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CLFV in the Standard Model
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BR~O(10-54)

SM neutrinos

AN EXPERIMENTAL AND THEORETICAL INTRODUCTION TO CLFV 13

Figure 3. – Diagram contributing to µ ! e� in the SM with massive neutrinos. The four-
momenta of the particles are indicated in parenthesis.

94]. Also notice that UPMNS is the matrix that diagonalises the neutrino mass matrix in
the basis of diagonal charged lepton masses, thus connecting neutrino flavour and mass
eigenstates:

(18) ⌫↵ =
X

k=1,3

U↵k ⌫k, ↵ = e, µ, ⌧.

As is well known, besides inducing neutrino oscillations, UPMNS can in principle give
rise to CLFV as well. This can only occur through loop diagrams involving neutrinos and
W bosons. For example, a diagram contributing to the µ ! e� decay is shown in Figure
3. A detailed description of the calculation of the resulting `i ! `j� rate – originally
published in [95] – can be be found in [96]. In the following we review some important
features of it, specialising in µ ! e�, being ⌧ ! e� and ⌧ ! µ� completely analogous.

In general, the transition is described by an e↵ective muon-electron-photon interaction
that we denote V↵, where ↵ is a Lorentz index. The decay amplitude is then given by:

(19) M(µ ! e�) = i ūe(p � q)V↵uµ(p)✏⇤↵(q)

where p and q are the four-momenta of the muon and the photon respectively, ue and uµ

are the Dirac spinors for the electron and the muon, and ✏� the polarisation vector of the
photon. Written in terms of Lorentz-invariant amplitudes V↵ has the following general
structure:

(20) V↵ = �↵�q�(F1 + F2�5) + �↵(F3 + F4�5) + q↵(F5 + F6�5),

where �↵� = i

2 [�↵, �� ]. The invariant amplitudes F1, . . . , F6 are not independent quan-
tities. In fact, imposing the conservation of the electric charge, @

@q↵
V↵ = 0, Eqs. (19)
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BSM Physics Scale Reach
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5.1. INTRODUCTION/THEORY OF FLAVOUR 67
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Fig. 5.1: Reach in new physics scale of present and future facilities, from generic dimension
six operators. Colour coding of observables is: green for mesons, blue for leptons, yellow for
EDMs, red for Higgs flavoured couplings and purple for the top quark. The grey columns illus-
trate the reach of direct flavour-blind searches and EW precision measurements. The operator
coefficients are taken to be either ⇠ 1 (plain coloured columns) or suppressed by MFV factors
(hatch filled surfaces). Light (dark) colours correspond to present data (mid-term prospects,
including HL-LHC, Belle II, MEG II, Mu3e, Mu2e, COMET, ACME, PIK and SNS).

compared with the reach of direct high-energy searches and EW precision tests (in grey), il-
lustrated by using flavour-blind operators that have the optimal reach [257]: the gluon-Higgs
operator and the oblique parameters for EW precision tests, respectively. The shown effective
energy reach of flavour experiments do have several caveats. First of all, in many realistic the-
ories either the coupling constants are smaller than unity and/or the symmetries suppress the
sizes of the coefficients. This effect is illustrated by including in the quark sector the present
bounds in tree level NP with Minimal Flavour Violation (MFV) pattern of couplings (hatch filled
areas) [258–261]. Furthermore, there could be cancellations among several higher-dimension
operators. In addition, for theories in which the new physics contributes as an insertion inside a
one-loop diagram mediated by SM particles, all the shown scales should be further reduced by
extra GIM-mass suppressions and/or a factor a/4p ⇠ 10�3 (where a denotes the generic gauge
structure constants).

Finally and importantly, the new physics scale behind the flavour paradigm may differ
from the electroweak new physics scale. Despite these caveats, Fig. 5.1 does illustrate the
unique power of flavour physics to probe NP. The next generation of precision particle physics
experiments will probe significantly higher effective NP scales, as discussed in more detail
below.

from European particle Physics Strategy Update (2019) light colour: present 
dark colour: future prospect 5

Future BR : X104 , Dimension 6



Various CLFV Theoretical Models
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Model Dependent CLFV Predictions
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νsνsνs and cLFV: radiative and 3 body decays

! Radiative decays: !i → !jε!i → !jε!i → !jε
“3+1” toy model

! Consider µ→ eεµ→ eεµ→ eε MEG

W � γ

µ eνi

! For m4 " 10 GeV sizable νs contributions excluded

.. but precluded by other cLFV observables
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● Extra-dimensional models

“Anarchic” Randall-Sundrum model

Agashe, Blechman, Petriello

CLFV Predictions (for μ→eγ and µ-e conversion)
by Extra Dimension Models

extra dimension

R.Sawada NEUTRINO 2012

New physics models and cLFV

4

JHEP11(2006)090
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Figure 14: Correlation between BR(µ → e γ) and BR(τ → µ γ) as a function of mN3
, for SPS

1a. The areas displayed represent the scan over θi as given in eq. (4.3). From bottom to top, the
coloured regions correspond to θ13 = 1◦, 3◦, 5◦ and 10◦ (red, green, blue and pink, respectively).
Horizontal and vertical dashed (dotted) lines denote the experimental bounds (future sensitivities).

Given that, as previously emphasised, µ → e γ is very sensitive to θ13, whereas this is not

the case for BR(τ → µ γ), and that both BRs display the same approximate behaviour

with mN3
and tan β, we now propose to study the correlation between these two observ-

ables. This optimises the impact of a θ13 measurement, since it allows to minimise the

uncertainty introduced from not knowing tanβ and mN3
, and at the same time offers a

better illustration of the uncertainty associated with the R-matrix angles. In this case,

the correlation of the BRs with respect to mN3
means that, for a fixed set of parameters,

varying mN3
implies that the predicted point (BR(τ → µ γ), BR(µ → e γ)) moves along

a line with approximately constant slope in the BR(τ → µ γ)-BR(µ → e γ) plane. On the

other hand, varying θ13 leads to a displacement of the point along the vertical axis. In

figure 14, we illustrate this correlation for SPS 1a, and for the previously selected mN3
and

θ1,2 ranges (c.f. eq. (4.3)). We consider the following values, θ13 = 1◦, 3◦, 5◦ and 10◦, and

only include the BR predictions allowing for a favourable BAU. In addition, and as done

throughout our analysis, we have verified that all the points in this figure lead to charged

lepton EDM predictions which are compatible with present experimental bounds. More

specifically, we have obtained values for the EDMs lying in the following ranges (in units

of e.cm):

10−39 ! |de| ! 2 × 10−35 , 6 × 10−37 ! |dµ| ! 1.5 × 10−32 , 10−34 ! |dτ | ! 4 × 10−31 .

(4.4)

For a fixed value of mN3
, and for a given value of θ13, the dispersion arising from

a θ1 and θ2 variation produces a small area rather than a point in the BR(τ → µ γ)-

BR(µ → e γ) plane. The dispersion along the BR(τ → µ γ) axis is of approximately one

– 29 –

Figure 12: Correlation between µ ! e� and µ ! e conversion in Ti as obtained from

a general scan over the LHT parameters. The shaded area represents the present (light)

and future (darker) experimental constraints. The solid blue line represents the dipole

contribution to R(µTi ! eTi).

from models like the MSSM in which the dipole operator, displayed by the blue line,

yields the dominant contribution to Br(µ�
! e

�
e
+
e
�) [92, 93]. It is clear from Fig. 11

that an improved upper bound on µ ! e�, which should be available from the MEG

experiment in the next years (shown by the dark grey area in Fig. 11), and in particular

its discovery will provide important information on µ
�
! e

�
e
+
e
� within the model in

question.

Next in Fig. 12 we show the µ ! e conversion rate in titanium (Ti), as a function of

Br(µ ! e�). We observe that the correlation between these two modes is much weaker

than the one between µ ! e� and µ
�

! e
�
e
+
e
�. Consequently, the ratio of these

two rates may again di↵er significantly from the prediction obtained in models where

the dipole operator is dominant. Such a distinction is however not possible for some

regions of the LHT parameter space, where the a priori dominant Z0-penguin and box

contributions cancel due to a destructive interference in R(µTi ! eTi).

In order to quantify how naturally a suppression of the µ ! e� decay rate below

the present experimental bounds can be obtained, we consider how much fine-tuning is

necessary to fulfil this bound. We would like to remind the reader that the measure

of fine-tuning �BG defined in (5.1) indicates the sensitivity of a particular observable

with respect to a small change in the model parameters. It by no means allows to make

statements for instance about the structure of the mixing matrices or the mass spectrum

of the model, but only about how rapidly an observable changes in the neighborhood of

a particular parameter configuration. No more than that the BG fine-tuning indicates
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this experiment are included in Fig. 5. Both the !! 3"
and !! 3e modes at a super-B factory will constrain the
anarchic RS parameter space. The LHC also has sensitivity
to rare ! decays [30]; however, the projected sensitivities
are slightly weaker than the current B-factory constraints,
and have not been included. The expected sensitivities to
rare ! decays at a future linear collider are also weaker than
the limits set by the B-factories. Although the MKK !
1 TeV scales probed with !! l1 !l2l3 decays are lower
than those constrained by "" e conversion and "! 3e,
we stress that different model parameters are tested by each
set of processes.

B. Scan for the bulk Higgs field scenario

We now present the results of our scan over the bulk
Higgs parameter space. For the scan we set # # 0; we
present separately the # dependence of the most important
constraints.

