† +K(u)@µK(u)† . (22c)

It is also very useful to use combinations of fields that
transform homogeneously with K(u):

uµ = i
⇥
u(@µ � irµ)u

†
� u

†(@µ � ilµ)u
⇤

! K(u)uµK(u)† (23a)

�± = u
†
�u

†
± u�

†
u ! K(u)�±K(u)† (23b)

Q
EM,W
L = u

†
Q

EM,W
L u ! K(u)QEM,W

L K(u)†(23c)

Q
EM
R = uQ

EM
R u

†
! K(u)QEM

R K(u)† (23d)

Finally, in the literature one often finds the combinations
of charge building blocks with definite parity

Q± ⌘
1

2
(QL ±QR) . (24)

The standard �PT power counting assumes that exter-
nal momenta and meson masses are comparable (qext ⇠
m⇡). Including charged lepton masses one assumes p ⇠

qext ⇠ mµ ⇠ m⇡ ⌧ ⇤� ⇠ 4⇡F⇡ ⇠ mN . Given this, one
makes the following assignments:

@ ⇠ p , �± ⇠ B0mq ⇠ m
2

⇡ ⇠ p
2
. lµ, rµ ⇠ p , (25)

with the latter identification implying e ⇠ p and GF ⇠ p

(though we will never go beyond one insertion of GF and
two insertions of the electromagnetic coupling e). The
above scalings allow us to assign chiral dimension to each
lagrangian vertex in a straightforward way.
The pion Lagrangian has the usual expansion in even

chiral powers:

L⇡ = L
(2)

⇡ + L
(4)

⇡ + ... (26a)

L
(2)

⇡ = L
p2

⇡ + L
e2p0

⇡

=
F

2

4
huµu

µ + �+i+ e
2
Z⇡F

4
hQ

EM
L Q

EM
R i, (26b)

which leads to the identification

m
2

⇡± �m
2

⇡0 = 2e2F 2

⇡Z⇡ . (27)

Test

Test

Test

Test

Test

Test

� = 2Bmq

✓
1 +

hp
2v

◆

⇤  ⇤loop

⇤ ' ⇤loop

O(1)⇥ F 2
⇤

2

✓
@

⇤

◆nD ⇣ ⇡

F

⌘n⇡
✓

N

F
p
⇤

◆nN

⇤ = 4⇡F

L(p4)
� = `1

⇣
Tr

⇣
@µU

†@µU
⌘⌘2

+ `2 Tr

⇣
@µU

†@⌫U
⌘
Tr

⇣
@µU †@⌫U

⌘
,

Tr

⇣
@µU

†@µU (m†
qU + U †mq)

⌘

Tr

⇣
mqU

†mqU
†
⌘

u(x) = ei(⇡
a(x)/F )Ta

h(L,R, ⇡) 2 SU(2)V

U = ei✏aQa |�ai

O(2) ⇠ U(1) ! 1

1

 c1 ~ 1/Λχ 
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• Leading order

• NLO 
π

π
π

Scalar form factor of 
the nucleon 

Two-nucleon operator 
(see Bira van Kolck’s talk)

Nucleon 
 “Sigma term”

 ~ (mπ)2./Λχ 

 ~ (mπ)2./Λχ  ⨉ (p/Λχ)

• Chiral power counting for the scalar density (expand in p/Λχ) with  Λχ ~ GeV
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• One-nucleon scalar operators 

3

hN(k0)|C(u)
S↵muūu+ C(d)

S↵mdd̄d |N(k)i ! N̄ 0 J (1)

ud,↵(q)N (3a)

hN(k0
1
)N(k0

2
)|C(u)

S↵muūu+ C(d)
S↵mdd̄d |N(k1)N(k2)i ! N̄ 0

1
N̄ 0

2
J (2)

ud,↵(q1,q2)N1N2 (3b)

hN(k0)|C(s)
S↵mss̄s |N(k)i ! N̄ 0 J (1)

s,↵(q)N (3c)

hN(k0)|CG↵↵sG
a
�⌫G

a�⌫
|N(k)i ! N̄ 0 J (1)

G,↵(q)N (3d)

hN(k0
1
)N(k0

2
)|CG↵↵sG

a
�⌫G

a�⌫
|N(k1)N(k2)i ! N̄ 0

1
N̄ 0

2
J (2)

G,↵(q1,q2)N1N2 (3e)

where q = k0
� k, qi = k0

i � ki and N denotes the non-
relativistic spinors for the nucleon doublet, one finds that

the hadronic currents are expressed by the Wilson coef-
ficients in Eqs. (1), (2) and (5) and hadronic parameters
in Eq. (8) [24, 32, 33]

J (1)

ud,↵(q) =


�⇡N �

3m3
⇡g

2

A

64⇡f2
⇡

F (q2/m2

⇡)

�
C(0)

S↵ �
�mN

4
⌧3 C

(1)

S↵ (4a)

J (2)

ud,↵(q1,q2) = �
g2Am

2
⇡

4f2
⇡

�1 · q1 �2 · q2

(q2
1
+m2

⇡)(q
2
2
+m2

⇡)
⌧1 · ⌧2 C

(0)

S↵ (4b)

J (1)

s,↵(q) =
�
�s � �̇sq

2
�
C(s)

S↵ (4c)

J (1)

G,↵(q) = �
8⇡

9
CG↵

✓
mN �


�⇡N �

3m3
⇡g

2

A

64⇡f2
⇡

F (q2/m2

⇡)

�
+

�mN

2
⌧3 �

�
�s � �̇sq

2
�◆

(4d)

J (2)

G,↵(q1,q2) = �
8⇡

9
CG↵

g2Am
2
⇡

4f2
⇡

�1 · q1 �2 · q2

(q2
1
+m2

⇡)(q
2
2
+m2

⇡)
⌧1 · ⌧2 . (4e)

The isoscalar and isovector combinations of scalar Wilson
coe�cients are given by:

C(0)

S↵ =
C(u)

S↵ (1� ✏) + C(d)
S↵(1 + ✏)

2
(5a)

C(1)

S↵ = C(u)
S↵

✓
1�

1

✏

◆
+ C(d)

S↵

✓
1 +

1

✏

◆
. (5b)

The single-nucleon scalar form factor is given by

F (x) =
2 + x
p
x

ArcCot

✓
2
p
x

◆
� 1 (6)

'
5

12
x�

7

240
x2 + · · · . . (7)

We note that the first order Taylor expansion provides a
representation of the full expression accurate to 2% for
x  1 and to 5% for 1 < x  2. This means that it is
quite safe to use the linear term in our nuclear analysis.
In Appendix. A, we show how the momentum-transfer
expansion corresponds to derivative operators acting on
nucleon density functions.

The hadronic scalar current defined in this way carries
uncertainties due to both input parameters and higher
order terms in the chiral expansion. Higher order terms
in the momentum-independent part of the current are
e↵ectively resummed by using the physical values of �⇡N ,

�s, and �mN . The hadronic inputs entering Eqs. (4) are
defined as

�⇡N =
1

2
hN | (mu +md)(ūu+ d̄d) |Ni (8a)

�s = hN |mss̄s |Ni (8b)

✏ =
md �mu

md +mu
(8c)

�mN = (mn �mp)strong . (8d)

For the sigma term, we use as baseline input the anal-
ysis of the Roy-Steiner equations of Ref. [34], namely
�⇡N = 59.1(3.5) MeV. This value is in tension with
the (currently) more uncertain lattice QCD calculations
(see [35] and references therein) which indicate �⇡N =
65(13) MeV (with dynamical charm quark [36]) and
�⇡N = 40(4) MeV (no dynamical charm quark [37–39]).
However, the recent lattice QCD analysis of Ref. [40] sug-
gests that inclusion of excited state e↵ects reconciles the
tension, so we shall use the input from Ref. [34]. For
the strange sigma term we use the lattice QCD aver-
age [35] �s = 41(9)MeV (with dynamical charm [41]),
while for the slope we will take �̇s = 0.3(2) GeV�1 [42].
For the strong-isospin contribution to the nucleon mass
splitting we take the lattice QCD determination �mN =
2.32(17) MeV from Ref. [43], consistent with the ear-
lier lattice calculation of Ref. [44]. Finally, we take

3
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where q = k0
� k, qi = k0

i � ki and N denotes the non-
relativistic spinors for the nucleon doublet, one finds that

the hadronic currents are expressed by the Wilson coef-
ficients in Eqs. (1), (2) and (5) and hadronic parameters
in Eq. (8) [24, 32, 33]
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The isoscalar and isovector combinations of scalar Wilson
coe�cients are given by:

C(0)
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F (x) =
2 + x
p
x

ArcCot

✓
2
p
x

◆
� 1 (6)

'
5

12
x�

7

240
x2 + · · · . . (7)

We note that the first order Taylor expansion provides a
representation of the full expression accurate to 2% for
x  1 and to 5% for 1 < x  2. This means that it is
quite safe to use the linear term in our nuclear analysis.
In Appendix. A, we show how the momentum-transfer
expansion corresponds to derivative operators acting on
nucleon density functions.

The hadronic scalar current defined in this way carries
uncertainties due to both input parameters and higher
order terms in the chiral expansion. Higher order terms
in the momentum-independent part of the current are
e↵ectively resummed by using the physical values of �⇡N ,

�s, and �mN . The hadronic inputs entering Eqs. (4) are
defined as

�⇡N =
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✏ =
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For the sigma term, we use as baseline input the anal-
ysis of the Roy-Steiner equations of Ref. [34], namely
�⇡N = 59.1(3.5) MeV. This value is in tension with
the (currently) more uncertain lattice QCD calculations
(see [35] and references therein) which indicate �⇡N =
65(13) MeV (with dynamical charm quark [36]) and
�⇡N = 40(4) MeV (no dynamical charm quark [37–39]).
However, the recent lattice QCD analysis of Ref. [40] sug-
gests that inclusion of excited state e↵ects reconciles the
tension, so we shall use the input from Ref. [34]. For
the strange sigma term we use the lattice QCD aver-
age [35] �s = 41(9)MeV (with dynamical charm [41]),
while for the slope we will take �̇s = 0.3(2) GeV�1 [42].
For the strong-isospin contribution to the nucleon mass
splitting we take the lattice QCD determination �mN =
2.32(17) MeV from Ref. [43], consistent with the ear-
lier lattice calculation of Ref. [44]. Finally, we take
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� k, qi = k0

i � ki and N denotes the non-
relativistic spinors for the nucleon doublet, one finds that

the hadronic currents are expressed by the Wilson coef-
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J (1)

ud,↵(q) =


�⇡N �

3m3
⇡g

2

A

64⇡f2
⇡

F (q2/m2

⇡)

�
C(0)

S↵ �
�mN

4
⌧3 C

(1)

S↵ (4a)

J (2)

ud,↵(q1,q2) = �
g2Am

2
⇡

4f2
⇡

�1 · q1 �2 · q2

(q2
1
+m2

⇡)(q
2
2
+m2

⇡)
⌧1 · ⌧2 C

(0)

S↵ (4b)

J (1)

s,↵(q) =
�
�s � �̇sq

2
�
C(s)

S↵ (4c)

J (1)

G,↵(q) = �
8⇡

9
CG↵

✓
mN �


�⇡N �

3m3
⇡g

2

A

64⇡f2
⇡

F (q2/m2

⇡)

�
+

�mN

2
⌧3 �

�
�s � �̇sq

2
�◆

(4d)

J (2)

G,↵(q1,q2) = �
8⇡

9
CG↵

g2Am
2
⇡

4f2
⇡

�1 · q1 �2 · q2

(q2
1
+m2

⇡)(q
2
2
+m2

⇡)
⌧1 · ⌧2 . (4e)

The isoscalar and isovector combinations of scalar Wilson
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We note that the first order Taylor expansion provides a
representation of the full expression accurate to 2% for
x  1 and to 5% for 1 < x  2. This means that it is
quite safe to use the linear term in our nuclear analysis.
In Appendix. A, we show how the momentum-transfer
expansion corresponds to derivative operators acting on
nucleon density functions.