We again begin by considering muon initiated processes.
The constraints from "! 3e and "" e conversion are
highly correlated, as we saw in the previous subsection.
Since the bounds from "" e conversion are stronger, we
focus on this and "! e$. We show in Fig. 6 scatter plots
of the predictions for BR$"! e$% and Bconv coming from
our scan of the RS parameter space, for the KK scales
MKK # 3, 5, 10 TeV. For "! e$ we include both the
current constraint from the Particle Data Group [24] and
the projected sensitivity of MEG [18]. The current bounds
from "! e$ are quite strong; from the MKK # 3 TeV

plot in Fig. 6, we see that only one parameter choice
satisfies the BR$"! e$% bound. This point does not sat-
isfy the "" e conversion constraint. We can estimate that
it would satisfy both bounds for MKK > 3:1 TeV. In our
scan over 1000 sets of model parameters the absolute
lowest scale allowed is thus slightly larger than 3 TeV.
Also, a large portion of the parameter set at both 5 and
10 TeV conflict with these bounds. We again find the need

FIG. 6 (color online). Scan of the "! e$ and "" e conversion predictions for MKK # 3, 5, 10 TeV and # # 0. The solid line
denotes the PDG bound on BR$"! e$%, while the dashed lines indicate the SINDRUM II limit on "" e conversion and the
projected MEG sensitivity to BR$"! e$%.

FIG. 7 (color online). Scan of the !! "$ and !! e$ pre-
dictions for MKK # 3 TeV and # # 0. The solid and dashed
lines are the current B-factory and projected super-B factory
limits, respectively.

AGASHE, BLECHMAN, AND PETRIELLO PHYSICAL REVIEW D 74, 053011 (2006)

053011-12

Given that both ‘i ! ‘j! and !a" ! "g" # gSM
" $=2 are

generated by dipole operators, it is natural to establish a
link between them. To this purpose, we recall the dominant
contribution to !a" is also provided by the chargino
exchange and can be written as

 !a" ! #
#2

4$
m2
"

!
"M2

m2
L

"g2c"M2
2=M

2
~‘
;"2=M2

~‘
$

"M2
2 #"2$ tan%;

(17)

with gc2"x; y$ defined as fc2"x; y$ in terms of

 gc2"a$ !
"3# 4a% a2 % 2 loga$

"a# 1$3 : (18)

It is then straightforward to deduce the relation

 

B"‘i ! ‘j!$
B"‘i ! ‘j&‘i "&‘j$

! 48$3#
G2
F

#!a"
m2
"

$
2

&
#f2c"M2

2=M
2
~‘
;"2=M2

~‘
$

g2c"M2
2=M

2
~‘
;"2=M2

~‘
$

$
2
j'ijLLj2:

(19)

To understand the relative size of the correlation, in the
limit of degenerate SUSY spectrum we get
 

B"‘i ! ‘j!$ '
# !a"

20& 10#10

$
2

&
% 1& 10#4j'12

LLj2 ("! e);
2& 10#5j'23

LLj2 ((! "):
(20)

A more detailed analysis of the stringent correlation be-

tween the ‘i ! ‘j! transitions and !a" in our scenario is
illustrated in Fig. 6. Since the loop functions for the two
processes are not identical, the correlation is not exactly a
line; however, it is clear that the two observables are
closely connected. We stress that the numerical results
shown in Fig. 6 have been obtained using the exact for-
mulas reported in Ref. [41] for the supersymmetric con-
tributions to both B"‘i ! ‘j!$ and !a" (the simplified
results in the mass-insertion approximations in Eqs. (15)–
(19) have been shown only for the sake of clarity). The
inner dark-gray (red) areas are the regions where the
B-physics constraints are fulfilled. In our scenario the
B-physics constraints put a lower bound on MH and there-
fore, through the funnel-region relation, also on M1;2 (see
Figs. 3 and 4). As a result, the allowed ranges for !a" and
B"‘i ! ‘j!$ are correspondingly lowered. A complemen-
tary illustration of the interplay of B-physics observables,
dark-matter constraints, !a", and LFV rates—within our
scenario—is shown in Fig. 7.9

The normalization j'12
LLj ! 10#4 used in Figs. 6 and 7

corresponds to the central value in Eq. (14) for c& ! 1 and
M&R ! 1012 GeV. This normalization can be regarded as a
rather natural (or even pessimistic) choice.10 As can be

FIG. 6 (color online). Expectations for B""! e!$ and B"(! "!$ vs !a" ! "g" # gSM
" $=2, assuming j'12

LLj ! 10#4 and j'23
LLj !

10#2. The plots have been obtained employing the following ranges: 300 GeV * M~‘ * 600 GeV, 200 GeV * M2 * 1000 GeV,
500 GeV * " * 1000 GeV, 10 * tan% * 50, and setting AU ! #1 TeV, M~q ! 1:5 TeV. Moreover, the GUT relations M2 ' 2M1

and M3 ' 6M1 are assumed. The inner (red) areas correspond to points within the funnel region which satisfy the B-physics
constraints listed in Sec. III B [B"Bs ! "%"#$< 8& 10#8, 1:01<RBs! < 1:24, 0:8<RB(& < 0:9, !MBs ! 17:35+ 0:25 ps#1].

9For comparison, a detailed study of LFV transitions imposing
dark-matter constraints—within the constrained MSSM with
right-handed neutrinos—can be found in Ref. [42].

10For M&R , 1012 GeV other sources of LFV, such as the
quark-induced terms in grand unified theories cannot be ne-
glected [43]. As a result, in many realistic scenarios it is not
easy to suppress LFV entries in the slepton mass matrices below
the 10#4 level [38].

FLAVOR PHYSICS AT LARGE TAN % WITH A . . . PHYSICAL REVIEW D 75, 115019 (2007)

115019-9

G.Isidori, et al., PRD75(2007)115019

M.Blanke et al., Acta Phys.Polon.B41(2010)657

S. Antusch, et al., JHEP11(2006)090

K.Agashe, et al., PRD74(2006)053011
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Little Higgs
Extra dimensions

θ13 ~ 9°
(Daya Bay, RENO, Double 
Chooz, T2K, MINOS)

Little Higgs 

CLFV Prediction (for µ-e conversion) 
by CMSSM (Supersymmetric Models)André de Gouvêa Northwestern
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B(µTi! eTi)⇥ 1012 tan � = 10

µ! e conversion is at least as sensitive as µ! e�

SO(10) inspired model.

remember B scales with y2.

B(µ! e�) /M2
R[ln(MPl/MR)]2

[Calibbi, Faccia, Masiero, Vempati, hep-ph/0605139]

October 14, 2009 CLFV

Calibbi, Faccia, Masiero, 
Vempati, hep-ph/0605139]

experiment projection
BR~<6x10-17

experimental bound
BR~10-12

104

SUSY-GUT Mark Lancaster (UCL) : NuFact2018 : pPulsed Muon Beam Physics 14

Model Dependence

0.14 ppm

0.54 ppm

LITTLE HIGGS MODEL

SUSY: HEAVY RH NEUTRINO Type-I SEESAW

SUSY:Heavy RH Neutrino

   Many BSM models predict sizable CLFV rates.
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Muon CLFV
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 Present Upper Limits for CLFV Searches

process present limit future
τ → µη < 6.5× 10−8 10−9 − 10−10

τ → µγ < 6.8× 10−8

τ → µµµ < 3.2× 10−8

τ → eee < 3.6× 10−8

KL → eµ < 4.7× 10−12

K+ → π+e−µ+ < 1.3× 10−11

B0 → eµ < 7.8× 10−8

B+ → K+eµ < 9.1× 10−8

Z0 → eµ < 7.5× 10−7

Z0 → eτ < 1.2× 10−5

Z0 → µτ < 9.8× 10−6

H0 → eµ < 3.5× 10−4

H0 → eτ < 3.7× 10−3

H0 → µτ < 2.5× 10−3

µ+ → e+γ < 4.2× 10−13 10−14 (MEG II)
µ+ → e+e+e− < 1.0× 10−12 10−16 (Mu3e)
µ−Au → e−Au < 7.0× 10−13 10−17 (COMET, Mu2e)
µ−Ti → e+Ca < 3.6× 10−11 10−17 (COMET, Mu2e)
µ+e− → µ−e+ < 8.3× 10−11

Table 1: TableCaption

2

x10-4

9



Muon CLFV
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SciPost Phys. Proc. 5, 007 (2021)

The SINDRUM-I experiment

Ralph Eichler and Christoph Grab
?

Department of Physics, ETH Zürich, 8093 Zürich, Switzerland

? grab@ethz.ch

Review of Particle Physics at PSI

doi:10.21468/SciPostPhysProc.5

Abstract

SINDRUM-I was the first nearly 4⇡ spectrometer at SIN. It was initially designed to

search for the forbidden decay µ+ ! e+e�e+ , but also successfully studied various

other processes with high precision. The upper limit obtained for the branching ratio of

Bµ!3e = � (µ+ ! e+e�e+ )/� (µ+ ! e+⌫e⌫̄µ ) < 1.0⇥ 10
�12

(90% CL) from 1988 is still the

best. The first statistically significant observation of the rare decay µ+ ! e+e�e+⌫e⌫̄µ ,

achieved in 1985, yielded a branching ratio of Bµ!3e2⌫ = (3.4 ± 0.2 ± 0.2) ⇥ 10
�5

. Sev-

eral other measurements of rare processes were undertaken. The first observation of

the ⇡-decay ⇡+ ! e+⌫ee�e+ resulted in the value � (⇡+ ! e+⌫ee�e+ )/� (⇡+ ! µ+⌫µ ) =
(3.2± 0.5± 0.2)⇥ 10

�9
, also still the best measurement. The determination of the ratio

of the weak axial- to vector-form factor FA/FV = (0.7±0.5) resolved a long-standing am-

biguity. In addition, upper limits for µ+! e+� and ⇡+! e+⌫e� with subsequent decay

�! e+e� (search for "massless" Goldstone bosons �) and ⇡0! e+e� < 1.3⇥10
�7

were

obtained.

Copyright R. Eichler and C. Grab.
This work is licensed under the Creative Commons
Attribution 4.0 International License.
Published by the SciPost Foundation.
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Published 06-09-2021

Check for
updates

doi:10.21468/SciPostPhysProc.5.007

7.1 History - how it all began

In the fall of 1976 rumors spread about an experiment performed at SIN for the search of
the decay µ! e�. A debate was going on, whether or not the decay had been observed. The
rumors traveled from SIN via email to R. Eichler at Stanford and from him to a graduate student
in the lecture-class of James Bjorken. The next week, J. Bjorken in turn gave the students an
exercise to compute the decay rate and also confronted his colleague Steven Weinberg with
the rumor. It took a few weeks after Weinberg’s talk at the APS meeting to reach the New
York Times. There it read on February 8th 1977: Experimenters in Switzerland have reportedly

observed an "impossible" transmutation of atomic particles. This has thrown the world community

of theoretical physicists into a frenzy of speculations, calculations and publications (S. Weinberg).