The hadronic scalar current defined in this way carries
uncertainties due to both input parameters and higher
order terms in the chiral expansion. Higher order terms
in the momentum-independent part of the current are
e↵ectively resummed by using the physical values of �⇡N ,

�s, and �mN . The hadronic inputs entering Eqs. (4) are
defined as

�⇡N =
1

2
hN | (mu +md)(ūu+ d̄d) |Ni (8a)

�s = hN |mss̄s |Ni (8b)

✏ =
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md +mu
(8c)

�mN = (mn �mp)strong . (8d)

For the sigma term, we use as baseline input the anal-
ysis of the Roy-Steiner equations of Ref. [34], namely
�⇡N = 59.1(3.5) MeV. This value is in tension with
the (currently) more uncertain lattice QCD calculations
(see [35] and references therein) which indicate �⇡N =
65(13) MeV (with dynamical charm quark [36]) and
�⇡N = 40(4) MeV (no dynamical charm quark [37–39]).
However, the recent lattice QCD analysis of Ref. [40] sug-
gests that inclusion of excited state e↵ects reconciles the
tension, so we shall use the input from Ref. [34]. For
the strange sigma term we use the lattice QCD aver-
age [35] �s = 41(9)MeV (with dynamical charm [41]),
while for the slope we will take �̇s = 0.3(2) GeV�1 [42].
For the strong-isospin contribution to the nucleon mass
splitting we take the lattice QCD determination �mN =
2.32(17) MeV from Ref. [43], consistent with the ear-
lier lattice calculation of Ref. [44]. Finally, we take
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where q = k0
� k, qi = k0

i � ki and N denotes the non-
relativistic spinors for the nucleon doublet, one finds that

the hadronic currents are expressed by the Wilson coef-
ficients in Eqs. (1), (2) and (5) and hadronic parameters
in Eq. (8) [24, 32, 33]
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We note that the first order Taylor expansion provides a
representation of the full expression accurate to 2% for
x  1 and to 5% for 1 < x  2. This means that it is
quite safe to use the linear term in our nuclear analysis.
In Appendix. A, we show how the momentum-transfer
expansion corresponds to derivative operators acting on
nucleon density functions.

The hadronic scalar current defined in this way carries
uncertainties due to both input parameters and higher
order terms in the chiral expansion. Higher order terms
in the momentum-independent part of the current are
e↵ectively resummed by using the physical values of �⇡N ,

�s, and �mN . The hadronic inputs entering Eqs. (4) are
defined as
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�s = hN |mss̄s |Ni (8b)

✏ =
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�mN = (mn �mp)strong . (8d)

For the sigma term, we use as baseline input the anal-
ysis of the Roy-Steiner equations of Ref. [34], namely
�⇡N = 59.1(3.5) MeV. This value is in tension with
the (currently) more uncertain lattice QCD calculations
(see [35] and references therein) which indicate �⇡N =
65(13) MeV (with dynamical charm quark [36]) and
�⇡N = 40(4) MeV (no dynamical charm quark [37–39]).
However, the recent lattice QCD analysis of Ref. [40] sug-
gests that inclusion of excited state e↵ects reconciles the
tension, so we shall use the input from Ref. [34]. For
the strange sigma term we use the lattice QCD aver-
age [35] �s = 41(9)MeV (with dynamical charm [41]),
while for the slope we will take �̇s = 0.3(2) GeV�1 [42].
For the strong-isospin contribution to the nucleon mass
splitting we take the lattice QCD determination �mN =
2.32(17) MeV from Ref. [43], consistent with the ear-
lier lattice calculation of Ref. [44]. Finally, we take
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We note that the first order Taylor expansion provides a
representation of the full expression accurate to 2% for
x  1 and to 5% for 1 < x  2. This means that it is
quite safe to use the linear term in our nuclear analysis.
In Appendix. A, we show how the momentum-transfer
expansion corresponds to derivative operators acting on
nucleon density functions.

The hadronic scalar current defined in this way carries
uncertainties due to both input parameters and higher
order terms in the chiral expansion. Higher order terms
in the momentum-independent part of the current are
e↵ectively resummed by using the physical values of �⇡N ,

�s, and �mN . The hadronic inputs entering Eqs. (4) are
defined as

�⇡N =
1

2
hN | (mu +md)(ūu+ d̄d) |Ni (8a)

�s = hN |mss̄s |Ni (8b)

✏ =
md �mu

md +mu
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�mN = (mn �mp)strong . (8d)

For the sigma term, we use as baseline input the anal-
ysis of the Roy-Steiner equations of Ref. [34], namely
�⇡N = 59.1(3.5) MeV. This value is in tension with
the (currently) more uncertain lattice QCD calculations
(see [35] and references therein) which indicate �⇡N =
65(13) MeV (with dynamical charm quark [36]) and
�⇡N = 40(4) MeV (no dynamical charm quark [37–39]).
However, the recent lattice QCD analysis of Ref. [40] sug-
gests that inclusion of excited state e↵ects reconciles the
tension, so we shall use the input from Ref. [34]. For
the strange sigma term we use the lattice QCD aver-
age [35] �s = 41(9)MeV (with dynamical charm [41]),
while for the slope we will take �̇s = 0.3(2) GeV�1 [42].
For the strong-isospin contribution to the nucleon mass
splitting we take the lattice QCD determination �mN =
2.32(17) MeV from Ref. [43], consistent with the ear-
lier lattice calculation of Ref. [44]. Finally, we take
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where q = k0
� k, qi = k0

i � ki and N denotes the non-
relativistic spinors for the nucleon doublet, one finds that

the hadronic currents are expressed by the Wilson coef-
ficients in Eqs. (1), (2) and (5) and hadronic parameters
in Eq. (8) [24, 32, 33]
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We note that the first order Taylor expansion provides a
representation of the full expression accurate to 2% for
x  1 and to 5% for 1 < x  2. This means that it is
quite safe to use the linear term in our nuclear analysis.
In Appendix. A, we show how the momentum-transfer
expansion corresponds to derivative operators acting on
nucleon density functions.

The hadronic scalar current defined in this way carries
uncertainties due to both input parameters and higher
order terms in the chiral expansion. Higher order terms
in the momentum-independent part of the current are
e↵ectively resummed by using the physical values of �⇡N ,

�s, and �mN . The hadronic inputs entering Eqs. (4) are
defined as
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�s = hN |mss̄s |Ni (8b)

✏ =
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For the sigma term, we use as baseline input the anal-
ysis of the Roy-Steiner equations of Ref. [34], namely
�⇡N = 59.1(3.5) MeV. This value is in tension with
the (currently) more uncertain lattice QCD calculations
(see [35] and references therein) which indicate �⇡N =
65(13) MeV (with dynamical charm quark [36]) and
�⇡N = 40(4) MeV (no dynamical charm quark [37–39]).
However, the recent lattice QCD analysis of Ref. [40] sug-
gests that inclusion of excited state e↵ects reconciles the
tension, so we shall use the input from Ref. [34]. For
the strange sigma term we use the lattice QCD aver-
age [35] �s = 41(9)MeV (with dynamical charm [41]),
while for the slope we will take �̇s = 0.3(2) GeV�1 [42].
For the strong-isospin contribution to the nucleon mass
splitting we take the lattice QCD determination �mN =
2.32(17) MeV from Ref. [43], consistent with the ear-
lier lattice calculation of Ref. [44]. Finally, we take
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where q = k0
� k, qi = k0

i � ki and N denotes the non-
relativistic spinors for the nucleon doublet, one finds that

the hadronic currents are expressed by the Wilson coef-
ficients in Eqs. (1), (2) and (5) and hadronic parameters
in Eq. (8) [24, 32, 33]
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We note that the first order Taylor expansion provides a
representation of the full expression accurate to 2% for
x  1 and to 5% for 1 < x  2. This means that it is
quite safe to use the linear term in our nuclear analysis.
In Appendix. A, we show how the momentum-transfer
expansion corresponds to derivative operators acting on
nucleon density functions.

The hadronic scalar current defined in this way carries
uncertainties due to both input parameters and higher
order terms in the chiral expansion. Higher order terms
in the momentum-independent part of the current are
e↵ectively resummed by using the physical values of �⇡N ,

�s, and �mN . The hadronic inputs entering Eqs. (4) are
defined as
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For the sigma term, we use as baseline input the anal-
ysis of the Roy-Steiner equations of Ref. [34], namely
�⇡N = 59.1(3.5) MeV. This value is in tension with
the (currently) more uncertain lattice QCD calculations
(see [35] and references therein) which indicate �⇡N =
65(13) MeV (with dynamical charm quark [36]) and
�⇡N = 40(4) MeV (no dynamical charm quark [37–39]).
However, the recent lattice QCD analysis of Ref. [40] sug-
gests that inclusion of excited state e↵ects reconciles the
tension, so we shall use the input from Ref. [34]. For
the strange sigma term we use the lattice QCD aver-
age [35] �s = 41(9)MeV (with dynamical charm [41]),
while for the slope we will take �̇s = 0.3(2) GeV�1 [42].
For the strong-isospin contribution to the nucleon mass
splitting we take the lattice QCD determination �mN =
2.32(17) MeV from Ref. [43], consistent with the ear-
lier lattice calculation of Ref. [44]. Finally, we take
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We note that the first order Taylor expansion provides a
representation of the full expression accurate to 2% for
x  1 and to 5% for 1 < x  2. This means that it is
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In Appendix. A, we show how the momentum-transfer
expansion corresponds to derivative operators acting on
nucleon density functions.
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x  1 and to 5% for 1 < x  2. This means that it is
quite safe to use the linear term in our nuclear analysis.
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65(13) MeV (with dynamical charm quark [36]) and
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while for the slope we will take �̇s = 0.3(2) GeV�1 [42].
For the strong-isospin contribution to the nucleon mass
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We note that the first order Taylor expansion provides a
representation of the full expression accurate to 2% for
x  1 and to 5% for 1 < x  2. This means that it is
quite safe to use the linear term in our nuclear analysis.
In Appendix. A, we show how the momentum-transfer
expansion corresponds to derivative operators acting on
nucleon density functions.

The hadronic scalar current defined in this way carries
uncertainties due to both input parameters and higher
order terms in the chiral expansion. Higher order terms
in the momentum-independent part of the current are
e↵ectively resummed by using the physical values of �⇡N ,

�s, and �mN . The hadronic inputs entering Eqs. (4) are
defined as

�⇡N =
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hN | (mu +md)(ūu+ d̄d) |Ni (8a)

�s = hN |mss̄s |Ni (8b)
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For the sigma term, we use as baseline input the anal-
ysis of the Roy-Steiner equations of Ref. [34], namely
�⇡N = 59.1(3.5) MeV. This value is in tension with
the (currently) more uncertain lattice QCD calculations
(see [35] and references therein) which indicate �⇡N =
65(13) MeV (with dynamical charm quark [36]) and
�⇡N = 40(4) MeV (no dynamical charm quark [37–39]).
However, the recent lattice QCD analysis of Ref. [40] sug-
gests that inclusion of excited state e↵ects reconciles the
tension, so we shall use the input from Ref. [34]. For
the strange sigma term we use the lattice QCD aver-
age [35] �s = 41(9)MeV (with dynamical charm [41]),
while for the slope we will take �̇s = 0.3(2) GeV�1 [42].
For the strong-isospin contribution to the nucleon mass
splitting we take the lattice QCD determination �mN =
2.32(17) MeV from Ref. [43], consistent with the ear-
lier lattice calculation of Ref. [44]. Finally, we take
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where q = k0
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relativistic spinors for the nucleon doublet, one finds that

the hadronic currents are expressed by the Wilson coef-
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We note that the first order Taylor expansion provides a
representation of the full expression accurate to 2% for
x  1 and to 5% for 1 < x  2. This means that it is
quite safe to use the linear term in our nuclear analysis.
In Appendix. A, we show how the momentum-transfer
expansion corresponds to derivative operators acting on
nucleon density functions.

The hadronic scalar current defined in this way carries
uncertainties due to both input parameters and higher
order terms in the chiral expansion. Higher order terms
in the momentum-independent part of the current are
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For the sigma term, we use as baseline input the anal-
ysis of the Roy-Steiner equations of Ref. [34], namely
�⇡N = 59.1(3.5) MeV. This value is in tension with
the (currently) more uncertain lattice QCD calculations
(see [35] and references therein) which indicate �⇡N =
65(13) MeV (with dynamical charm quark [36]) and
�⇡N = 40(4) MeV (no dynamical charm quark [37–39]).
However, the recent lattice QCD analysis of Ref. [40] sug-
gests that inclusion of excited state e↵ects reconciles the
tension, so we shall use the input from Ref. [34]. For
the strange sigma term we use the lattice QCD aver-
age [35] �s = 41(9)MeV (with dynamical charm [41]),
while for the slope we will take �̇s = 0.3(2) GeV�1 [42].
For the strong-isospin contribution to the nucleon mass
splitting we take the lattice QCD determination �mN =
2.32(17) MeV from Ref. [43], consistent with the ear-
lier lattice calculation of Ref. [44]. Finally, we take
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We note that the first order Taylor expansion provides a
representation of the full expression accurate to 2% for
x  1 and to 5% for 1 < x  2. This means that it is
quite safe to use the linear term in our nuclear analysis.
In Appendix. A, we show how the momentum-transfer
expansion corresponds to derivative operators acting on
nucleon density functions.

The hadronic scalar current defined in this way carries
uncertainties due to both input parameters and higher
order terms in the chiral expansion. Higher order terms
in the momentum-independent part of the current are
e↵ectively resummed by using the physical values of �⇡N ,

�s, and �mN . The hadronic inputs entering Eqs. (4) are
defined as
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✏ =
md �mu

md +mu
(8c)
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For the sigma term, we use as baseline input the anal-
ysis of the Roy-Steiner equations of Ref. [34], namely
�⇡N = 59.1(3.5) MeV. This value is in tension with
the (currently) more uncertain lattice QCD calculations
(see [35] and references therein) which indicate �⇡N =
65(13) MeV (with dynamical charm quark [36]) and
�⇡N = 40(4) MeV (no dynamical charm quark [37–39]).
However, the recent lattice QCD analysis of Ref. [40] sug-
gests that inclusion of excited state e↵ects reconciles the
tension, so we shall use the input from Ref. [34]. For
the strange sigma term we use the lattice QCD aver-
age [35] �s = 41(9)MeV (with dynamical charm [41]),
while for the slope we will take �̇s = 0.3(2) GeV�1 [42].
For the strong-isospin contribution to the nucleon mass
splitting we take the lattice QCD determination �mN =
2.32(17) MeV from Ref. [43], consistent with the ear-
lier lattice calculation of Ref. [44]. Finally, we take
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Higher chiral orders in the momentum dependence of

the single-nucleon form factor are expected to be sizable.
In fact, a comparison of the NLO heavy baryon ChPT
prediction [45] with a recent dispersive determination [42]
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the dispersive result.
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If the gluonic operator is sourced only by integrating out
the heavy quarks, one has the relation
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The NLO two-nucleon contribution can be reduced to
an e↵ective single-nucleon operator by averaging the two-
nucleon operator over a Fermi gas model of the target
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in the first term in J (1)

↵ in Eq. (11a), where kF is the
Fermi momentum in the target nucleus and fSI
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e↵ective single-nucleon coupling resulting from averaging
over the Fermi gas model. Although this procedure was
carried out in [25], an error in that calculation resulted
in incorrect results for the e↵ective single-nucleon form
factors fSI(q̄, k̄) and fSD(q̄, k̄) which propagated to all
values obtained from these form factors. In Appendix
C, we present the corrected expressions. The corrections
significantly a↵ect the values obtained after momentum-
averaging, reducing the overall magnitudes by roughly a
factor of two and leading to fSI

e↵
= 0.43+0.03

�0.22 and fSD
e↵

=

0.43+0.03
�0.22.

As discussed in Ref.[25], the e↵ective coupling fSI
e↵

ob-
tained through the Fermi gas average is likely an overes-
timate of the underlying two-nucleon contribution. This

expectation is based on a study of nuclear anapole mo-
ments [47] where, in addition to the Fermi gas average,
nuclear shell model wave functions were used to directly
evaluate a variety of two-nucleon currents – none of them
the operator of present concern – in the nuclei 133Cs and
205Tl. Across all the currents tested, the Fermi gas aver-
age tended to overestimate the two-nucleon contribution
by 2-3 times compared to the shell model.
To verify that this behavior persists in the present

case, we evaluated the two-nucleon operator using shell
model wave functions for two of our nuclei of inter-
est, 27Al and 48Ti. Details of this calculation are
presented in Appendix B. Fully correlated shell model
wave functions were generated for 27Al and 48Ti using
the configuration-interaction code BIGSTICK [48, 49]
and the USDB 1d5/2 � 2s1/2 � 1d3/2 [50] and GXPF1
1f7/2 � 2p3/2 � 2p1/2 � 1f5/2 [51] interactions, respec-
tively. Harmonic oscillator bases with oscillator param-
eters b of 1.84 and 1.99 fm for Al and Ti, respectively,
were employed in the calculations.
The e↵ective one-body couplings which reproduce the

shell model results are given in Table I. We find that the
Fermi gas average estimate is ⇡ 2 � 3 times larger than
the shell model estimate, in good agreement with the
anapole study. Although we did not carry out the shell
model calculation for the heavy nuclei 197Au and 208Pb,
given that the anapole study observed the overestimation
in 205Tl, it is likely that a similar result would be found
for 197Au and 208Pb in our case.
The shell model results may still represent an overesti-
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relativistic spinors for the nucleon doublet, one finds that

the hadronic currents are expressed by the Wilson coef-
ficients in Eqs. (1), (2) and (5) and hadronic parameters
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We note that the first order Taylor expansion provides a
representation of the full expression accurate to 2% for
x  1 and to 5% for 1 < x  2. This means that it is
quite safe to use the linear term in our nuclear analysis.
In Appendix. A, we show how the momentum-transfer
expansion corresponds to derivative operators acting on
nucleon density functions.

The hadronic scalar current defined in this way carries
uncertainties due to both input parameters and higher
order terms in the chiral expansion. Higher order terms
in the momentum-independent part of the current are
e↵ectively resummed by using the physical values of �⇡N ,
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�⇡N =
1

2
hN | (mu +md)(ūu+ d̄d) |Ni (8a)

�s = hN |mss̄s |Ni (8b)

✏ =
md �mu

md +mu
(8c)

�mN = (mn �mp)strong . (8d)

For the sigma term, we use as baseline input the anal-
ysis of the Roy-Steiner equations of Ref. [34], namely
�⇡N = 59.1(3.5) MeV. This value is in tension with
the (currently) more uncertain lattice QCD calculations
(see [35] and references therein) which indicate �⇡N =
65(13) MeV (with dynamical charm quark [36]) and
�⇡N = 40(4) MeV (no dynamical charm quark [37–39]).
However, the recent lattice QCD analysis of Ref. [40] sug-
gests that inclusion of excited state e↵ects reconciles the
tension, so we shall use the input from Ref. [34]. For
the strange sigma term we use the lattice QCD aver-
age [35] �s = 41(9)MeV (with dynamical charm [41]),
while for the slope we will take �̇s = 0.3(2) GeV�1 [42].
For the strong-isospin contribution to the nucleon mass
splitting we take the lattice QCD determination �mN =
2.32(17) MeV from Ref. [43], consistent with the ear-
lier lattice calculation of Ref. [44]. Finally, we take
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where q = k0
� k, qi = k0

i � ki and N denotes the non-
relativistic spinors for the nucleon doublet, one finds that

the hadronic currents are expressed by the Wilson coef-
ficients in Eqs. (1), (2) and (5) and hadronic parameters
in Eq. (8) [24, 32, 33]
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The isoscalar and isovector combinations of scalar Wilson
coe�cients are given by:
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The single-nucleon scalar form factor is given by
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We note that the first order Taylor expansion provides a
representation of the full expression accurate to 2% for
x  1 and to 5% for 1 < x  2. This means that it is
quite safe to use the linear term in our nuclear analysis.
In Appendix. A, we show how the momentum-transfer
expansion corresponds to derivative operators acting on
nucleon density functions.

The hadronic scalar current defined in this way carries
uncertainties due to both input parameters and higher
order terms in the chiral expansion. Higher order terms
in the momentum-independent part of the current are
e↵ectively resummed by using the physical values of �⇡N ,

�s, and �mN . The hadronic inputs entering Eqs. (4) are
defined as

�⇡N =
1

2
hN | (mu +md)(ūu+ d̄d) |Ni (8a)

�s = hN |mss̄s |Ni (8b)

✏ =
md �mu

md +mu
(8c)

�mN = (mn �mp)strong . (8d)

For the sigma term, we use as baseline input the anal-
ysis of the Roy-Steiner equations of Ref. [34], namely
�⇡N = 59.1(3.5) MeV. This value is in tension with
the (currently) more uncertain lattice QCD calculations
(see [35] and references therein) which indicate �⇡N =
65(13) MeV (with dynamical charm quark [36]) and
�⇡N = 40(4) MeV (no dynamical charm quark [37–39]).
However, the recent lattice QCD analysis of Ref. [40] sug-
gests that inclusion of excited state e↵ects reconciles the
tension, so we shall use the input from Ref. [34]. For
the strange sigma term we use the lattice QCD aver-
age [35] �s = 41(9)MeV (with dynamical charm [41]),
while for the slope we will take �̇s = 0.3(2) GeV�1 [42].
For the strong-isospin contribution to the nucleon mass
splitting we take the lattice QCD determination �mN =
2.32(17) MeV from Ref. [43], consistent with the ear-
lier lattice calculation of Ref. [44]. Finally, we take
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where q = k0
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i � ki and N denotes the non-
relativistic spinors for the nucleon doublet, one finds that

the hadronic currents are expressed by the Wilson coef-
ficients in Eqs. (1), (2) and (5) and hadronic parameters
in Eq. (8) [24, 32, 33]
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We note that the first order Taylor expansion provides a
representation of the full expression accurate to 2% for
x  1 and to 5% for 1 < x  2. This means that it is
quite safe to use the linear term in our nuclear analysis.
In Appendix. A, we show how the momentum-transfer
expansion corresponds to derivative operators acting on
nucleon density functions.

The hadronic scalar current defined in this way carries
uncertainties due to both input parameters and higher
order terms in the chiral expansion. Higher order terms
in the momentum-independent part of the current are
e↵ectively resummed by using the physical values of �⇡N ,

�s, and �mN . The hadronic inputs entering Eqs. (4) are
defined as
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�s = hN |mss̄s |Ni (8b)

✏ =
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For the sigma term, we use as baseline input the anal-
ysis of the Roy-Steiner equations of Ref. [34], namely
�⇡N = 59.1(3.5) MeV. This value is in tension with
the (currently) more uncertain lattice QCD calculations
(see [35] and references therein) which indicate �⇡N =
65(13) MeV (with dynamical charm quark [36]) and
�⇡N = 40(4) MeV (no dynamical charm quark [37–39]).
However, the recent lattice QCD analysis of Ref. [40] sug-
gests that inclusion of excited state e↵ects reconciles the
tension, so we shall use the input from Ref. [34]. For
the strange sigma term we use the lattice QCD aver-
age [35] �s = 41(9)MeV (with dynamical charm [41]),
while for the slope we will take �̇s = 0.3(2) GeV�1 [42].
For the strong-isospin contribution to the nucleon mass
splitting we take the lattice QCD determination �mN =
2.32(17) MeV from Ref. [43], consistent with the ear-
lier lattice calculation of Ref. [44]. Finally, we take
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the hadronic currents are expressed by the Wilson coef-
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We note that the first order Taylor expansion provides a
representation of the full expression accurate to 2% for
x  1 and to 5% for 1 < x  2. This means that it is
quite safe to use the linear term in our nuclear analysis.
In Appendix. A, we show how the momentum-transfer
expansion corresponds to derivative operators acting on
nucleon density functions.

The hadronic scalar current defined in this way carries
uncertainties due to both input parameters and higher
order terms in the chiral expansion. Higher order terms
in the momentum-independent part of the current are
e↵ectively resummed by using the physical values of �⇡N ,

�s, and �mN . The hadronic inputs entering Eqs. (4) are
defined as

�⇡N =
1
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�s = hN |mss̄s |Ni (8b)

✏ =
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�mN = (mn �mp)strong . (8d)

For the sigma term, we use as baseline input the anal-
ysis of the Roy-Steiner equations of Ref. [34], namely
�⇡N = 59.1(3.5) MeV. This value is in tension with
the (currently) more uncertain lattice QCD calculations
(see [35] and references therein) which indicate �⇡N =
65(13) MeV (with dynamical charm quark [36]) and
�⇡N = 40(4) MeV (no dynamical charm quark [37–39]).
However, the recent lattice QCD analysis of Ref. [40] sug-
gests that inclusion of excited state e↵ects reconciles the
tension, so we shall use the input from Ref. [34]. For
the strange sigma term we use the lattice QCD aver-
age [35] �s = 41(9)MeV (with dynamical charm [41]),
while for the slope we will take �̇s = 0.3(2) GeV�1 [42].
For the strong-isospin contribution to the nucleon mass
splitting we take the lattice QCD determination �mN =
2.32(17) MeV from Ref. [43], consistent with the ear-
lier lattice calculation of Ref. [44]. Finally, we take

• Crude estimate:  reduce to a single-nucleon operator by averaging over 
the second nucleon in a Fermi-gas model 

4

✏ = 0.365(23) from the FLAG average [35].
Higher chiral orders in the momentum dependence of

the single-nucleon form factor are expected to be sizable.
In fact, a comparison of the NLO heavy baryon ChPT
prediction [45] with a recent dispersive determination [42]
indicates that the NLO result accounts for about 60% of
the dispersive result.

Finally, note that the one- and two-nucleon amplitudes
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where hēP↵µi denotes the leptonic amplitude and the
physically relevant combinations of hadronic scalar cur-
rents are
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If the gluonic operator is sourced only by integrating out
the heavy quarks, one has the relation
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The NLO two-nucleon contribution can be reduced to
an e↵ective single-nucleon operator by averaging the two-
nucleon operator over a Fermi gas model of the target

nucleus. In this approximation, the e↵ect of J (2)

↵ is cap-
tured by the shift
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in the first term in J (1)

↵ in Eq. (11a), where kF is the
Fermi momentum in the target nucleus and fSI

e↵
is the

e↵ective single-nucleon coupling resulting from averaging
over the Fermi gas model. Although this procedure was
carried out in [25], an error in that calculation resulted
in incorrect results for the e↵ective single-nucleon form
factors fSI(q̄, k̄) and fSD(q̄, k̄) which propagated to all
values obtained from these form factors. In Appendix
C, we present the corrected expressions. The corrections
significantly a↵ect the values obtained after momentum-
averaging, reducing the overall magnitudes by roughly a
factor of two and leading to fSI

e↵
= 0.43+0.03

�0.22 and fSD
e↵

=

0.43+0.03
�0.22.