This inspired R. Hofstadter of Stanford to initiate an experiment at LAMPF for µ+! e
+� to try

to resolve the dispute around the SIN experiment.
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Year 90% CL on B(µ ! e�) Collaboration/Lab Reference

1947 1.0⇥ 10�1 Chalk River Hincks and Pontecorvo [1948]

1948 .04 Washington University Sard and Althaus [1948]

1955 2.0⇥ 10�5 Nevis Steinberger and Lokanathan [1955]

1959 7.5⇥ 10�6 Liverpool O’Keefe et al. [1959]

1959 2.0⇥ 10�6 Nevis Berley et al. [1959]

1959 1.0⇥ 10�5 Rochester Davis et al. [1959]

1959 1.2⇥ 10�6 CERN Ashkin et al. [1959]

1960 1.2⇥ 10�6 LBL Frankel et al. [1960]

1961 2.5⇥ 10�5 Carnegie Crittenden et al. [1961]

1962 1.9⇥ 10�7 LBL Frankel et al. [1962]

1962 6.0⇥ 10�8 Nevis Bartlett et al. [1962]

1963 4.3⇥ 10�8 LBL Frankel et al. [1963]

1964 2.2⇥ 10�8 Chicago Parker et al. [1964]

1971 2.9⇥ 10�8 Dubna Korenchenko et al. [1971]

1977 3.6⇥ 10�9 TRIUMF Depommier et al. [1977]

1977 1.1⇥ 10�9 SIN Povel et al. [1977]

1979 1.9⇥ 10�10 LAMPF Bowman et al. [1979]

1982 1.7⇥ 10�10 LAMPF Kinnison et al. [1982]

1986 4.9⇥ 10�11 LAMPF/Crystal Box Bolton et al. [1986, 1988]

1999 1.2⇥ 10�11 LAMPF/MEGA Brooks et al. [1999]

2010 2.8⇥ 10�11 PSI/MEG Adam et al. [2010]

2011 2.4⇥ 10�12 PSI/MEG Adam et al. [2011]

Table 1: History of µ ! e� experiments. Hincks and Pontecorvo [1948] does not set a

limit; the limit usually quoted is actually a number of counts/hour and it is di�cult to

set a limit from the paper.
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What is  
 Conversion μ− → e−

13



Muonic Atom

14

•  is stopped in 
material and  it forms a 
muonic atom. 

•  cascades down 
from excited states to 
the ground (1s) state by 
emitting Auger electrons 
and muonic X rays. 

•In the ground state,  
either decays in orbit or 
is captured by a 
nucleus.

μ−

μ−

μ−

μ−μ−

nucleus

muonic atom

Bound Muon Decay in Orbit (DIO)
μ− + N → e−νν + N

Nuclear Muon Capture (NMC) 
μ−N(A, Z) → νμN(A, Z − 1)



Lifetime of Muonic Atoms
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nucleus z lifetime (ns)
C 6 2027
Al 13 864
Ti 22 330
Cu 29 164
Pb 82 74

134 T. Yamazaki et al. 

Table I. Characteristic features of p+SR and p-SR 

Spin 
g factor 
Polarization 
Asymmetry 
Lifetime 
Electron yield 
Location 
Size 
Character 

112 
2.002 in p, 
100 Sb -18% 

2.2 ps 
100 Yo 100%-4% with Z 
Interstitial At nucleus 
Diffusing aCL-(260/Z) fm 
Light proton 

1/2, when bound to 1=0 nucleus 
A little smaller 

1 + 0.33 cos e 1 + 0.06 cos e 
2.2 ps -80 ns with Z 

Pseudo nucleus of (Z- 1)e 

2.3. Polarization and asymmetry 
It  is believed that there is no depolarization in the stopping stage 
of muons because the Coulomb interaction is dominant. Thus the 
positive muon has full initial polarization. On the other hand, the 
negative muon forms a muonic atom, in which a large depolariza- 
tion due to the spin orbit coupling takes place [7] and thus the 
resultant polarization at the 1s ground state is around 1/6. This 
estimate is based on various assumptions on the capture stage of 
the muon. (This depolarization may depend on the atomic number 
Z ,  because the population of 1 at the capture stage depends on 
Z and does not seems to follow the statistical distribution [SI.) 
Since the earlier stage of the muonic cascade causes Auger excita- 
lions of atomic electrons, there could be further depolarization, 
if such atomic excitations are not recovered quickly enough. In 
metals there should be no such depolarization, and even in insula- 
tors like sulphur the polarization is often preserved. This problem 
is open to further investigation. 

2.4. Lifetime and electron yield 

The lifetime T determines the natural time window for the hyper- 
fine phenomena. While the positive muon has a free mean life of 
2.2 ps, the bound muon has a shorter lifetime because of the 
competing decay branch for muon capture. In lightest elements it 
is still around 2 ps and drops down rapidly with increase of Z 
and reaches around 80 ns for Z k  40 as shown in Fig. 1. This also 
means a very small electron yield compared to the positive muon. 

10-51 
5L- 
C ,2.2psec for free muon I 

LL 

I I I I I l l l .  
5 10 20 50  100 
Atomic number (Z) 

Fig. 1 .  Mean lifetimes and decay electron branches of the muonic state 
versus the atomic number 2 of the nucleus to which the negative muon is 
.bound. 

Physica Scripta I 1  

t k;- 
, i  ,~ucleus:+ Ze 

a p -  - I t .  
R,- 1 . 2 ~ ' ' ~ f m  

Fig. 2. Charge distribution of the muonic atom p-Z, as compared with that 
of an equivalent nucleus of charge ( Z -  l)e. 

The precision due to statistics is [6] 

ACIJ 1/z 
-=- 

CO U T A ~ / %  

and thus precision measurements become very difficult for 2 > 20. 

2.5. Location and size 
The positive muon behaves like a proton. It sometimes forms a 
bound state with an electron (so called muonium). Its 1 ocation is 
interstitial and spread over a wide region, even hopping over 
different interstitial sites by thermal diffusion. This is a very inter- 
esting and important characteristic of p+ which has to be con- 
sided when using p+SR. 

The negative muon in solids is trapped by a nucleus of charge 
Ze at a lattice site. It forms a dilute impurity atom because the 
muonic atom looks like a pseudo nucleus of charge ( Z - l ) e  
when viewed from atomic electrons. However, the charge distribu- 
tion of the muonic atom is different from that of the nucleus of 
charge ( Z  - l ) e ,  as shown in Fig. 2. Furthermore, its magnetiza- 
tion distributes over the muon density I !P,(r) I z. 

The spatial density of the bound muon is, for a point nucleus of 
charge Ze, 

where the muon Bohr radius is 

260 a,-  -fm 
Z 

which is appreciably greater than the nuclear radius R,. It is 
even an underestimate because of the finite size. Thus, the muonic 
atom has a charge distribution and magnetization distribution con- 
siderably different from those of the nucleus of charge (2 - l ) e ,  
and a large hyperfine anomaly [9] may be expected. 

Conversion law 
In the absence of hyperfine anomaly the following relations hold: 

1
τμatom

= Λcap + QΛfree

Q : Huff factor
Q = 0.975
Q = 0.844

for Iron (Z=26)
for lead (Z=82)

ΛCAP ∝ Z4
eff



 Conversion :  Signalμ− → e−

16

Event Signature for the 
transition to the ground 
state : 
a single mono-energetic electron

Eμe =
(mN + mμ − Bμ)2 − m2

N + m2
e

2(mN + mμ − Bμ)
∼ mμ − Bμ − Erecoil

nucleus z         (MeV)
Al 13 104.97
S 16 104.70
Ti 22 104.30
Cu 82 103.50
Au 79 95.56
Pb 82 94.02

Eμe

Neutrinoless Muon to Electron 
Conversion

μ−N(A, Z) → e−N(A, Z)

μ−

nucleus

ΔLμ = − ΔLe = − 1



Coherency
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When the initial and final states are the same (ground 
state), all the nucleons can contribute to the process, 
and the rate of conversion is enhanced by  (or ).A2 Z2

CR(μ−N → e−N) ≡
Γ(μ−N → e−N)
Γ(μ−N → νμX)

Coherency

Transitions to excited states are suppressed.

Definition of Conversion Rate



Experimental Advantages of  
Conversion (1)

μ− → e−

18

(1) Separation of Signals and Normal Muon Decay

105 MeV52.8 MeV
electron momentum spectrum

normal muon decay

 conversionμ → eμ → eee μ → eγ



Experimental Advantages of  
Conversion (2)

μ− → e−

19

(2) Ability to Use High Intensity Beams

Measurements Major 

background

intensity


μ→eγ coincidence 
of decay particles

accidentals
 <108/sec

μ→eee coincidence 
of decay particles

accidentals
 <10(8-9)/sec ?

μ-e conversion no coincidence beam related 1011/sec

( ∝ R2
μ)

( ∝ R2
μ)

(Rμ)

accidental background = more than one muon decays 
at the same time to mimic the event signature



Disadvantages of  Conversionμ− → e−
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(Rμ)

The cost of muon beam lines is high!