As discussed in Ref.[25], the e↵ective coupling fSI
e↵

ob-
tained through the Fermi gas average is likely an overes-
timate of the underlying two-nucleon contribution. This

expectation is based on a study of nuclear anapole mo-
ments [47] where, in addition to the Fermi gas average,
nuclear shell model wave functions were used to directly
evaluate a variety of two-nucleon currents – none of them
the operator of present concern – in the nuclei 133Cs and
205Tl. Across all the currents tested, the Fermi gas aver-
age tended to overestimate the two-nucleon contribution
by 2-3 times compared to the shell model.
To verify that this behavior persists in the present

case, we evaluated the two-nucleon operator using shell
model wave functions for two of our nuclei of inter-
est, 27Al and 48Ti. Details of this calculation are
presented in Appendix B. Fully correlated shell model
wave functions were generated for 27Al and 48Ti using
the configuration-interaction code BIGSTICK [48, 49]
and the USDB 1d5/2 � 2s1/2 � 1d3/2 [50] and GXPF1
1f7/2 � 2p3/2 � 2p1/2 � 1f5/2 [51] interactions, respec-
tively. Harmonic oscillator bases with oscillator param-
eters b of 1.84 and 1.99 fm for Al and Ti, respectively,
were employed in the calculations.
The e↵ective one-body couplings which reproduce the

shell model results are given in Table I. We find that the
Fermi gas average estimate is ⇡ 2 � 3 times larger than
the shell model estimate, in good agreement with the
anapole study. Although we did not carry out the shell
model calculation for the heavy nuclei 197Au and 208Pb,
given that the anapole study observed the overestimation
in 205Tl, it is likely that a similar result would be found
for 197Au and 208Pb in our case.
The shell model results may still represent an overesti-

mation of the two-nucleon contribution. The shell model

• Nuclear shell model implies smaller results (~1/2),  but no way to estimate 
the uncertainty → need first-principles nuclear calculation 
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which take the form

J (1)

↵ (q) =
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J (2)

↵ (q1,q2) = �
g2Am

2
⇡

4f2
⇡

�1 · q1 �2 · q2

(q2
1
+m2

⇡)(q
2
2
+m2

⇡)
⌧1 · ⌧2

✓
C(0)
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CG↵

◆
. (11b)

If the gluonic operator is sourced only by integrating out
the heavy quarks, one has the relation

8⇡

9
CG↵ = �

2

27

X

Q=c,b,t

C(Q)

S↵ . (12)

The NLO two-nucleon contribution can be reduced to
an e↵ective single-nucleon operator by averaging the two-
nucleon operator over a Fermi gas model of the target

nucleus. In this approximation, the e↵ect of J (2)

↵ is cap-
tured by the shift

�⇡N ! �⇡N �
3g2Am

2
⇡kF

64⇡f2
⇡

fSI
e↵

(13)

in the first term in J (1)

↵ in Eq. (11a), where kF is the
Fermi momentum in the target nucleus and fSI

e↵
is the

e↵ective single-nucleon coupling resulting from averaging
over the Fermi gas model. Although this procedure was
carried out in [25], an error in that calculation resulted
in incorrect results for the e↵ective single-nucleon form
factors fSI(q̄, k̄) and fSD(q̄, k̄) which propagated to all
values obtained from these form factors. In Appendix
C, we present the corrected expressions. The corrections
significantly a↵ect the values obtained after momentum-
averaging, reducing the overall magnitudes by roughly a
factor of two and leading to fSI

e↵
= 0.43+0.03

�0.22 and fSD
e↵

=

0.43+0.03
�0.22.

As discussed in Ref.[25], the e↵ective coupling fSI
e↵

ob-
tained through the Fermi gas average is likely an overes-
timate of the underlying two-nucleon contribution. This

expectation is based on a study of nuclear anapole mo-
ments [47] where, in addition to the Fermi gas average,
nuclear shell model wave functions were used to directly
evaluate a variety of two-nucleon currents – none of them
the operator of present concern – in the nuclei 133Cs and
205Tl. Across all the currents tested, the Fermi gas aver-
age tended to overestimate the two-nucleon contribution
by 2-3 times compared to the shell model.
To verify that this behavior persists in the present

case, we evaluated the two-nucleon operator using shell
model wave functions for two of our nuclei of inter-
est, 27Al and 48Ti. Details of this calculation are
presented in Appendix B. Fully correlated shell model
wave functions were generated for 27Al and 48Ti using
the configuration-interaction code BIGSTICK [48, 49]
and the USDB 1d5/2 � 2s1/2 � 1d3/2 [50] and GXPF1
1f7/2 � 2p3/2 � 2p1/2 � 1f5/2 [51] interactions, respec-
tively. Harmonic oscillator bases with oscillator param-
eters b of 1.84 and 1.99 fm for Al and Ti, respectively,
were employed in the calculations.
The e↵ective one-body couplings which reproduce the

shell model results are given in Table I. We find that the
Fermi gas average estimate is ⇡ 2 � 3 times larger than
the shell model estimate, in good agreement with the
anapole study. Although we did not carry out the shell
model calculation for the heavy nuclei 197Au and 208Pb,
given that the anapole study observed the overestimation
in 205Tl, it is likely that a similar result would be found
for 197Au and 208Pb in our case.
The shell model results may still represent an overesti-

mation of the two-nucleon contribution. The shell model

5

27

13Al 48

22 Ti 197

79 Au 208

82 Pb

qT (MeV) 104.97 104.27 95.61 95.10

kF (MeV) 238 255 265 265

Rp (fm) 3.05 3.843 6.55 6.624

Rn (fm) 3.18± 0.19 3.843 6.83± 0.1 6.93± 0.09

a (fm) 0.535 0.588 0.522 0.549

fSI
e↵,FGA 0.43+0.03

�0.22 0.49+0.03
�0.25 0.55+0.03

�0.28 0.55+0.03
�0.28

fSI
e↵,NSM 0.18 0.18 - -

TABLE I. Input parameters and resulting values of the e↵ec-
tive one-body operator coupling parameter fSI

e↵ for the four
nuclei of interest: qT is the magnitude of the three-momentum
transfer, computed via Eq. (C6), kF is the nuclear Fermi mo-
mentum obtained by linear interpolation in A between the
values measured in [46], Rp (Rn) and a are the parameters of
the proton (neutron) density profile, fSI

e↵,FGA is the value of
the spin-independent form factor obtained via the Fermi gas
average, and fSI

e↵,NSM is the value implied by the nuclear shell
model calculation (without additional correlation function).
The upper uncertainty of fSI

e↵,FGA is due to the error incurred
in the momentum average over k̄ and the uncertainty in the
Fermi momentum (±5 MeV) whereas the lower uncertainty
reflects the expectation that the FGA result tends to overes-
timate the strength of the operator by roughly a factor of 2.
See discussion in Appendix B and C for more details.

TABLE II. Capture rate for 27

13Al, 48

22Ti,
197

79 Au and 208

82 Pb. The
unit is taken to be neV.

27

13Al 48

22Ti
197

79 Au 208

82 Pb

�capt [neV] 0.463 1.705 8.603 8.853

wave functions that we employ are constructed in very
soft Hilbert spaces which lack the high-momentum modes
necessary to properly resolve the strong repulsion of two
nucleons at short distance. We find that the two-nucleon
operator is sensitive to the short-range nucleon-nucleon
physics. Introducing an ad hoc short-range correlation
function [52] in the shell model calculation further re-
duces the estimated strength of the two-nucleon opera-
tor by ⇡ 50%. For this reason, the value of fSI

e↵
obtained

from the shell model calculation can likely be considered
as an upper limit on the strength of the two-nucleon con-
tribution. A complete treatment involving the introduc-
tion of e↵ective operators and wave function renormal-
ization to account for the truncated shell model space is
beyond the scope of this paper.

III. TRANSITION RATE INCLUDING NLO
CORRECTIONS

The rate of the coherent µ ! e conversion process
depends on the behavior of the bound muon and outgo-
ing electron. The lepton wave functions are obtained by

solving the Dirac equation [15, 16, 53, 54],

W =


� i�5�r

✓
@r +

1

r
�
�

r
K

◆
+ V (r) +m�

�
 ,

(14)

with

�5 =

0

@0 1

1 0

1

A , � =

0

@1 0

0 �1

1

A , (15)

�r =

0

@� · r̂ 0

0 � · r̂

1

A , (16)

K =

0

@� · l + 1 0

0 �(� · l + 1)

1

A . (17)

Here, the energy, potential and mass of the leptons are
given by W, V (r) and m. � are the Pauli matrices, r̂ is a
unit vector in the radial direction, l is the orbital angular
momentum defined by l = �ir⇥r. We define the wave
functions as

 =

0

@ g(r)�µ
(✓,�)

if(r)�
µ
�(✓,�)

1

A , (18)

where µ and  represent the eigenvalues of the z com-
ponent of the total angular momentum Jz and K, re-
spectively. The two-component spinors �µ

 are the spin-
angular functions, with the properties

(� · l + 1)�µ
 = ��µ

, (19)

Jz�
µ
 = µ�µ

, (20)
Z

1

�1

d cos ✓

Z
2⇡

0

d� �µ†
 �µ0

0 = �µµ
0
�0 . (21)

The initial muon state corresponds to the ground state
of the muonic atom, implying µ = �1 . On the other
hand, the outgoing electron has two states of e = ±1.
Normalization of the bound muon state is defined by

Z
d3x  (µ)†

,µ (x) (µ)
0µ0(x) = �µµ0�0 . (22)

Neglecting nuclear recoil, the final state electron carries
energy W = mµ�Bµ, where Bµ is the binding energy of
the 1s muonic atom. Its wave function is normalized as
Z

d3x  (e)†
,µ (x) (e)

0µ0(x) = 2⇡�(W �W 0)�µµ0�0 . (23)

Inserting the expressions of the wave functions into the
the spherical polar form of the Dirac equation, one can
obtain

d

dr

0

@g

f

1

A =

0

@ �
+1

r W � V (r) +m

�(W � V (r)�m) �1

r

1

A

0

@g

f

1

A .

(24)

For 27Al
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Utilizing the shoot-and-match procedure [55], we solve
these coupled equations numerically.

For µ ! e conversion, the branching ratio is defined
by the conversion-to-capture ratio

Bµ!e ⌘
�conv(µ� + (A,Z) ! e� + (A,Z))

�capt(µ� + (A,Z) ! ⌫µ + (A,Z � 1))
, (25)

where A and Z are mass and atomic numbers, re-
spectively. The standard muon capture rates �capt ⌘

captm5
µ/v

4 for the nuclei of interest are listed in Table
II. Taking into account all the spin configurations of the
initial muon and final electron states, one can express the
branching ratio as

Bµ!e =
⇣ v

⇤

⌘4 1

capt

✓���⌧ (+1)

���
2

+
���⌧ (�1)

���
2
◆
, (26)

in terms of dimensionless overlap integrals

⌧ (�1) =(CDL + CDR) ⌧
(�1)

D + ⌧ (�1)

S , (27)

⌧ (+1) =(CDL � CDR) ⌧
(+1)

D � ⌧ (+1)

S , (28)

where the upper index indicates the quantum number e.
The overlap integrals for the dipole operator are given by

⌧ (�1)

D =
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m3/2
µ

Z
dr r2(�E(r))

⇣
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⌘
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For the contributions from the scalar operator, we split
the overlap integrals into two contributions, momentum-

transfer independent (⌧ (±1)

⇢ ) and dependent (⌧ (±1)

f )
terms
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where C⇢
N↵ and Cf

N↵ correspond to the constant and momentum-dependent parts of the nucleon scalar form
factor, respectively:

mµC
⇢
N↵ =

✓
�⇡N �

3g2Am
2
⇡

64⇡f2
⇡

kF f
SI

e↵

◆✓
C(0)

S↵ +
8⇡

9
CG↵

◆
⌥

�mN

4

✓
C(1)

S↵ +
16⇡

9
CG↵

◆

+ �s

✓
C(s)

S↵ +
8⇡

9
CG↵

◆
�

8⇡

9
CG↵mN , (32a)

mµC
f
N↵ = �

3g2Am
3
⇡

64⇡f2
⇡

5

12

✓
C(0)

S↵ +
8⇡

9
CG↵

◆
� �̇sm

2

⇡

✓
C(s)

S↵ +
8⇡

9
CG↵

◆
. (32b)

The nucleon-level couplings C⇢,f
N↵ are dimensionless, and

the minus (plus) sign in the second term of C⇢
N↵ is for

proton (neutron). The dimensionless overlap integrals

⌧ (±1)

⇢N and ⌧ (±1)

fN
are defined as
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where ⇢N (r) is the nucleon density and the function
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Utilizing the shoot-and-match procedure [55], we solve
these coupled equations numerically.

For µ ! e conversion, the branching ratio is defined
by the conversion-to-capture ratio

Bµ!e ⌘
�conv(µ� + (A,Z) ! e� + (A,Z))

�capt(µ� + (A,Z) ! ⌫µ + (A,Z � 1))
, (25)

where A and Z are mass and atomic numbers, re-
spectively. The standard muon capture rates �capt ⌘

captm5
µ/v

4 for the nuclei of interest are listed in Table
II. Taking into account all the spin configurations of the
initial muon and final electron states, one can express the
branching ratio as

Bµ!e =
⇣ v

⇤

⌘4 1
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in terms of dimensionless overlap integrals
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(�1)
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S , (27)

⌧ (+1) =(CDL � CDR) ⌧
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S , (28)

where the upper index indicates the quantum number e.
The overlap integrals for the dipole operator are given by
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For the contributions from the scalar operator, we split
the overlap integrals into two contributions, momentum-

transfer independent (⌧ (±1)

⇢ ) and dependent (⌧ (±1)
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terms
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where C⇢
N↵ and Cf

N↵ correspond to the constant and momentum-dependent parts of the nucleon scalar form
factor, respectively:
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The nucleon-level couplings C⇢,f
N↵ are dimensionless, and

the minus (plus) sign in the second term of C⇢
N↵ is for

proton (neutron). The dimensionless overlap integrals
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where ⇢N (r) is the nucleon density and the function

• Dipole amplitude is controlled by nuclear charge distribution, which also 
determines muon and electron wave functions (key input is the proton density**)
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Utilizing the shoot-and-match procedure [55], we solve
these coupled equations numerically.

For µ ! e conversion, the branching ratio is defined
by the conversion-to-capture ratio

Bµ!e ⌘
�conv(µ� + (A,Z) ! e� + (A,Z))

�capt(µ� + (A,Z) ! ⌫µ + (A,Z � 1))
, (25)

where A and Z are mass and atomic numbers, re-
spectively. The standard muon capture rates �capt ⌘

captm5
µ/v

4 for the nuclei of interest are listed in Table
II. Taking into account all the spin configurations of the
initial muon and final electron states, one can express the
branching ratio as

Bµ!e =
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where the upper index indicates the quantum number e.
The overlap integrals for the dipole operator are given by
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For the contributions from the scalar operator, we split
the overlap integrals into two contributions, momentum-

transfer independent (⌧ (±1)

⇢ ) and dependent (⌧ (±1)
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where C⇢
N↵ and Cf

N↵ correspond to the constant and momentum-dependent parts of the nucleon scalar form
factor, respectively:
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The nucleon-level couplings C⇢,f
N↵ are dimensionless, and

the minus (plus) sign in the second term of C⇢
N↵ is for

proton (neutron). The dimensionless overlap integrals
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where ⇢N (r) is the nucleon density and the function

** Modulo effect discussed by J. Dobaczewski  
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Utilizing the shoot-and-match procedure [55], we solve
these coupled equations numerically.

For µ ! e conversion, the branching ratio is defined
by the conversion-to-capture ratio

Bµ!e ⌘
�conv(µ� + (A,Z) ! e� + (A,Z))

�capt(µ� + (A,Z) ! ⌫µ + (A,Z � 1))
, (25)

where A and Z are mass and atomic numbers, re-
spectively. The standard muon capture rates �capt ⌘

captm5
µ/v

4 for the nuclei of interest are listed in Table
II. Taking into account all the spin configurations of the
initial muon and final electron states, one can express the
branching ratio as

Bµ!e =
⇣ v

⇤

⌘4 1

capt

✓���⌧ (+1)

���
2

+
���⌧ (�1)

���
2
◆
, (26)

in terms of dimensionless overlap integrals
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where the upper index indicates the quantum number e.
The overlap integrals for the dipole operator are given by
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For the contributions from the scalar operator, we split
the overlap integrals into two contributions, momentum-

transfer independent (⌧ (±1)

⇢ ) and dependent (⌧ (±1)

f )
terms
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where C⇢
N↵ and Cf

N↵ correspond to the constant and momentum-dependent parts of the nucleon scalar form
factor, respectively:
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The nucleon-level couplings C⇢,f
N↵ are dimensionless, and

the minus (plus) sign in the second term of C⇢
N↵ is for

proton (neutron). The dimensionless overlap integrals

⌧ (±1)

⇢N and ⌧ (±1)

fN
are defined as
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where ⇢N (r) is the nucleon density and the function

6

Utilizing the shoot-and-match procedure [55], we solve
these coupled equations numerically.

For µ ! e conversion, the branching ratio is defined
by the conversion-to-capture ratio

Bµ!e ⌘
�conv(µ� + (A,Z) ! e� + (A,Z))

�capt(µ� + (A,Z) ! ⌫µ + (A,Z � 1))
, (25)

where A and Z are mass and atomic numbers, re-
spectively. The standard muon capture rates �capt ⌘

captm5
µ/v

4 for the nuclei of interest are listed in Table
II. Taking into account all the spin configurations of the
initial muon and final electron states, one can express the
branching ratio as

Bµ!e =
⇣ v
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in terms of dimensionless overlap integrals
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where the upper index indicates the quantum number e.
The overlap integrals for the dipole operator are given by
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For the contributions from the scalar operator, we split
the overlap integrals into two contributions, momentum-

transfer independent (⌧ (±1)

⇢ ) and dependent (⌧ (±1)

f )
terms
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where C⇢
N↵ and Cf

N↵ correspond to the constant and momentum-dependent parts of the nucleon scalar form
factor, respectively:
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The nucleon-level couplings C⇢,f
N↵ are dimensionless, and

the minus (plus) sign in the second term of C⇢
N↵ is for

proton (neutron). The dimensionless overlap integrals
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where ⇢N (r) is the nucleon density and the function

6

Utilizing the shoot-and-match procedure [55], we solve
these coupled equations numerically.

For µ ! e conversion, the branching ratio is defined
by the conversion-to-capture ratio

Bµ!e ⌘
�conv(µ� + (A,Z) ! e� + (A,Z))

�capt(µ� + (A,Z) ! ⌫µ + (A,Z � 1))
, (25)

where A and Z are mass and atomic numbers, re-
spectively. The standard muon capture rates �capt ⌘

captm5
µ/v

4 for the nuclei of interest are listed in Table
II. Taking into account all the spin configurations of the
initial muon and final electron states, one can express the
branching ratio as

Bµ!e =
⇣ v

⇤
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in terms of dimensionless overlap integrals

⌧ (�1) =(CDL + CDR) ⌧
(�1)

D + ⌧ (�1)
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⌧ (+1) =(CDL � CDR) ⌧
(+1)

D � ⌧ (+1)

S , (28)

where the upper index indicates the quantum number e.
The overlap integrals for the dipole operator are given by
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For the contributions from the scalar operator, we split
the overlap integrals into two contributions, momentum-

transfer independent (⌧ (±1)

⇢ ) and dependent (⌧ (±1)

f )
terms
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where C⇢
N↵ and Cf

N↵ correspond to the constant and momentum-dependent parts of the nucleon scalar form
factor, respectively:
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The nucleon-level couplings C⇢,f
N↵ are dimensionless, and

the minus (plus) sign in the second term of C⇢
N↵ is for

proton (neutron). The dimensionless overlap integrals
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⇢N and ⌧ (±1)
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are defined as
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where ⇢N (r) is the nucleon density and the function

• Scalar amplitude:  Wilson coeff. ✖ hadronic input ✖ overlap integrals 
CNL, CNR :  W.C. ✖  hadronic matrix elements 

ρN, fN : nucleon 
densities and their 

derivatives

6

Utilizing the shoot-and-match procedure [55], we solve
these coupled equations numerically.

For µ ! e conversion, the branching ratio is defined
by the conversion-to-capture ratio

Bµ!e ⌘
�conv(µ� + (A,Z) ! e� + (A,Z))

�capt(µ� + (A,Z) ! ⌫µ + (A,Z � 1))
, (25)

where A and Z are mass and atomic numbers, re-
spectively. The standard muon capture rates �capt ⌘

captm5
µ/v

4 for the nuclei of interest are listed in Table
II. Taking into account all the spin configurations of the
initial muon and final electron states, one can express the
branching ratio as

Bµ!e =
⇣ v
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in terms of dimensionless overlap integrals
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S , (27)

⌧ (+1) =(CDL � CDR) ⌧
(+1)

D � ⌧ (+1)
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where the upper index indicates the quantum number e.
The overlap integrals for the dipole operator are given by
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For the contributions from the scalar operator, we split
the overlap integrals into two contributions, momentum-

transfer independent (⌧ (±1)

⇢ ) and dependent (⌧ (±1)

f )
terms
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where C⇢
N↵ and Cf

N↵ correspond to the constant and momentum-dependent parts of the nucleon scalar form
factor, respectively:
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The nucleon-level couplings C⇢,f
N↵ are dimensionless, and

the minus (plus) sign in the second term of C⇢
N↵ is for

proton (neutron). The dimensionless overlap integrals
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where ⇢N (r) is the nucleon density and the function
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6

Utilizing the shoot-and-match procedure [55], we solve
these coupled equations numerically.

For µ ! e conversion, the branching ratio is defined
by the conversion-to-capture ratio

Bµ!e ⌘
�conv(µ� + (A,Z) ! e� + (A,Z))

�capt(µ� + (A,Z) ! ⌫µ + (A,Z � 1))
, (25)

where A and Z are mass and atomic numbers, re-
spectively. The standard muon capture rates �capt ⌘

captm5
µ/v

4 for the nuclei of interest are listed in Table
II. Taking into account all the spin configurations of the
initial muon and final electron states, one can express the
branching ratio as
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in terms of dimensionless overlap integrals
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where the upper index indicates the quantum number e.
The overlap integrals for the dipole operator are given by
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For the contributions from the scalar operator, we split
the overlap integrals into two contributions, momentum-

transfer independent (⌧ (±1)

⇢ ) and dependent (⌧ (±1)
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terms
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where C⇢
N↵ and Cf

N↵ correspond to the constant and momentum-dependent parts of the nucleon scalar form
factor, respectively:
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The nucleon-level couplings C⇢,f
N↵ are dimensionless, and

the minus (plus) sign in the second term of C⇢
N↵ is for

proton (neutron). The dimensionless overlap integrals
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where ⇢N (r) is the nucleon density and the function

• Scalar amplitude:  Wilson coeff. ✖ hadronic input ✖ overlap integrals 

• Size of NLO corrections to amplitudes induced by light quarks:

• Roughly  −5% from momentum-dep. in the nucleon form factor

• Roughly −10% from two-body operator

6

Utilizing the shoot-and-match procedure [55], we solve
these coupled equations numerically.

For µ ! e conversion, the branching ratio is defined
by the conversion-to-capture ratio

Bµ!e ⌘
�conv(µ� + (A,Z) ! e� + (A,Z))

�capt(µ� + (A,Z) ! ⌫µ + (A,Z � 1))
, (25)

where A and Z are mass and atomic numbers, re-
spectively. The standard muon capture rates �capt ⌘

captm5
µ/v

4 for the nuclei of interest are listed in Table
II. Taking into account all the spin configurations of the
initial muon and final electron states, one can express the
branching ratio as

Bµ!e =
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in terms of dimensionless overlap integrals
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where the upper index indicates the quantum number e.
The overlap integrals for the dipole operator are given by
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For the contributions from the scalar operator, we split
the overlap integrals into two contributions, momentum-

transfer independent (⌧ (±1)

⇢ ) and dependent (⌧ (±1)
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terms
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where C⇢
N↵ and Cf

N↵ correspond to the constant and momentum-dependent parts of the nucleon scalar form
factor, respectively:

mµC
⇢
N↵ =

✓
�⇡N �

3g2Am
2
⇡

64⇡f2
⇡

kF f
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e↵
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9
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◆
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◆
. (32b)

The nucleon-level couplings C⇢,f
N↵ are dimensionless, and

the minus (plus) sign in the second term of C⇢
N↵ is for

proton (neutron). The dimensionless overlap integrals

⌧ (±1)

⇢N and ⌧ (±1)

fN
are defined as

⌧ (�1)

⇢N (fN )
=

1

m5/2
µ

Z
dr r2

⇣
g(e)�1

g(µ)�1
� f (e)

�1
f (µ)
�1

⌘
⇢N (fN ),

(33)

⌧ (+1)

⇢N (fN )
=

i

m5/2
µ

Z
dr r2

⇣
f (e)
+1

g(µ)�1
+ g(e)

+1
f (µ)
�1

⌘
⇢N (fN ),

(34)

where ⇢N (r) is the nucleon density and the function
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Utilizing the shoot-and-match procedure [55], we solve
these coupled equations numerically.