Backgrounds for  Conversionμ− → e−
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Beam-related 
backgrounds

Radiative nuclear pion capture (RPC)

( )


Beam electrons

Muon decay in flights

Neutron induced background

Antiproton induced background

π−N → N′ γ, γ → e+e−

Muon-induced 
backgrounds

Bound muon decay in orbit (DIO)

( )


Radiative nuclear muon capture (RMC)

( )


Particles from muon nuclear capture

μ− + N → e−νμν̄e + N

μ−N → νμN′ γ, γ → e+e−

Other 
backgrounds

Cosmic-ray induced background

False tracking

others
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DIO spectra

296 D.F. Measday / Physics Reports 354 (2001) 243–409

Fig. 4.4. Electron energy spectra for a free muon decay, compared to that for a !− bound in O, Ca, Zr and Pb
from Watanabe et al. [256].

plus there is a small tail going to energies higher than the 53MeV allowed in free muon decay.
Some selected spectra, calculated by Watanabe et al. [256], are illustrated in Fig. 4.4.
With any measurement that appears simple, the experiments tend to push the limits, often

beyond the actual dependability of the equipment. This was often true of some of the early
experiments on !− lifetimes, which quoted statistical errors without worrying about systematic
eMects. In particular a lot of the early experiments were on machines with very poor duty cycles
and count-rates were contributing to the systematic problems. Most clocks are very dependable,
so the problem does not lie there. A typical problem is that there cannot be a second muon in
the equipment whilst the drst is being studied. These tend to shorten the measured lifetime. If
there is a background from the carbon in the counters, or a general background, this tends to
lengthen the measured lifetime. Magnetic delds at the experimental target can cause rotation of
the muon spin. The actual bias depends on the set up, especially the electronic sorting of events.
However, the present agreement for the !+ lifetime shows that with care, modern techniques can
deliver dependable results. Unfortunately such care has not been lavished on nuclear capture,
so serious discrepancies remain.
For light nuclei, the best technique is to detect the electron decay and several experiments

have given reasonably consistent results [250,183,189]. For heavier elements neutron detection
is quite eMective and the extensive measurements of the SREL group are still the best available
[255,257]. For elements measured by both the TRIUMF group of Suzuki et al. [183], and the
SREL group, the agreement is quite satisfactory. There are however many other experiments
and for some elements there is an inconsistency that cannot really be resolved, for example
9Be; 13C, and 14N. In addition it is inadvisable to trust the claimed error of Lathrop et al. [258].

μ− + N(A, Z) → e− + νμ + νe + N(A, Z − 1)
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DIO spectra for Al

a calculation of the electron spectrum including relativistic
effects in the muon wavefunction, the Coulomb interaction
between the electron, and the nucleus, and a finite nuclear
size. Nuclear-recoil effects which, as we will discuss later,
need to be considered in the high-energy region, were only
included in the Born approximation (that is, using the
nonrelativistic Schrödinger wave function for the muon
and a plane wave for the electron), which is not adequate
for the high-energy tail. Later, Refs. [13,14] presented
similar expressions for the electron spectrum completely
neglecting nuclear-recoil effects, evaluating it for several
different elements. None of these references focused on the
high-energy end-point of the spectrum, which is the region
of interest for conversion experiments. References [15,16]
did study the high-energy end of the electron spectrum, and
presented approximate results which allow for a quick
rough estimate of the muon decay-in-orbit contribution to
the background in conversion experiments. However, a
detailed evaluation of the high-energy region of the elec-
tron spectrum is still missing in the literature. What is
typically done, to account for the background from muon
decay-in-orbit, is to connect (in a somewhat arbitrary way)
the approximate expressions given in Ref. [15] with the
numerical results presented in Ref. [14]. Since this is the
main source of background [6,7] for the oncoming conver-
sion experiments, a more detailed analysis is highly desir-
able. In this work, we discuss all the relevant effects that
need to be included in the high-energy region of the
spectrum and present a precise evaluation of it. Our results
for an aluminum (Z ! 13) nucleus (the intended target in
Mu2e and COMET) are presented in Fig. 1.

The structure of the paper is as follows. In Sec. II, we
present the formulas for the computation of the electron
spectrum. In Sec. III, we describe the numerical evaluation
of the spectrum. Section IV contains some discussion on
the different contributions in the high-energy region of the
spectrum, and the approximations we have used. We con-
clude in Sec. V, where brief comments regarding the
implications of our results are given. The Appendix details

the conventions we use for the Dirac equation, and the
electron and muon wavefunctions.

II. FORMULAE FOR THE ELECTRON SPECTRUM

The Fermi interaction that mediates muon decay is
given by

L F ! "2
!!!
2

p
GF½ !c !"#

$PLc "$½ !c e#$PLc !e
$ þ H:c:;

(3)

where GF ! 1:1 663 788ð7Þ ( 10"5 GeV"2 is the Fermi
constant and PL ! ð1" #5Þ=2. This Lagrangian can be
Fierz rearranged to charge retention ordering,

L F ! 2
!!!
2

p
GF½ !c e#

$PLc "$½ !c !"
#$PLc !e

$ þ H:c:; (4)

which is the form that we will use. Since quantum electro-
dynamics (QED) interactions do not affect the neutrino
part of the Lagrangian, it is convenient to partition the
phase space and integrate the neutrino portion. In that
way, we generate an effective "" e current and the free-
muon decay rate can be written as

" ! 1

2E"

Z
dq2

Z
½d#"!eq$jM$%

"!ej2T$%; (5)

with

d#"!eq)
Z d3pe

ð2&Þ32Ee

Z d3k

ð2&Þ32Eq
ð2&Þ4'ð4Þðp""pe"qÞ;

T$%)" &

3ð2&Þ3 ðq
2g$%"q$q%Þ;

jM$%
"!ej2)

1

2

X

""spin

X

e"spin

8G2
F !uðpeÞ#$

(PLuðp"Þ !uðp"Þ#%PLuðpeÞ; (6)

where the spinors uðpÞ in that expression are normalized

according to !urðpÞusðpÞ ! 2m'rs, q$ ) ðEq; ~kÞ is the
4-momentum transferred to the neutrinos, ~pe is the

85 90 95 100 105
10 20

10 18

10 16

10 14

10 12

10 10

10 8

Ee MeV

1 0

d dE
e

M
eV

1

100 101 102 103 104 105

10 20

10 18

10 16

10 14

Ee MeV
1 0

d dE
e

M
eV

1

FIG. 1 (color online). End-point region of the electron spectrum for aluminum. The squares correspond to the spectrum with recoil
effects, Eq. (18). For comparison, we show the spectrum neglecting recoil, Eq. (10), as the triangles. The right plot is a zoom for
Ee > 100 MeV, the solid (dashed) line on this plot corresponds to the Taylor expansion around the end-point with (without) recoil.
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DIO endpoint spectrum for Al

!0 in Eq. (21) is the normalization factor, which can be
expressed in terms of r0 and a. For the muon mass,
aluminum mass and the fine-structure constant we use
the values m" ! 105:6584 MeV, mAl ! 25133 MeV,
# ! 1

137:036 , and remember that we take the electron to
be massless. We numerically solve the radial Dirac equa-
tions for the muon and the electron, with the charge dis-
tribution in Eq. (21), to obtain the wavefunctions. For the
muon energy, we obtain

E" ! m" " Eb ! 105:194 MeV; (23)

which gives the end-point energy

E"e ! E" " E2
"

2mAl
! 104:973 MeV: (24)

Electron screening will increase the end-point energy in
Eq. (24) by about þ0:001 MeV and similarly shift the
overall spectrum. That small effect is negligible for our
considerations. Recall that the sum over K in Eq. (18) goes
from 0 to1, we include as many terms inK as necessary in
order to get three-digit precision for each point of the
spectrum. This requires about 30 terms near m"=2 and
fewer terms in the low- and the high-energy parts of the
spectrum.

We present the result of the numerical evaluation of the
high-energy region of the electron spectrum in Fig. 1. The
squares in the figure are the spectrum with recoil effects,
from Eq. (18). For comparison, we also show the result
obtained by neglecting recoil effects, from Eq. (10), as the
triangles. The right plot in the figure is a zoom for
Ee > 100 MeV, the solid and dashed lines on this
plot correspond to the Taylor expansions in Eqs. (19) and
(20), respectively. Terms up to K ! 4 were included in
Fig. 1. Figure 2 presents a detail of the electron spectrum
very close to the high-energy end-point in linear scale. We
can appreciate in that figure how the spectra with (solid
line) and without (dashed line) recoil effects tend to zero at
the corresponding endpoints (the end-point without recoil
is at Ee ! E"). To make our results easier to use, we
mention that the polynomial

PðEeÞ & a5$
5 þ a6$

6 þ a7$
7 þ a8$

8; (25)

with

a5 ! 8:6434' 10"17; a6 ! 1:16874' 10"17;

a7 !"1:87828' 10"19; a8 ! 9:16327' 10"20;
(26)

the energies expressed in MeV, and

$ ! E" " Ee "
E2
e

2mAl
; (27)

fits very well the result for the electron spectrum in alumi-
num normalized to the free decay rate (squares in Fig. 1)
for all Ee > 85 MeV (i.e., the difference between Eq.(25)
and the squares in Fig.1 is not larger than the uncertainties
discussed in the next section ). Note that, in order to obtain
a better fit for the whole Ee > 85MeV region, the value of
a5, in Eq. (25), was not constrained to be that of the leading
coefficient of the Taylor expansion in Table I.
For completeness, we also show the spectrum for the full

range of electron energies in Fig. 3 as the circles, from
Eq. (10). Terms up to K ! 31 were included in this plot.
The total decay rate for muon decay-in-orbit in aluminum
is obtained by integrating the spectrum in Fig. 3. The result
we obtain is

104.5 104.6 104.7 104.8 104.9 105.0 105.1 105.2
0

1. 10 18

2. 10 18

3. 10 18

4. 10 18

Ee MeV

1 0

d dE
e

M
eV

1

FIG. 2 (color online). Detail of the electron spectrum for
aluminum very close to the high-energy end-point with (neglect-
ing) nuclear-recoil, represented as the solid (dashed) line.
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FIG. 3. Electron spectrum for aluminum. Left plot: linear scale; right plot: logarithmic scale.

MUON DECAY IN ORBIT: SPECTRUM OF HIGH-ENERGY . . . PHYSICAL REVIEW D 84, 013006 (2011)

013006-5

1
Γ

dΓ
dEe

= B(Eμe − Ee)5

Eμe = mμ − Bμ −
E2

e

2M
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energy, the nuclear-recoil energy is not constant but de-
pends on the momenta of the neutrinos. This complicates
the integration over the neutrino momenta, but in the high-
energy end of the spectrum we can approximate

Erec !
j ~pNj2
2mN

!
ð ~pe þ ~p !!e

þ ~p!"
Þ2

2mN
’ j ~pej2
2mN

! E2
e

2mN
; (15)

so that the recoil effects amount to a change in the mo-
mentum transfer to the neutrinos. The net effect is to
substitute

E" % Ee ! E" % Ee %
E2
e

2mN
; (16)

in the upper limit of the integration over k and inside the
square brackets in Eq. (10). The end-point of the electron
spectrum is given by

E"e ! E" % E2
"

2mN
! m" % Eb %

E2
"

2mN
; (17)

which is exact up to corrections of order 1=m2
N . The

approximation for the recoil energy in Eq. (15) is the
same as used in Ref. [15]. The electron spectrum including
nuclear-recoil effects is, therefore, given by

1

"0

d"

dEe
!
X

K#

4

$m5
"

ð2j#þ1Þ
Z E"%Ee%½ðE2

eÞ=2mN'

0

(dkk2
!"#

E"%Ee%
E2
e

2mN

$
2
%k2

%

(
# jS0K#j2
KðKþ1Þþ

jS%1
K#j2

Kð2Kþ1Þþ
jSþ1

K#j2
ðKþ1Þð2Kþ1Þ

$

þ2k
#
E"%Ee%

E2
e

2mN

$
Im

SK#ðS%1)
K# þSþ1)

K# Þ
2Kþ1

þk2
#jS%1

K#þSþ1
K#j2

ð2Kþ1Þ2 þ jSK#j2
$&
; (18)

where it is understood that this expression should only be
used in the region where Eq. (15) is a good approximation
to the nuclear-recoil energy. As will be manifest in the
following sections, recoil effects become negligible before
Eq. (15) ceases to be a good approximation to the recoil
energy. That means the inclusion of recoil effects beyond
the approximation considered here is unnecessary.

B. End-point expansions

Equation (18) constitutes our final result for the high-
energy region of the electron spectrum and it is what we
will use in our numerical evaluations. Nevertheless, it is
still interesting to perform a Taylor expansion of Eq. (18)
around the end-point, to make the behavior of the spectrum
manifest. We obtain

1

"0

d"

dEe

''''''''Ee*E"%½ðE2
"Þ=2mN'

! 64

5$m5
"

#
E" % Ee %

E2
e

2mN

$
5
#
p2
1 þ

s21
3
þ 2

3
r22

$

+ B
#
E" % Ee %

E2
e

2mN

$
5
; (19)

where p# ! hg%#Gi, s# ! hf%#Fi, r# ! hg%#Fi, and it is
understood that the electron wavefunctions g# and f# in
Eq. (19) correspond to the energy Ee ! E" % E2

"=ð2mNÞ.
We show the values of the B coefficient in Eq. (19), for a
few elements, in Table I. The corresponding Taylor expan-
sion for the expression without recoil effects in Eq. (10) is
given by

1

"0

d"

dEe

''''''''
no recoil

Ee*E"

! 64

5$m5
"

ðE" % EeÞ5
#
p2
1 þ

s21
3
þ 2=3r22

$
;

(20)

where it is understood that the electron wavefunctions in
this equation correspond to the energy Ee ! E". Our
Taylor expansion agrees with the results in Ref. [15].

III. NUMERICAL EVALUATION OF THE
SPECTRUM

We now use Eq. (18) to obtain a numerical evaluation of
the high-energy region of the electron spectrum. We
present the results for the case of an aluminum nucleus
(Al, Z ! 13), which is the target intended to be used in
Mu2e and COMET [6,7].
We consider a nucleus of finite size, characterized by a

two-parameter Fermi distribution %ðrÞ, given by

%ðrÞ ! %0
1

1þ eðr%r0Þ=a
: (21)

For the parameters of the Fermi distribution, we use the
values [18]

r0 ! 2:84, 0:05 fm; a ! 0:569 fm: (22)

TABLE I. Values for the B coefficient of the leading-order
Taylor expansion in Eq. (19), for a few elements. We use finite-
size nuclei, characterized by a two-parameter Fermi distribution
(see Eq. (21)), with the values of the parameters of that distri-
bution taken from Refs. [18,19].

Nucleus BðMeV%6Þ
AlðZ ! 13Þ 8:98( 10%17

TiðZ ! 22Þ 4:94( 10%16

CuðZ ! 29Þ 1:14( 10%15

SeðZ ! 34Þ 1:62( 10%15

SbðZ ! 51Þ 3:57( 10%15

AuðZ ! 79Þ 4:79( 10%15
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energy, the nuclear-recoil energy is not constant but de-
pends on the momenta of the neutrinos. This complicates
the integration over the neutrino momenta, but in the high-
energy end of the spectrum we can approximate

Erec !
j ~pNj2
2mN

!
ð ~pe þ ~p !!e

þ ~p!"
Þ2

2mN
’ j ~pej2
2mN

! E2
e

2mN
; (15)

so that the recoil effects amount to a change in the mo-
mentum transfer to the neutrinos. The net effect is to
substitute

E" % Ee ! E" % Ee %
E2
e

2mN
; (16)

in the upper limit of the integration over k and inside the
square brackets in Eq. (10). The end-point of the electron
spectrum is given by

E"e ! E" % E2
"

2mN
! m" % Eb %

E2
"

2mN
; (17)

which is exact up to corrections of order 1=m2
N . The

approximation for the recoil energy in Eq. (15) is the
same as used in Ref. [15]. The electron spectrum including
nuclear-recoil effects is, therefore, given by

1
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!
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(
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þ2k
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E2
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Im
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þk2
#jS%1
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K#j2

ð2Kþ1Þ2 þ jSK#j2
$&
; (18)

where it is understood that this expression should only be
used in the region where Eq. (15) is a good approximation
to the nuclear-recoil energy. As will be manifest in the
following sections, recoil effects become negligible before
Eq. (15) ceases to be a good approximation to the recoil
energy. That means the inclusion of recoil effects beyond
the approximation considered here is unnecessary.

B. End-point expansions

Equation (18) constitutes our final result for the high-
energy region of the electron spectrum and it is what we
will use in our numerical evaluations. Nevertheless, it is
still interesting to perform a Taylor expansion of Eq. (18)
around the end-point, to make the behavior of the spectrum
manifest. We obtain

1

"0

d"

dEe

''''''''Ee*E"%½ðE2
"Þ=2mN'

! 64

5$m5
"

#
E" % Ee %

E2
e

2mN

$
5
#
p2
1 þ

s21
3
þ 2

3
r22

$

+ B
#
E" % Ee %

E2
e

2mN

$
5
; (19)

where p# ! hg%#Gi, s# ! hf%#Fi, r# ! hg%#Fi, and it is
understood that the electron wavefunctions g# and f# in
Eq. (19) correspond to the energy Ee ! E" % E2

"=ð2mNÞ.
We show the values of the B coefficient in Eq. (19), for a
few elements, in Table I. The corresponding Taylor expan-
sion for the expression without recoil effects in Eq. (10) is
given by

1

"0

d"

dEe

''''''''
no recoil

Ee*E"

! 64

5$m5
"

ðE" % EeÞ5
#
p2
1 þ

s21
3
þ 2=3r22

$
;

(20)

where it is understood that the electron wavefunctions in
this equation correspond to the energy Ee ! E". Our
Taylor expansion agrees with the results in Ref. [15].

III. NUMERICAL EVALUATION OF THE
SPECTRUM

We now use Eq. (18) to obtain a numerical evaluation of
the high-energy region of the electron spectrum. We
present the results for the case of an aluminum nucleus
(Al, Z ! 13), which is the target intended to be used in
Mu2e and COMET [6,7].
We consider a nucleus of finite size, characterized by a

two-parameter Fermi distribution %ðrÞ, given by

%ðrÞ ! %0
1

1þ eðr%r0Þ=a
: (21)

For the parameters of the Fermi distribution, we use the
values [18]

r0 ! 2:84, 0:05 fm; a ! 0:569 fm: (22)

TABLE I. Values for the B coefficient of the leading-order
Taylor expansion in Eq. (19), for a few elements. We use finite-
size nuclei, characterized by a two-parameter Fermi distribution
(see Eq. (21)), with the values of the parameters of that distri-
bution taken from Refs. [18,19].

Nucleus BðMeV%6Þ
AlðZ ! 13Þ 8:98( 10%17

TiðZ ! 22Þ 4:94( 10%16

CuðZ ! 29Þ 1:14( 10%15

SeðZ ! 34Þ 1:62( 10%15

SbðZ ! 51Þ 3:57( 10%15

AuðZ ! 79Þ 4:79( 10%15
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a calculation of the electron spectrum including relativistic
effects in the muon wavefunction, the Coulomb interaction
between the electron, and the nucleus, and a finite nuclear
size. Nuclear-recoil effects which, as we will discuss later,
need to be considered in the high-energy region, were only
included in the Born approximation (that is, using the
nonrelativistic Schrödinger wave function for the muon
and a plane wave for the electron), which is not adequate
for the high-energy tail. Later, Refs. [13,14] presented
similar expressions for the electron spectrum completely
neglecting nuclear-recoil effects, evaluating it for several
different elements. None of these references focused on the
high-energy end-point of the spectrum, which is the region
of interest for conversion experiments. References [15,16]
did study the high-energy end of the electron spectrum, and
presented approximate results which allow for a quick
rough estimate of the muon decay-in-orbit contribution to
the background in conversion experiments. However, a
detailed evaluation of the high-energy region of the elec-
tron spectrum is still missing in the literature. What is
typically done, to account for the background from muon
decay-in-orbit, is to connect (in a somewhat arbitrary way)
the approximate expressions given in Ref. [15] with the
numerical results presented in Ref. [14]. Since this is the
main source of background [6,7] for the oncoming conver-
sion experiments, a more detailed analysis is highly desir-
able. In this work, we discuss all the relevant effects that
need to be included in the high-energy region of the
spectrum and present a precise evaluation of it. Our results
for an aluminum (Z ! 13) nucleus (the intended target in
Mu2e and COMET) are presented in Fig. 1.