For µ ! e conversion, the branching ratio is defined
by the conversion-to-capture ratio

Bµ!e ⌘
�conv(µ� + (A,Z) ! e� + (A,Z))

�capt(µ� + (A,Z) ! ⌫µ + (A,Z � 1))
, (25)

where A and Z are mass and atomic numbers, re-
spectively. The standard muon capture rates �capt ⌘

captm5
µ/v

4 for the nuclei of interest are listed in Table
II. Taking into account all the spin configurations of the
initial muon and final electron states, one can express the
branching ratio as

Bµ!e =
⇣ v

⇤

⌘4 1

capt

✓���⌧ (+1)

���
2

+
���⌧ (�1)

���
2
◆
, (26)

in terms of dimensionless overlap integrals

⌧ (�1) =(CDL + CDR) ⌧
(�1)

D + ⌧ (�1)

S , (27)

⌧ (+1) =(CDL � CDR) ⌧
(+1)

D � ⌧ (+1)

S , (28)

where the upper index indicates the quantum number e.
The overlap integrals for the dipole operator are given by

⌧ (�1)

D =
1

m3/2
µ

Z
dr r2(�E(r))

⇣
g(e)�1

f (µ)
�1

+ f (e)
�1

g(µ)�1

⌘
,

(29)
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D =
i
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µ

Z
dr r2(�E(r))

⇣
g(e)
+1

g(µ)�1
� f (e)

+1
f (µ)
�1

⌘
.

(30)

For the contributions from the scalar operator, we split
the overlap integrals into two contributions, momentum-

transfer independent (⌧ (±1)

⇢ ) and dependent (⌧ (±1)

f )
terms
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1

2
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X
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"
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NR) ⌧
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#
, (31a)
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⌘
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i
, (31b)

where C⇢
N↵ and Cf

N↵ correspond to the constant and momentum-dependent parts of the nucleon scalar form
factor, respectively:

mµC
⇢
N↵ =
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�⇡N �

3g2Am
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⇡
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⇡
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The nucleon-level couplings C⇢,f
N↵ are dimensionless, and

the minus (plus) sign in the second term of C⇢
N↵ is for

proton (neutron). The dimensionless overlap integrals

⌧ (±1)

⇢N and ⌧ (±1)

fN
are defined as

⌧ (�1)

⇢N (fN )
=

1

m5/2
µ

Z
dr r2

⇣
g(e)�1

g(µ)�1
� f (e)

�1
f (µ)
�1

⌘
⇢N (fN ),

(33)

⌧ (+1)

⇢N (fN )
=

i

m5/2
µ

Z
dr r2

⇣
f (e)
+1

g(µ)�1
+ g(e)

+1
f (µ)
�1

⌘
⇢N (fN ),

(34)

where ⇢N (r) is the nucleon density and the function
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amplitude by 10% in Al and Ti, while the corrections are
less than a few % in Au and Pb. Assuming equivalent

Wilson coe�cients C(0)

S↵ = C(s)
S↵, the total (LO + NLO)

contribution to the CLFV amplitude from the strange
quark is reduced by ⇡ 30% in Al and Ti and ⇡ 20% in
Au and Pb, relative to the contribution from u, d quarks.

In contrast to the light quarks, the NLO contributions
to the gluonic coupling CG↵ are less than 1% relative
to the leading term which is dominated by the nucleon
mass. Recalling the relation between the heavy quark
(q = c, b, t) Wilson coe�cients and the gluonic coupling,
Eq. (2), we find that the prefactor of the heavy quark
Wilson coe�cients in Eq. (32a) is ⇡ 20% larger than

the prefactor of the isoscalar coupling C(0)

S↵ . Therefore in
cases where the CLFV quark couplings are independent
of flavor, such as the Higgs-mediated model considered
in Sec. IV, the heavy quarks give the largest contribu-
tion to the CLFV amplitude (ignoring the intrinsic gluon
coupling and the dipole contribution), though all quark
flavors contribute at a similar order.

Fig. 1 explores the dependence of the ratio ⌧ (�1)

S /⌧ (�1)

S,c
on the two input hadronic parameters �⇡N and �s as well
as the parameters of the NLO nucleon interactions, as

discussed in Section II.4 ⌧ (�1)

S,c is estimated by fixing all
the parameters at their central values. Each bar in the
plot is obtained by varying one parameter (indicated on
the right) in 1 � range while the rest of the parameters
are fixed at the central values. The upper panel presents
the case with nonzero right-handed down-type operators,
while the lower panel includes all right-handed operators.

The first two bars in each panel depict the e↵ect of
varying �⇡N and �s. The third bar takes into account
the error of the e↵ective one-body coupling fSI

e↵
in Table

I. The lower uncertainty reflects the fact that the central
value of fSI

e↵
obtained from the Fermi gas average is likely

too large by a factor of two. We find a corresponding in-

crease in the value of ⌧ (�1)

S by ⇡ 1� 2% relative to ⌧ (�1)

S,c

when fSI
e↵

is reduced by half. The last two bars corre-
spond to the NLO loop contributions, which are denoted
as 1N FF (Form Factor). For the light quark contribu-
tions defined by 1N FF (u, d), we assign a 50% error to
the value of INLO

N,loop. On the other hand, 1N FF (s) rep-
resents the variation of �̇s.

Overall, the variation of the ratio in the lower plot
is small compared to the upper plot. This is because,
as discussed in [24], the case has two additional heavy-
quark contributions, leading to less impacts from the pa-
rameters that we currently focus on. We find that the
scalar contribution is dominantly a↵ected by the uncer-
tainty in �s, which roughly amounts to ±7% (3%) for the
Cd,s,b

SR (Cq=all

SR ) 6= 0 case. Varying all of these parameters,

we see that the deviation from the central value of ⌧ (�1)

S,c

4
Since the errors in ✏, �m, and kF are negligible, we do not include

them in our analysis.

FIG. 1. Uncertainty budget for the overlap integrals. We
show the dependence of ⌧ (�1)

S /⌧ (�1)

S,c in Al on each parameter:

�⇡N , �s, f
SI

e↵ (denoted by 2N(fSI

e↵)) and one-body form factors
for (u, d) and s (represented by 1N FF (u, d) and (s)). Only
right-handed down-type operators are nonzero in the upper
plot, while the lower plot takes all the right-handed operators
to be non-vanishing. In both cases, the nonzero Wilson coef-
ficients are assumed to be equal; that is, C(d)

SR = C(s)
SR = C(b)

SR

in the upper plot, and similarly in the lower plot. ⌧ (�1)

S,c is
obtained by taking central values of input parameters.

is roughly ±10% and ±5% for the upper and lower case,
respectively.
The relative importance of the NLO contributions can

depend significantly on the underlying CLFV physics. In
particular, when CLFV primarily arises from light quark
scalar couplings the NLO contribution can in fact be
larger than the LO uncertainty. We illustrate this with
the following two examples:

• If only the two lightest quarks contribute, C(u)
S↵ ⇡

C(d)
S↵ = O(1) and C(q=s,c,b,t)

S↵ = 0, then the 1-
� uncertainty on the LO result for Bµ!e(Al) is
±13%, whereas the NLO contribution reduces the
LO branching ratio by roughly 25%. If the strange

quark contributes as well, C(s)
S↵ = O(1), then the

LO uncertainty on Bµ!e(Al) is ±19% while the
NLO contribution is 23%. In this case, the impact
of LO strange quarks is comparable in magnitude
to that of the LO light quark uncertainties as well

Uncertainty budget
• Largest hadronic uncertainty arises 

at LO (from sigma terms)

• LO uncertainty from neutron density 
not a big problem  when info from 
pionic atoms is available  (not for 44Ti)

• The quite uncertain NLO NN term 
does note have huge impact for this 
choice of short-distance physics

6

Utilizing the shoot-and-match procedure [55], we solve
these coupled equations numerically.

For µ ! e conversion, the branching ratio is defined
by the conversion-to-capture ratio

Bµ!e ⌘
�conv(µ� + (A,Z) ! e� + (A,Z))

�capt(µ� + (A,Z) ! ⌫µ + (A,Z � 1))
, (25)

where A and Z are mass and atomic numbers, re-
spectively. The standard muon capture rates �capt ⌘

captm5
µ/v

4 for the nuclei of interest are listed in Table
II. Taking into account all the spin configurations of the
initial muon and final electron states, one can express the
branching ratio as

Bµ!e =
⇣ v

⇤

⌘4 1

capt

✓���⌧ (+1)

���
2

+
���⌧ (�1)

���
2
◆
, (26)

in terms of dimensionless overlap integrals

⌧ (�1) =(CDL + CDR) ⌧
(�1)

D + ⌧ (�1)

S , (27)

⌧ (+1) =(CDL � CDR) ⌧
(+1)

D � ⌧ (+1)

S , (28)

where the upper index indicates the quantum number e.
The overlap integrals for the dipole operator are given by

⌧ (�1)

D =
1

m3/2
µ

Z
dr r2(�E(r))

⇣
g(e)�1

f (µ)
�1

+ f (e)
�1

g(µ)�1

⌘
,

(29)

⌧ (+1)

D =
i

m3/2
µ

Z
dr r2(�E(r))

⇣
g(e)
+1

g(µ)�1
� f (e)

+1
f (µ)
�1

⌘
.

(30)

For the contributions from the scalar operator, we split
the overlap integrals into two contributions, momentum-

transfer independent (⌧ (±1)

⇢ ) and dependent (⌧ (±1)

f )
terms

⌧ (�1)

S =
1

2
GFm

2

µ

X

N=p,n

"
(C⇢

NL + C⇢
NR) ⌧

(�1)

⇢N
+

⇣
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NR

⌘
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#
, (31a)
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X
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h
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NL � C⇢
NR) ⌧

(+1)
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+
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Cf

NL � Cf
NR

⌘
⌧ (+1)

fN

i
, (31b)

where C⇢
N↵ and Cf

N↵ correspond to the constant and momentum-dependent parts of the nucleon scalar form
factor, respectively:

mµC
⇢
N↵ =

✓
�⇡N �

3g2Am
2
⇡

64⇡f2
⇡

kF f
SI

e↵

◆✓
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9
CG↵
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9
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. (32b)

The nucleon-level couplings C⇢,f
N↵ are dimensionless, and

the minus (plus) sign in the second term of C⇢
N↵ is for

proton (neutron). The dimensionless overlap integrals

⌧ (±1)

⇢N and ⌧ (±1)

fN
are defined as

⌧ (�1)

⇢N (fN )
=

1

m5/2
µ

Z
dr r2

⇣
g(e)�1

g(µ)�1
� f (e)

�1
f (µ)
�1

⌘
⇢N (fN ),

(33)

⌧ (+1)

⇢N (fN )
=

i

m5/2
µ

Z
dr r2

⇣
f (e)
+1

g(µ)�1
+ g(e)

+1
f (µ)
�1

⌘
⇢N (fN ),

(34)

where ⇢N (r) is the nucleon density and the function

central 
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Utilizing the shoot-and-match procedure [55], we solve
these coupled equations numerically.

For µ ! e conversion, the branching ratio is defined
by the conversion-to-capture ratio

Bµ!e ⌘
�conv(µ� + (A,Z) ! e� + (A,Z))

�capt(µ� + (A,Z) ! ⌫µ + (A,Z � 1))
, (25)

where A and Z are mass and atomic numbers, re-
spectively. The standard muon capture rates �capt ⌘

captm5
µ/v

4 for the nuclei of interest are listed in Table
II. Taking into account all the spin configurations of the
initial muon and final electron states, one can express the
branching ratio as

Bµ!e =
⇣ v

⇤

⌘4 1

capt

✓���⌧ (+1)

���
2

+
���⌧ (�1)

���
2
◆
, (26)

in terms of dimensionless overlap integrals

⌧ (�1) =(CDL + CDR) ⌧
(�1)

D + ⌧ (�1)

S , (27)

⌧ (+1) =(CDL � CDR) ⌧
(+1)

D � ⌧ (+1)

S , (28)

where the upper index indicates the quantum number e.
The overlap integrals for the dipole operator are given by

⌧ (�1)

D =
1

m3/2
µ

Z
dr r2(�E(r))

⇣
g(e)�1

f (µ)
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,
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� f (e)
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⌘
.