The structure of the paper is as follows. In Sec. II, we
present the formulas for the computation of the electron
spectrum. In Sec. III, we describe the numerical evaluation
of the spectrum. Section IV contains some discussion on
the different contributions in the high-energy region of the
spectrum, and the approximations we have used. We con-
clude in Sec. V, where brief comments regarding the
implications of our results are given. The Appendix details

the conventions we use for the Dirac equation, and the
electron and muon wavefunctions.

II. FORMULAE FOR THE ELECTRON SPECTRUM

The Fermi interaction that mediates muon decay is
given by

L F ! "2
!!!
2

p
GF½ !c !"#

$PLc "$½ !c e#$PLc !e
$ þ H:c:;

(3)

where GF ! 1:1 663 788ð7Þ ( 10"5 GeV"2 is the Fermi
constant and PL ! ð1" #5Þ=2. This Lagrangian can be
Fierz rearranged to charge retention ordering,

L F ! 2
!!!
2

p
GF½ !c e#

$PLc "$½ !c !"
#$PLc !e

$ þ H:c:; (4)

which is the form that we will use. Since quantum electro-
dynamics (QED) interactions do not affect the neutrino
part of the Lagrangian, it is convenient to partition the
phase space and integrate the neutrino portion. In that
way, we generate an effective "" e current and the free-
muon decay rate can be written as

" ! 1

2E"

Z
dq2

Z
½d#"!eq$jM$%

"!ej2T$%; (5)

with

d#"!eq)
Z d3pe

ð2&Þ32Ee

Z d3k

ð2&Þ32Eq
ð2&Þ4'ð4Þðp""pe"qÞ;

T$%)" &

3ð2&Þ3 ðq
2g$%"q$q%Þ;

jM$%
"!ej2)

1

2

X

""spin

X

e"spin

8G2
F !uðpeÞ#$

(PLuðp"Þ !uðp"Þ#%PLuðpeÞ; (6)

where the spinors uðpÞ in that expression are normalized

according to !urðpÞusðpÞ ! 2m'rs, q$ ) ðEq; ~kÞ is the
4-momentum transferred to the neutrinos, ~pe is the
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FIG. 1 (color online). End-point region of the electron spectrum for aluminum. The squares correspond to the spectrum with recoil
effects, Eq. (18). For comparison, we show the spectrum neglecting recoil, Eq. (10), as the triangles. The right plot is a zoom for
Ee > 100 MeV, the solid (dashed) line on this plot corresponds to the Taylor expansion around the end-point with (without) recoil.
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DIO endpoint spectrum for Al

1
Γ

dΓ
dEe

= B(Eμe − Ee)5

Eμe = mμ − Bμ −
E2

e

2M

B coefficient

isotopes with at least 1% accuracy, and even far better for
smaller Z (say Z < 20). Using the 1PF results we can
illustrate the isotope dependence of Eb by taking the
difference between EbðZ;NÞ and EbðZ;N0Þ, N0 being
the neutron number of the lightest stable isotope. This is
shown in Fig. 1 (bottom). The relative changes between
isotopes are below 1%, once again smaller for smaller Z.
Overall they are of similar size as the parametrization
uncertainty.
Ultimately, the quantity of interest for μ− → e− con-

version experiments is not the binding energy Eb but the
related end point energy E0

end, given by Eq. (5). Since Eb is
itself only a small correction to the leading-order estimate
E0
end ∼mμ, small uncertainties in Eb are even less relevant

in E0
end. In fact, the relative parametrization uncertainty

as well as the isotope dependence of E0
end are below

one per mille for all Z. Therefore, the end point energies
(shown in Fig. 2) are well approximated by the 1PF results,
available for all isotopes of interest.
Notice that we have approximated the nuclear-recoil

energy in Eq. (1) at leading order in 1=mN , which is an
excellent approximation for heavy nuclei; for light nuclei,
e.g., 6

3Li, the subleading recoil terms can be of order
m3

μ=m2
N ∼ 0.04 MeV and pose the largest remaining uncer-

tainty of the end point energy.

B. B coefficient

Having determined the electron end point for all isotopes,
we can move on to the more difficult task of determining the
B coefficient in Eq. (4), which provides the normalization of
the spectrum and hence the number of electrons within the
signal window of a given μ− → e− conversion experiment.
Our results are shown in Fig. 3, which illustrates that the
dependence of B on the charge distribution, and by exten-
sion the isotope, is much larger than for the binding or end
point energies, at least for large Z.

To be more quantitative, we show in Fig. 4 (top) the
differences in B for charge parametrizations relative to 1PF.
The differences for small Z are typically below 5% and
grow to 10% for larger Z. This serves as an estimate for the
uncertainty on B due to ρ. In Fig. 4 (bottom) we also see
that the isotope differences are often of the same order or
even larger than these uncertainties and should not be
neglected.

C. Connection to form factor

As mentioned above, the finite size of the nucleus in
electron-nucleus scattering can, to first order, be incorpo-
rated by multiplying the point-nucleus cross section by the
form factor squared at the relevant momentum transfer q:
jFðqÞj2. The same argument can be made for DIO, where
we expect B ∝ jFðmμÞj2 at leading order, with q ¼ mμ the
relevant momentum-transfer scale [23]. Since the nuclear
charge distribution complicates the numerical solution of
the Dirac equation it would be convenient if this effect
could indeed be factored out. To test the scaling
B ∝ jFðmμÞj2, we calculated the ratio of B=jFðmμÞj2 for the
1PF charge distribution and compared it to the avail-
able multiparameter charge distributions (FB, SOG,

FIG. 2. End point energy E0
end from Eq. (5) vs Z for all isotopes

in all available charge-distribution parametrizations. The relative
uncertainty as well as isotope dependence is below one per mille.

FIG. 3. B coefficient from Eq. (4) on a linear scale (top) and on
a log scale (bottom).
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Bound Muon Decay in Orbit (DIO)
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NuFact03@Colombia University2003/6/6

Expected background source  - Muon Decay in Orbit -Expected background source  - Muon Decay in Orbit -

Muon decay in orbit (µ(Eµe-Ee)5)

®  Ee > 103.9 MeV
®  DEe = 350 keV

®  NBG ~ 0.05 @ R=10-18
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• reduce the detector hit rate
Instantaneous rate : 1010muon/pulse

• precise measurement of the electron energy

Background Rate comment

Muon decay in orbit 0.05 energy reso 350keV(FWHM)

Radiative muon capture 0.01 end point energy for Ti=89.7MeV

Radiative pion capture 0.03 long flight length in FFAG, 2 kicker

Pion decay in flight 0.008 long flight length in FFAG, 2 kicker

Beam electron negligible kinematically not allowed

Muon decay in flight negligible kinematically not allowed

Antiproton negligible absorber at FFAG entrance

Cosmic-ray < 10^-7 events low duty factor

Total 0.10

10-16 goal

10-18  goal

∝ (∆E)5

COMET goal

PRISM goal   Good momentum 
resolution is needed.

the DIO electrons is presented in Section 17.2. In this study, the momentum cut of 103.6 MeV/c <
Pe < 106.0 MeV/c, where Pe is the momentum of electron, is determined as shown in Fig. 107 [61].
According to this study, the contamination from DIO electrons of 0.01 events is expected for a single
event sensitivity of the µ−N → e−N conversion of 3.1× 10−15.
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Figure 106: Left: Distributions of the reconstructed µ−N → e−N conversion signals and reconstructed DIO
events. The vertical scale is normalized so that the integrated area of the signal is equal to one event with its
branching ratio of B(µN → eN) = 3.1× 10−15. Right: The integrated fractions of the µ−N → e−N conversion
signals and DIO events as a function of the low side of the integration range and the high side of the integration
range is 106 MeV/c. The momentum window for signals is selected to be fro 103.6 MeV/c to 106 MeV/c so
that the DIO contamination would be 0.01 events.

16.1.4 Time window for signals

The muons stopped in the muon-stopping target have the lifetime of a muonic atom. The lifetime
of muons in aluminium is about 864 nanoseconds. The µ−N → e−N conversion electrons can be
measured between the proton pulses to avoid beam-related background events. However, some beam-
related backgrounds would come late after the prompt timing, such as pions in a muon beam. There-
fore, the time window for search is chosen to start at some time after the prompt timing. As discussed
in Section 16.2, the starting time of time window of measurement of 700 nanoseconds is assumed,
although it would be optimized in the future offline analysis.

The acceptance due to the time window cut, εtime, can be given by,

εtime =
Ntime

Nall
, (9)

Ntime =
n∑

i=1

∫ t2+Tsep(i−1)

t1+Tsep(i−1)
N(t)dt, (10)

where Nall and Ntime are the number of muons stopped in the target and the number of muons which
can decay in the window, respectively, Tsep is the time separation between the proton pulses, t1 and t2
are the start time and the close time of the measurement time window, respectively, and n indicates
the window for the nth pulse. The time distribution of the muon decay timing N(t) is obtained by
Monte Carlo simulations. In our case, t1 and t2 are 700 nsec and 1100 nsec, respectively and Tsep is
1.17 µsec, and εtime of 0.3 is obtained.

16.1.5 Net Acceptance of signals

it is assumed that the efficiencies of trigger, DAQ, and reconstruction efficacy are about 0.8 for each.
From these, the net acceptance for the µ−N → e−N conversion signal, Aµ-e = 0.043 is obtained. The
breakdown of the acceptance is shown in Table 24.
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Radiative Muon Capture (RMC)
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Maximum photon energy (endpoint) : 
Emax

γ = mμ − Bμ − Erec + M(A, Z) − M(A, Z − 1)

Mass Requirement of Muon target : N(A, Z)
Eμe > Emax

γ ⇒ M(A, Z) < M(A, Z − 1)

μ− + N(A, Z) → N(A, Z − 1) + ν + γ; γ → e+e−

Al 104.9 101.8 90

Au 95.56 93.81 88

Ti 104.3 102.5 93

Eμe Emax
γ kmax  is the empirical endpoint of 

the spectrum determined by the 
data that is fitted to the Primakoff 
(closure approximation) model? 

kmax

Using an appropriate target
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FIG. 4: Arrival time of stopped pions, weighted by their survival probability, on the aluminum

stopping target before (blue) and after convolution (red) with the proton pulse shape simulated for

the Mu2e experiment. The left plot has a linear scale while the right plot has a logarithmic scale

and an extended horizontal axis.
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FIG. 5: Arrival time of stopped muons (left) and stopped pions (right) for the Project-X scenario

for 1 and 3 GeV protons after convolution with the proton pulse shape. The pion distribution has

been weighted by the pion survival probability. The histograms have been normalized to the same

area in each plot separately.

distributions are largely independent of the stopping target material and for a given beam

configuration we use the same stopping-time distributions for each of the stopping target

nuclei investigated.