(30)

For the contributions from the scalar operator, we split
the overlap integrals into two contributions, momentum-

transfer independent (⌧ (±1)

⇢ ) and dependent (⌧ (±1)

f )
terms
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S =
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, (31b)

where C⇢
N↵ and Cf

N↵ correspond to the constant and momentum-dependent parts of the nucleon scalar form
factor, respectively:
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N↵ =
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The nucleon-level couplings C⇢,f
N↵ are dimensionless, and

the minus (plus) sign in the second term of C⇢
N↵ is for

proton (neutron). The dimensionless overlap integrals

⌧ (±1)

⇢N and ⌧ (±1)

fN
are defined as

⌧ (�1)

⇢N (fN )
=

1

m5/2
µ

Z
dr r2

⇣
g(e)�1

g(µ)�1
� f (e)

�1
f (µ)
�1

⌘
⇢N (fN ),

(33)
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+1
f (µ)
�1

⌘
⇢N (fN ),

(34)

where ⇢N (r) is the nucleon density and the function
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amplitude by 10% in Al and Ti, while the corrections are
less than a few % in Au and Pb. Assuming equivalent

Wilson coe�cients C(0)

S↵ = C(s)
S↵, the total (LO + NLO)

contribution to the CLFV amplitude from the strange
quark is reduced by ⇡ 30% in Al and Ti and ⇡ 20% in
Au and Pb, relative to the contribution from u, d quarks.

In contrast to the light quarks, the NLO contributions
to the gluonic coupling CG↵ are less than 1% relative
to the leading term which is dominated by the nucleon
mass. Recalling the relation between the heavy quark
(q = c, b, t) Wilson coe�cients and the gluonic coupling,
Eq. (2), we find that the prefactor of the heavy quark
Wilson coe�cients in Eq. (32a) is ⇡ 20% larger than

the prefactor of the isoscalar coupling C(0)

S↵ . Therefore in
cases where the CLFV quark couplings are independent
of flavor, such as the Higgs-mediated model considered
in Sec. IV, the heavy quarks give the largest contribu-
tion to the CLFV amplitude (ignoring the intrinsic gluon
coupling and the dipole contribution), though all quark
flavors contribute at a similar order.

Fig. 1 explores the dependence of the ratio ⌧ (�1)

S /⌧ (�1)

S,c
on the two input hadronic parameters �⇡N and �s as well
as the parameters of the NLO nucleon interactions, as

discussed in Section II.4 ⌧ (�1)

S,c is estimated by fixing all
the parameters at their central values. Each bar in the
plot is obtained by varying one parameter (indicated on
the right) in 1 � range while the rest of the parameters
are fixed at the central values. The upper panel presents
the case with nonzero right-handed down-type operators,
while the lower panel includes all right-handed operators.

The first two bars in each panel depict the e↵ect of
varying �⇡N and �s. The third bar takes into account
the error of the e↵ective one-body coupling fSI

e↵
in Table

I. The lower uncertainty reflects the fact that the central
value of fSI

e↵
obtained from the Fermi gas average is likely

too large by a factor of two. We find a corresponding in-

crease in the value of ⌧ (�1)

S by ⇡ 1� 2% relative to ⌧ (�1)

S,c

when fSI
e↵

is reduced by half. The last two bars corre-
spond to the NLO loop contributions, which are denoted
as 1N FF (Form Factor). For the light quark contribu-
tions defined by 1N FF (u, d), we assign a 50% error to
the value of INLO

N,loop. On the other hand, 1N FF (s) rep-
resents the variation of �̇s.

Overall, the variation of the ratio in the lower plot
is small compared to the upper plot. This is because,
as discussed in [24], the case has two additional heavy-
quark contributions, leading to less impacts from the pa-
rameters that we currently focus on. We find that the
scalar contribution is dominantly a↵ected by the uncer-
tainty in �s, which roughly amounts to ±7% (3%) for the
Cd,s,b

SR (Cq=all

SR ) 6= 0 case. Varying all of these parameters,

we see that the deviation from the central value of ⌧ (�1)

S,c

4
Since the errors in ✏, �m, and kF are negligible, we do not include

them in our analysis.

FIG. 1. Uncertainty budget for the overlap integrals. We
show the dependence of ⌧ (�1)

S /⌧ (�1)

S,c in Al on each parameter:

�⇡N , �s, f
SI

e↵ (denoted by 2N(fSI

e↵)) and one-body form factors
for (u, d) and s (represented by 1N FF (u, d) and (s)). Only
right-handed down-type operators are nonzero in the upper
plot, while the lower plot takes all the right-handed operators
to be non-vanishing. In both cases, the nonzero Wilson coef-
ficients are assumed to be equal; that is, C(d)

SR = C(s)
SR = C(b)

SR

in the upper plot, and similarly in the lower plot. ⌧ (�1)

S,c is
obtained by taking central values of input parameters.

is roughly ±10% and ±5% for the upper and lower case,
respectively.
The relative importance of the NLO contributions can

depend significantly on the underlying CLFV physics. In
particular, when CLFV primarily arises from light quark
scalar couplings the NLO contribution can in fact be
larger than the LO uncertainty. We illustrate this with
the following two examples:

• If only the two lightest quarks contribute, C(u)
S↵ ⇡

C(d)
S↵ = O(1) and C(q=s,c,b,t)

S↵ = 0, then the 1-
� uncertainty on the LO result for Bµ!e(Al) is
±13%, whereas the NLO contribution reduces the
LO branching ratio by roughly 25%. If the strange

quark contributes as well, C(s)
S↵ = O(1), then the

LO uncertainty on Bµ!e(Al) is ±19% while the
NLO contribution is 23%. In this case, the impact
of LO strange quarks is comparable in magnitude
to that of the LO light quark uncertainties as well

Uncertainty budget

• Impact of NLO corrections on rate 
depends on  short-distance physics.  

• Largest (−20%) when light-quarks 
dominate

• Typically similar or larger to LO error  
⇒ phenomenologically relevant 

6

Utilizing the shoot-and-match procedure [55], we solve
these coupled equations numerically.

For µ ! e conversion, the branching ratio is defined
by the conversion-to-capture ratio

Bµ!e ⌘
�conv(µ� + (A,Z) ! e� + (A,Z))

�capt(µ� + (A,Z) ! ⌫µ + (A,Z � 1))
, (25)

where A and Z are mass and atomic numbers, re-
spectively. The standard muon capture rates �capt ⌘

captm5
µ/v

4 for the nuclei of interest are listed in Table
II. Taking into account all the spin configurations of the
initial muon and final electron states, one can express the
branching ratio as

Bµ!e =
⇣ v

⇤

⌘4 1

capt

✓���⌧ (+1)

���
2

+
���⌧ (�1)

���
2
◆
, (26)

in terms of dimensionless overlap integrals

⌧ (�1) =(CDL + CDR) ⌧
(�1)

D + ⌧ (�1)

S , (27)

⌧ (+1) =(CDL � CDR) ⌧
(+1)

D � ⌧ (+1)

S , (28)

where the upper index indicates the quantum number e.
The overlap integrals for the dipole operator are given by

⌧ (�1)

D =
1

m3/2
µ

Z
dr r2(�E(r))

⇣
g(e)�1

f (µ)
�1

+ f (e)
�1

g(µ)�1

⌘
,

(29)

⌧ (+1)

D =
i

m3/2
µ

Z
dr r2(�E(r))

⇣
g(e)
+1

g(µ)�1
� f (e)

+1
f (µ)
�1

⌘
.

(30)

For the contributions from the scalar operator, we split
the overlap integrals into two contributions, momentum-

transfer independent (⌧ (±1)

⇢ ) and dependent (⌧ (±1)

f )
terms

⌧ (�1)

S =
1

2
GFm

2

µ

X

N=p,n

"
(C⇢

NL + C⇢
NR) ⌧

(�1)

⇢N
+

⇣
Cf

NL + Cf
NR

⌘
⌧ (�1)

fN

#
, (31a)

⌧ (+1)

S =
1

2
GFm

2

µ

X

N=p,n

h
(C⇢

NL � C⇢
NR) ⌧

(+1)

⇢N
+

⇣
Cf

NL � Cf
NR

⌘
⌧ (+1)

fN

i
, (31b)

where C⇢
N↵ and Cf

N↵ correspond to the constant and momentum-dependent parts of the nucleon scalar form
factor, respectively:

mµC
⇢
N↵ =

✓
�⇡N �

3g2Am
2
⇡

64⇡f2
⇡

kF f
SI

e↵

◆✓
C(0)

S↵ +
8⇡

9
CG↵

◆
⌥

�mN

4

✓
C(1)

S↵ +
16⇡

9
CG↵

◆

+ �s

✓
C(s)

S↵ +
8⇡

9
CG↵

◆
�

8⇡

9
CG↵mN , (32a)

mµC
f
N↵ = �

3g2Am
3
⇡

64⇡f2
⇡

5

12

✓
C(0)

S↵ +
8⇡

9
CG↵

◆
� �̇sm

2

⇡

✓
C(s)

S↵ +
8⇡

9
CG↵

◆
. (32b)

The nucleon-level couplings C⇢,f
N↵ are dimensionless, and

the minus (plus) sign in the second term of C⇢
N↵ is for

proton (neutron). The dimensionless overlap integrals

⌧ (±1)

⇢N and ⌧ (±1)

fN
are defined as

⌧ (�1)

⇢N (fN )
=

1

m5/2
µ

Z
dr r2

⇣
g(e)�1

g(µ)�1
� f (e)

�1
f (µ)
�1

⌘
⇢N (fN ),

(33)

⌧ (+1)

⇢N (fN )
=

i

m5/2
µ

Z
dr r2

⇣
f (e)
+1

g(µ)�1
+ g(e)

+1
f (µ)
�1

⌘
⇢N (fN ),

(34)

where ⇢N (r) is the nucleon density and the function

central 
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FIG. 2. Ratios Bµ!e(Al)/Bµ!e� (top) and
Bµ!e(Ti)/Bµ!e(Al) (bottom) against the parameter

r = (8e)CDR/C
(q=d,s,b)
SR .

the scalar operators arise from a tree-level process medi-
ated by the Higgs particle. The Wilson coe�cients are
given by

1

⇤2
GFmµvC

(q)
SR = �

1

m2

h

Yeµ, (44)

1

⇤2
GFmµvC

(q)
SL = �

1

m2

h

Yµe, (45)

where the Higgs vacuum expectation value v = 246 GeV

and the Higgs mass mh = 125 GeV. Note that C(q)
S↵ in

this model becomes independent of the label q. Having
the parametrization of CD = r/(8e)CS that we employ
in the previous section, we obtain r = 3.4⇥ 10�6 in this
model.

Figure 3 depicts bounds on the CLFV Yukawa cou-
plings Yeµ and Yµe. The gray line represents the upper
limit on the two couplings from Bµ!e(Au)< 7 ⇥ 10�13.
The bound originating from µ ! e� is presented by the
orange region, which corresponds to Yeµ, Yµe . 10�6.
As shown by the black dashed line, the next-generation
µ ! e experiments will provide a sensitivity to Yeµ and

FIG. 3. Current and prospective limits on Yeµ and Yµe in the
CLFV Yukawa model. The gray line is the upper limit from
Bµ!e(Au)< 7⇥ 10�13, and the orange region is excluded by
Bµ!e� < 4.2⇥ 10�13. The expected sensitivities at the next-
generation experiments are depicted by the black dashed line
for Bµ!e(Al)< 8 ⇥ 10�17 and the gray dash-dotted line for
Bµ!e� < 6⇥ 10�14, showing the future discovery window.

Yµe that is stronger than MEG II [7] and ten times
stronger than current limits.6 The uncertainty resulting
from the hadronic input parameters and NLO interac-
tions is not visible on the scale of the plot.
The plurality of probes, namely µ ! e� and µ !

e conversion in possibly more than one target nucleus,
provides an opportunity to test underlying new physics
CLFV mechanisms. The minimal Higgs-mediated CLFV
scenario considered here produces at low-energy a specific
combination of scalar and dipole operators, which leads
to the following pattern of branching ratios:7

Bµ!e(Al)/Bµ!e� = (8.7± 0.3)⇥ 10�3 (46a)

Bµ!e(Ti)/Bµ!e(Al) = 1.5± 0.1 . (46b)

Here, we assign a 5(8)% error to neutron overlap inte-
grals ⌧⇢n and ⌧fn in Al (Ti). While the dominant uncer-
tainty in Bµ!e(Al)/Bµ!e� arises from hadronic input
parameters, the ratio Bµ!e(Ti)/Bµ!e(Al) is primarily
a↵ected by the uncertainties in neutron densities of Al
and Ti whereas those of the hadronic parameters are

6
To illustrate our point, here we take Bµ!e(Al)< 8 ⇥ 10

�17

for Mu2e, based on Ref. [66], which is slightly weaker than the

COMET expected 90% CL upper limit 2.6⇥ 10
�17

[11].
7
The LO results are Bµ!e(Al)/Bµ!e� = (9.0± 0.3)⇥ 10

�3
and

Bµ!e(Ti)/Bµ!e(Al) = 1.5± 0.1.