13

st
op

pe
d 

pi
on

s/
 p

ro
to

n

Using a pulsed beam, a delayed time window 
is employed for measurement.

Radiative Pion Capture (RPC)
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π− + N → N′ + γ; γ → e−e+ (mπ > mμ)

High Z targets cannot be 
used due to their short 
lifetimes.

1021 × 10−2 × 10−3 × 10−18 = 0.01

Total proton on target (POT): 1021

The measurement window 
starts at 700 ns after the 
beam arrival makes total 
10-18 suppression
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μ− → e−



 

 Conversion : History μ− → e−
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Year 90% Limit Lab/Collaboration Reference Material

1952 1.0⇥ 10�1 Cosmic Ray Lagarrigue and Peyrou [1952] Sn, Sb

1955 5.0⇥ 10�4 Nevis Steinberger and Wolfe [1955] Cu

1961 4.0⇥ 10�6 LBL Sard et al. [1961] Cu

1961 5.9⇥ 10�6 CERN Conversi et al. [1961] Cu

1962 2.2⇥ 10�7 CERN Conforto et al. [1962] Cu

1964 2.2⇥ 10�7 Liverpool Bartley et al. [1964] Cu

1972 1.6⇥ 10�8 SREL Bryman et al. [1972] Cu

1977 4.0⇥ 10�10 SIN Badertscher et al. [1977] S

1982 7.0⇥ 10�11 SIN Badertscher et al. [1982] S

1988 4.6⇥ 10�12 TRIUMF Ahmad et al. [1988] Ti

1993 4.3⇥ 10�12 SINDRUM II Dohmen et al. [1993] Ti

1996 4.6⇥ 10�11 SINDRUM II Honecker et al. [1996] Pb

2006 7.0⇥ 10�13 SINDRUM II Bertl et al. [2006] Au

Table 4: History of µ�N ! e�N conversion experiments. Lagarrigue and Peyrou [1952]

saw ⇡ 1� signals for Sn and Sb; we have averaged their results and set an approximate

limit. We thank E. Craig Dukes for help in the preparation of this Table.

with kinetic energy of 590 MeV and a time structure of 0.3 nsec bursts every

19.75 nsec. It is therefore impractical to use the pulse structure and wait

for the pions to decay since the separation between pulses is shorter than

the pion lifetime. The intensity is too high for a veto counter and so the

experimenters chose an 8 mm thick CH2 degrader to reduce the RPC (and

other prompt) contamination, requiring fewer than 104 pion stops during the

total measurement time. Cosmic ray backgrounds using a combination of

39



Summery of Current Limits on  
Conversion  

μ− → e−
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Z spin CR upper limit

sulfur 16 0 7 x 10-11

titanium 22 0, 5/2, 7/2 4.3 x 10-12

copper 29 3/2 1.6 x 10-8

gold 79 5/2 7 x 10-13

lead 82 0, 1/2 4.6 x 10-11

Aluminum 13 5/2 10-17 Mu2e, COMET
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Improvement of  
 Conversion  

Sensitivity 
μ− → e−
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with a factor of 10,000 improvement

B(μN → eN) ≤ 10−16



Improvements for Signal Sensitivity
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1011 /s for 50 kW proton beam power  
or 1018 muons in total

μ

Pion capture system:  
High field (5 T) 
superconducting 
solenoid magnet 
surrounds a solid 
cylindrical proton target.



MuSIC at RCNP, Osaka University
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MuSIC (Muon Science Intense Channel) since 2011

PCS : 3.5T solenoid field  
and graphite target

Target Shielding 

PCS 

MTS with CD 

GM cryocooler 

Proton beam 

Figure 1: Layout of the MuSIC beamline showing the target surrounded by shielding and the pion capture
solenoid (PCS). To the right are the two modules of five and three element coils, respectively, of the
muon transport solenoid (MTS), covering an arc of 36�. Each coil in the MTS includes a correction
dipole (CD). All superconducting coils are cooled with conduction cooling using Gifford–McMahon
(GM) cryocoolers. The direction of the incoming proton beam is also indicated.

Table 1: Design parameters of the pion capture solenoid (PCS), muon transport solenoid (MTS) and
correction dipole (CD) magnets. The coil thickness for the PCS is 40 mm for upstream of 400 mm to
increase the magnetic field. RRR is a residual-resistance ratio of superconductors used.

PCS MTS CD
Conductor Cu stabilised NbTi Cu stabilised NbTi Cu stabilised NbTi

Conductor diameter (mm) 1.2 1.2 1.2
Cu / NbTi 4 4 4

RRR (R293K / R10K) > 240 > 150 > 150
Coil diameter (mm) 900 480 460
Coil length (mm) 1 000 200 200

Coil thickness (mm) 35 30
Number of turns 30 000 4 000 528

Operation current (A) 145 145 115 (Bipolar)
Field (T) 3.5 2 0.04

Inductance (H) 400 124 0.04
Stored energy (MJ) 5 1.4
Quench back heater 1.2 mm Cu wire 1.3 mm Cu wire

4

MuSIC: 105 muons/sec/W
PSI: 3x102 muons/sec/W

(RCNP proton cyclotron 400 W)
(PSI proton cyclotron 1.2 MW)

S. Cook et al., Phys. Rev. Accel. Beams, vol. 20, no. 3, p. 030101, 2017.



New Experiments of   
 Conversion μ− → e−
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COMET at J-PARC

Decisions and
COMET

Ewen Gillies

New Physics
& CLFV

COMET
Design
Principles

New Tracking
Techniques
Neighbour-Level
GBDT
Hough
Transform
Track-Level
GBDT

Backup

Phase II Geometry
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electron spectrometer 
(180 curved solenoids)

detector 
(straw chamber+ 

electron calorimeter)

muon beamline 
(180 curved solenoids)

proton target 
(tungsten)

muon target 
(Aluminium)
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Proton beam, 8 GeV, 56kW  
2x1011 stopped muons/s 
Running time: 2/3 years (2x107s) 
Single event sensitivity : 1.4x10-17 
90% CL limit : < 3.2x10-17 
Total background: 0.32 events

pion capture  
system

p

(COMET: COherent Muon to Electron Transition)

Phase-II



Mu2e at Fermilab

The Mu2e experiment
Muon to electron conversion at Fermilab

Andrei Gaponenko

Fermilab

CIPANP-2012

http://mu2e.fnal.gov

proton beam power = 8 kW

Sensitivity : <6x10-17 (90% CL)

Run time: 3 years (2x107sec/year) 
commissioning in late 2020s

a factor of 10,000 improvement •800 MeV, 100 kW from PIP-II 
•aim at <O(10-17) with 3 years

Mu2e-II

a factor of 10 better from Mu2e
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The Mu2e Experiment

The Mu2e experiment will search for this process in Al and improve on this limit by four orders

of magnitude!

Rµ!e (90% CL) < 8⇥ 10�17
Rµ!e (5� discovery) = 2⇥ 10�16

⌧µ-Al = 864 ns, Esignal = 105 MeV

Need to stop O(1018) µ� and have ⌧ 1 background event

5 / 20

aluminium target

6x1010 muons/s from 8 kW, 8 GeV proton beam



From MELC to MECO (1992 - 2005)
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R. M. Dzhilkibaev and V. M. Lobashev, Sov. J. Nucl. Phys. 49, 384 (1989) 
June 3-7, 2019David Hitlin                                       Beijing CLFV School

The origins of the modern experimental concept

• R. M. Dzhilkibaev and V. M. Lobashev,
On the Search for m→ e Conversion onNuclei 
Sov. J. Nucl. Phys. 49, 384 (1989)

• Resulted in the 1992 MELC experiment proposal(s) 
at the INR Moscow Meson factory:

67

MELC Proposal (1992) 
at Moscow 
Meson Factory

June 3-7, 2019David Hitlin                                       Beijing CLFV School

MECO

69

MECO was part of a suite of rare process search experiments 
proposed at Brookhaven that was not funded

MECO BNL E940 (1997) 
one of the RSVP (rare 
symmetry violating 
processes) with KOPIO 

terminated in 2005
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“Golden”  CLFV Processes in EFTμ → e

41

μ−N → e−N

μ+ → e+γ

μ+ → e+e+e−
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Figure 4. – Schematic representation of the contribution to processes such as `i ! `j`k`k and
µ ! e conversion arising from a flavour-violating dipole operator and, conversely, to `i ! `j�
from 4-fermion operators.

by more than two orders of magnitudes, in order to provide a more stringent constraint
than the one currently given by µ ! e�. This is due to the fact that, if the dipole
operator dominates, the rates of µ ! eee and µ N ! e N are suppressed by a factor of
order ↵ with respect to µ ! e� [121], as it can be intuitively understood from Figure
4(12):
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Therefore the MEG bound on BR(µ ! e�) translates – within this scenario – to a
limit to the above observables at the 10�15 level. Conversely, a measurement of the
rates of µ ! eee and µ N ! e N much above that value would clearly signal that the
source of CLFV is not the dipole operator Qe� , rather some of the 4-fermion operators
listed in Table IV(13). This would rule out large classes of models, such as the typical
supersymmetric frameworks that we will discuss in section 5. A graphical representation
of present and forecast limits on the coe�cient of the dipole operators from µ ! e
observables is shown in Figure 5.