Future & Current  μ→eγ 
Future 
μ→e

Pattern of LFV μ decays 

• μ→eγ is currently probing |Yμe |~ 10-6, 
which corresponds to                  
BR(h→μe) < 10-9

• Upcoming μ→e conversion 
experiments will probe |Yμe |~ 10-7           

• Correlated signals in μ→e transitions 
provide opportunity to test hypothesis 
of Higgs-mediated LFV  

VC, Fuyuto, Ramsey-Musolf, Rule 2203.09547 

BR(μ→e, Al) / BR(μ→eγ) = 8.7(3) 10-3

BR(μ→e,Ti) / BR(μ→e,Al) = 1.5(1)

 (See also Crivellin et al. 1404.7134)    

**  LO result is  9.0(3) 10-3 

** 
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generation experiments are depicted by the black dashed line
for Bµ!e(Al)< 8 ⇥ 10�17 and the gray dash-dotted line for
Bµ!e� < 6⇥ 10�14, showing the future discovery window.

Yµe that is stronger than MEG II [7] and ten times
stronger than current limits.6 The uncertainty resulting
from the hadronic input parameters and NLO interac-
tions is not visible on the scale of the plot.
The plurality of probes, namely µ ! e� and µ !

e conversion in possibly more than one target nucleus,
provides an opportunity to test underlying new physics
CLFV mechanisms. The minimal Higgs-mediated CLFV
scenario considered here produces at low-energy a specific
combination of scalar and dipole operators, which leads
to the following pattern of branching ratios:7

Bµ!e(Al)/Bµ!e� = (8.7± 0.3)⇥ 10�3 (46a)

Bµ!e(Ti)/Bµ!e(Al) = 1.5± 0.1 . (46b)

Here, we assign a 5(8)% error to neutron overlap inte-
grals ⌧⇢n and ⌧fn in Al (Ti). While the dominant uncer-
tainty in Bµ!e(Al)/Bµ!e� arises from hadronic input
parameters, the ratio Bµ!e(Ti)/Bµ!e(Al) is primarily
a↵ected by the uncertainties in neutron densities of Al
and Ti whereas those of the hadronic parameters are

6
To illustrate our point, here we take Bµ!e(Al)< 8 ⇥ 10

�17

for Mu2e, based on Ref. [66], which is slightly weaker than the

COMET expected 90% CL upper limit 2.6⇥ 10
�17

[11].
7
The LO results are Bµ!e(Al)/Bµ!e� = (9.0± 0.3)⇥ 10

�3
and

Bµ!e(Ti)/Bµ!e(Al) = 1.5± 0.1.

Future & Current  μ→eγ 
Future 
μ→e

Pattern of LFV μ decays 

• Further scrutiny of uncertainties is 
desirable 

• μ→eγ is currently probing |Yμe |~ 10-6, 
which corresponds to                  
BR(h→μe) < 10-9

• Upcoming μ→e conversion 
experiments will probe |Yμe |~ 10-7           

• Correlated signals in μ→e transitions 
provide opportunity to test hypothesis 
of Higgs-mediated LFV  

VC, Fuyuto, Ramsey-Musolf, Rule 2203.09547 

BR(μ→e, Al) / BR(μ→eγ) = 8.7(3) 10-3

BR(μ→e,Ti) / BR(μ→e,Al) = 1.5(1)

 (See also Crivellin et al. 1404.7134)    

** 
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• If a discovery is made, μ-to-e 
processes can be used to test the 
hypothesis of Higgs-mediated LFV 



•  Charged LFV processes probe a broad spectrum of new physics 

•  Discovery tools:  clean,  very high scale reach 

•  Model-diagnosing tools:  mediators, sources of flavor breaking  

Conclusions & Outlook

21

1/Coupling 

M

vEW

• Higgs-mediated LFV 

• Illustrated the interplay of UV 
physics with hadronic / nuclear 
aspects of μ-to-e conversion

• If a discovery is made, μ-to-e 
processes can be used to test the 
hypothesis of Higgs-mediated LFV 

★ 4 (1-2) orders of magnitude improvement in μ (τ) decays

★ LHC & EIC will be competitive in τ-μ and τ-e transitions (h → τμ,  e→τ) 

★ Muon processes have unmatched sensitivity in probing μ-e transitions                       

Exciting experimental prospects
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• Radiative mode dominates, followed 
by ππ and 3 lepton

ρ0(770) peak

f0(980) peak

Scalar, Gluon

Dipole

Pattern of LFV τ decays

• τ→μππ  controlled by 
Higgs-specific 
combination of D, S, G → 
unique signature in ππ 
spectrum 

Plot assumes SM values for 
Yu.d,s , but strength of the 

f0(980) peak depends on light 
quark Yukawas 

Celis-VC-Passemar 
1309.3564    

B(τ→μπ+π-) / B(τ→μγ) =0.7(1)× 10-2



• Assuming  SM values for Yu.d,s, 
current tau BRs (~10-(7-8)) imply 
Yτμ,τe < 0.01-0.1,  which 
translates into  BR(h→μτ) < 0.1

• LHC (CMS) limit BR(h→μτ) 
<0.25% (95%CL) is stronger:                        
|Yτμ,μτ| < 0.0011

τ→μππ τ→μγ 

τ→μππ 

h→τμ
24

Harnik-Kopp-Zupan 
1209.1397 

CMS 1712.07173

τ-μ sector:  h vs τ decays



• Assuming  SM values for Yu.d,s, 
current tau BRs (~10-(7-8)) imply 
Yτμ,τe < 0.01-0.1,  which 
translates into  BR(h→μτ) < 0.1

• LHC (CMS) limit BR(h→μτ) 
<0.25% (95%CL) is stronger:                        
|Yτμ,μτ| < 0.0011

Challenging target for next generation 

B(τ→μγ) <  4 ×10-10

B(τ→μπ+π-) < 2.7 ×10-12

B(τ→μπ0π0) < 0.8 ×10-12

• If use SM values for Yu.d,s,  CMS 
bound implies

τ→μππ τ→μγ 

τ→μππ 

h→τμ
24

Harnik-Kopp-Zupan 
1209.1397 

CMS 1712.07173

τ-μ sector:  h vs τ decays



• Assuming  SM values for Yu.d,s, 
current tau BRs (~10-(7-8)) imply 
Yτμ,τe < 0.01-0.1,  which 
translates into  BR(h→μτ) < 0.1

• LHC (CMS) limit BR(h→μτ) 
<0.25% (95%CL) is stronger:                        
|Yτμ,μτ| < 0.00143

τ→μππ τ→μγ 

τ→μππ 

h→τμ
25

Harnik-Kopp-Zupan 
1209.1397 

CMS 1712.07173

τ-μ sector:  h vs τ decays

• If use Yu.d,s ~  Yb,                     
CMS bound implies 

B(τ→μγ) <  4.0 ×10-10

B(τ→μπ+π-) < 5.5 ×10-9

B(τ→μπ0π0) < 2.7 ×10-9

Within reach of next generation 



Matching for gluon operator
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• Similar to scalar density, one- and two-body terms

3

hN(k0)|C(u)
S↵muūu+ C(d)

S↵mdd̄d |N(k)i ! N̄ 0 J (1)

ud,↵(q)N (3a)

hN(k0
1
)N(k0

2
)|C(u)

S↵muūu+ C(d)
S↵mdd̄d |N(k1)N(k2)i ! N̄ 0

1
N̄ 0

2
J (2)

ud,↵(q1,q2)N1N2 (3b)

hN(k0)|C(s)
S↵mss̄s |N(k)i ! N̄ 0 J (1)

s,↵(q)N (3c)

hN(k0)|CG↵↵sG
a
�⌫G

a�⌫
|N(k)i ! N̄ 0 J (1)

G,↵(q)N (3d)

hN(k0
1
)N(k0

2
)|CG↵↵sG

a
�⌫G

a�⌫
|N(k1)N(k2)i ! N̄ 0

1
N̄ 0

2
J (2)

G,↵(q1,q2)N1N2 (3e)

where q = k0
� k, qi = k0

i � ki and N denotes the non-
relativistic spinors for the nucleon doublet, one finds that

the hadronic currents are expressed by the Wilson coef-
ficients in Eqs. (1), (2) and (5) and hadronic parameters
in Eq. (8) [24, 32, 33]

J (1)

ud,↵(q) =


�⇡N �

3m3
⇡g

2
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64⇡f2
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F (q2/m2

⇡)

�
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(1)
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⇡
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(q2
1
+m2

⇡)(q
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2
+m2
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(0)

S↵ (4b)

J (1)

s,↵(q) =
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�s � �̇sq

2
�
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(q2
1
+m2

⇡)(q
2
2
+m2

⇡)
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The isoscalar and isovector combinations of scalar Wilson
coe�cients are given by:

C(0)

S↵ =
C(u)

S↵ (1� ✏) + C(d)
S↵(1 + ✏)

2
(5a)

C(1)

S↵ = C(u)
S↵

✓
1�
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+ C(d)
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1
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. (5b)

The single-nucleon scalar form factor is given by

F (x) =
2 + x
p
x

ArcCot

✓
2
p
x

◆
� 1 (6)

'
5

12
x�

7

240
x2 + · · · . . (7)

We note that the first order Taylor expansion provides a
representation of the full expression accurate to 2% for
x  1 and to 5% for 1 < x  2. This means that it is
quite safe to use the linear term in our nuclear analysis.
In Appendix. A, we show how the momentum-transfer
expansion corresponds to derivative operators acting on
nucleon density functions.

The hadronic scalar current defined in this way carries
uncertainties due to both input parameters and higher
order terms in the chiral expansion. Higher order terms
in the momentum-independent part of the current are
e↵ectively resummed by using the physical values of �⇡N ,

�s, and �mN . The hadronic inputs entering Eqs. (4) are
defined as

�⇡N =
1

2
hN | (mu +md)(ūu+ d̄d) |Ni (8a)

�s = hN |mss̄s |Ni (8b)

✏ =
md �mu

md +mu
(8c)

�mN = (mn �mp)strong . (8d)

For the sigma term, we use as baseline input the anal-
ysis of the Roy-Steiner equations of Ref. [34], namely
�⇡N = 59.1(3.5) MeV. This value is in tension with
the (currently) more uncertain lattice QCD calculations
(see [35] and references therein) which indicate �⇡N =
65(13) MeV (with dynamical charm quark [36]) and
�⇡N = 40(4) MeV (no dynamical charm quark [37–39]).
However, the recent lattice QCD analysis of Ref. [40] sug-
gests that inclusion of excited state e↵ects reconciles the
tension, so we shall use the input from Ref. [34]. For
the strange sigma term we use the lattice QCD aver-
age [35] �s = 41(9)MeV (with dynamical charm [41]),
while for the slope we will take �̇s = 0.3(2) GeV�1 [42].
For the strong-isospin contribution to the nucleon mass
splitting we take the lattice QCD determination �mN =
2.32(17) MeV from Ref. [43], consistent with the ear-
lier lattice calculation of Ref. [44]. Finally, we take
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The isoscalar and isovector combinations of scalar Wilson
coe�cients are given by:

C(0)

S↵ =
C(u)

S↵ (1� ✏) + C(d)
S↵(1 + ✏)

2
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The single-nucleon scalar form factor is given by

F (x) =
2 + x
p
x

ArcCot

✓
2
p
x

◆
� 1 (6)
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x�
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240
x2 + · · · . . (7)

We note that the first order Taylor expansion provides a
representation of the full expression accurate to 2% for
x  1 and to 5% for 1 < x  2. This means that it is
quite safe to use the linear term in our nuclear analysis.
In Appendix. A, we show how the momentum-transfer
expansion corresponds to derivative operators acting on
nucleon density functions.

The hadronic scalar current defined in this way carries
uncertainties due to both input parameters and higher
order terms in the chiral expansion. Higher order terms
in the momentum-independent part of the current are
e↵ectively resummed by using the physical values of �⇡N ,

�s, and �mN . The hadronic inputs entering Eqs. (4) are
defined as

�⇡N =
1

2
hN | (mu +md)(ūu+ d̄d) |Ni (8a)

�s = hN |mss̄s |Ni (8b)

✏ =
md �mu

md +mu
(8c)

�mN = (mn �mp)strong . (8d)

For the sigma term, we use as baseline input the anal-
ysis of the Roy-Steiner equations of Ref. [34], namely
�⇡N = 59.1(3.5) MeV. This value is in tension with
the (currently) more uncertain lattice QCD calculations
(see [35] and references therein) which indicate �⇡N =
65(13) MeV (with dynamical charm quark [36]) and
�⇡N = 40(4) MeV (no dynamical charm quark [37–39]).
However, the recent lattice QCD analysis of Ref. [40] sug-
gests that inclusion of excited state e↵ects reconciles the
tension, so we shall use the input from Ref. [34]. For
the strange sigma term we use the lattice QCD aver-
age [35] �s = 41(9)MeV (with dynamical charm [41]),
while for the slope we will take �̇s = 0.3(2) GeV�1 [42].
For the strong-isospin contribution to the nucleon mass
splitting we take the lattice QCD determination �mN =
2.32(17) MeV from Ref. [43], consistent with the ear-
lier lattice calculation of Ref. [44]. Finally, we take