The above considerations are based on the rather unrealistic hypothesis that new
physics e↵ects are encoded in a single operator. Although this can be approximately true
in certain scenarios, yet the coe�cients of the operators in Table IV are in general not
independent due to radiative e↵ects. Such e↵ects – summarised by the renormalisation

(12) For full calculations of the µ ! e conversion rates in di↵erent nuclei, see [109, 122, 123].
(13) As a matter of fact, there are several new physics models where such operators arise at the
tree level, thus with much larger coe�cients than the dipoles that can only be loop induced.
Some examples will be mentioned in section 6.
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Figure 6. Allowed regions in the CD
L −CV RR

ee plane from µ → eγ (green), µ → 3e (red) and µ → e
conversion (blue) for current (straight) and future (dashed) experimental limits.

In our phenomenological analysis we have provided a numerical solution for the RGE.

In a second step, we have summarised the resulting bounds on the Wilson coefficients

(given at the scale mW ) under the assumption that only one Wilson coefficient at a time

is non-zero (see tables 3 and 4). Afterwards, we have shown the complementary of the

three µ → e processes by pointing out the capability of covering regions of parameter space

which would be blind spots for a single process.

The limits presented in this paper should be interpreted in light of the fact that they

have been obtained under several simplifying assumptions. In particular, obtaining more

accurate predictions for the rates as a function of the Wilson coefficients is not the main aim

of including RGE contributions. More importantly, one obtains quantitatively new effects.

For example 4-fermion vector operators with b, c or s quarks, which do not enter any of

these processes directly, mix into contributing operators resulting in stringent constraints.

Furthermore, operators with axial-vector currents, which do not enter µ → e conversion

at tree-level, mix into contributing vector operators. Therefore, many more correlations

among the µ → e processes are present once the RGE effects are taken into account.

The future prospects for observables involving µ → e transitions are intriguing. MEG II

will improve the sensitivity on µ → eγ by nearly an order of magnitude, while the existing

bounds on µ → 3e and µ → e conversion could even improve by four orders of magnitude.

– 20 –



CLFV in EFT : Dipole vs. Contact Interactions

43S. Davidson and B. Echenard, Eur. Phys. J. C 82 (2022) 9, 836

κD = cotan(θD − π/2) :dipole dominant, : four-fermion dominant|κD | ≪ 1 |κD | ≫ 1

836 Page 4 of 15 Eur. Phys. J. C (2022) 82 :836

Fig. 1 Reach as a function of
(left) the angle θD , which
parametrizes the relative
magnitude of dipole and
four-fermion coefficients, and
(right) the variable
κD = cotan(θD − π/2). The
scale $ is defined in Eq. (2.1)
with the coefficients normalised
according to Table 2. The solid
region is currently excluded
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tors {êA}. This is expected since distinct observations at low
energy can measure the same high-scale NP coefficients. The
changing modulus of the basis vectors is simple to calculate
and include, and affects the reach. The changes in direction
can affect the complementarity of processes if the vectors
become more or less aligned (see Appendix C).

3 Illustrating experimental constraints

In this section, we illustrate the constraints on New Physics
from current and futureµ → e searches, and show how these
results can be combined to identify the allowed region of
coefficient space. We parametrize the coefficient space with
spherical coordinates [51] (Table 2) assuming that the vector
of coefficients #C is normalised to unity at the experimental
scale. The reach of the various experiments in $LFV can
be calculated as a function of these angles and the branch-
ing ratios given in Eq. C.3. We stress that we are showing
(projected) exclusion curves, as opposed to “one-at-a-time”
bounds, since our EFT formulation should account for poten-
tial cancellations in the theoretical rate.

In deriving this parametrization, we approximate the oper-
ator coefficients as real numbers. This familiar simplifica-
tion reduces our coefficient space from six complex to six
real dimensions, replacing relative phases between interfer-
ing coefficients with a relative sign. Furthermore, we focus on
a four-dimensional subspace, corresponding approximately
to the four processes we examine, by suppressing two of
the three four-lepton directions (the four-lepton operators
can be distinguished by measuring the angular distribution
in µ → eēe [52,53]). The direction #eS associated to the
scalar four lepton operator interferes with none of the other
operators and receives negligible loop corrections, so it is
complementary by inspection. We also neglect a linear com-
bination of the vector four-lepton directions #eV R and #eV L ,
since their contributions to µ → eēe have similar form. A
judicious choice ensures the approximate orthogonality of

Table 2 Dimensionless operator coefficients expressed in the angular
coordinates. The radial coordinate is 1/$2

LFV , θI : 0..π and φ : 0..2π .
As discussed in Appendix 1, the #eV L × #eV R plane was projected to a
line, deviations from which are measured by θV . In general, the basis
vectors {eA} are not unit vectors, and their normalisation is given in
Table 5 and after Eq. (C.3) for the primed vectors

#C · #eD |#eD | cos θD

#C · #eS |#eS | sin θD cos θS

#C · #eV L |#e′
V L | sin θD sin θS cos θV

#C · #eV R |#e′
V R | sin θD sin θS cos θV

#C · #eAlight |#eAlight | sin θD sin θS sin θV sin φ

#C · #eAheavy⊥ |#eAheavy⊥| sin θD sin θS sin θV cos φ

the remaining four basis vectors. The full details are given in
Appendix C. Modulo these approximations, the parametri-
sation describes the experimentally constrainable space, so
we now plot various slices through the excluded region to
illustrate its shape.

We plot in Fig. 1 the reach of µ → eLγ , µ → eL ēe and
µAl → eLAl as a function of θD for θS = π/2, θV = π/4,
and φ = π/4. This corresponds to #C · #eS = 0, so µ → eēe
induced by the #C · #eD , #C · #eV R and #C · #eV L , and µA→ eA
probed by Al and Au. At θD = 0, the dipole coefficient is
only contribution to the rates. At θD = π/2, #C · #eD vanishes
(so does µ → eγ ) and µ → eēe and µA→ eA are purely
mediated by four-fermion operators. For θD > π/2, #C · #eD
is negative and µA → eA vanishes when the dipole contri-
bution cancels the remaining contributions. The rate drops
abruptly, indicating that the dipole contribution is relatively
small and the cancellation only occurs in a narrow region.
The valley is broader for µ → eēe, since the contribution
of #C · #eD is more important, and the rate never vanishes
because µ → eēe independently constrains each coefficient
contributing to this process, so the rate only vanishes when
all the coefficients do (see Eq. 2.3); although the dipole inter-
feres with four-fermion contributions in the amplitude, the

123
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µ ! e conversion arising from a flavour-violating dipole operator and, conversely, to `i ! `j�
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by more than two orders of magnitudes, in order to provide a more stringent constraint
than the one currently given by µ ! e�. This is due to the fact that, if the dipole
operator dominates, the rates of µ ! eee and µ N ! e N are suppressed by a factor of
order ↵ with respect to µ ! e� [121], as it can be intuitively understood from Figure
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Therefore the MEG bound on BR(µ ! e�) translates – within this scenario – to a
limit to the above observables at the 10�15 level. Conversely, a measurement of the
rates of µ ! eee and µ N ! e N much above that value would clearly signal that the
source of CLFV is not the dipole operator Qe� , rather some of the 4-fermion operators
listed in Table IV(13). This would rule out large classes of models, such as the typical
supersymmetric frameworks that we will discuss in section 5. A graphical representation
of present and forecast limits on the coe�cient of the dipole operators from µ ! e
observables is shown in Figure 5.

The above considerations are based on the rather unrealistic hypothesis that new
physics e↵ects are encoded in a single operator. Although this can be approximately true
in certain scenarios, yet the coe�cients of the operators in Table IV are in general not
independent due to radiative e↵ects. Such e↵ects – summarised by the renormalisation

(12) For full calculations of the µ ! e conversion rates in di↵erent nuclei, see [109, 122, 123].
(13) As a matter of fact, there are several new physics models where such operators arise at the
tree level, thus with much larger coe�cients than the dipoles that can only be loop induced.
Some examples will be mentioned in section 6.
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Model Discrimination with 

Different Muon Targets

C. Target dependence of ! ! e conversion

In principle, any single-operator model can be tested
with two conversion rates, even if! ! e" is not observed.
To illustrate this point, we update the analysis of Ref. [6]
and plot in Fig. 3 the conversion rate (normalized to the
rate in aluminum) as a function of the Z of the target
nucleus, for the four classes of single-operator models
defined above. Compared to Ref. [6], the novelty here is
the inclusion of a second vector model (V!ZÞ).

The results of Fig. 3 show some noteworthy features.
First, we note the quite different target dependence of the
conversion rate in the two vector models considered. This
can be understood as follows: In the case of the V!"Þ model,
the behavior in Fig. 3 simply traces the Z dependence of

V!pÞ (the photon only couples to the protons in the nu-
cleus). On the other hand, in the case of the V!ZÞ model, the
Z boson couples predominantly to the neutrons in the

nucleus and the target dependence of the ratio V!nÞ=V!pÞ #
!A$ ZÞ=Z generates the behavior observed in Fig. 3.
Next, let us focus on the actual discriminating power of

the Z dependence. Clearly, the plot shows that the model
discriminating power tends to increase with Z. This is a
simple reflection of the fact that the whole effect is of
relativistic origin and increases in heavy nuclei. So in an
ideal world, in order to maximize the chance to discrimi-
nate among underlying models, one would like to measure
the conversion rate in a light nucleus, say aluminum or
titanium, as well as in a large-Z nucleus, like lead or gold.
This simplified view, however, has to be confronted both
with theoretical uncertainties and the actual experimental
feasibility. Concerning the uncertainties, a simple analysis
shows that the dominant uncertainty coming from the
scalar matrix elements almost entirely cancels when taking
ratios of conversion rates (even using the conservative
range y2 ½0;0:4& for the strange scalar density matrix
element). Moreover, in the large-Z tail of the plot, some
residual uncertainty arises from the input on the neutron
density profile. When polarized proton scattering data ex-
ists, the uncertainty on the ratios of conversion rates be-
comes negligible. This point is illustrated by Table I, where
we report the detailed breakdown of uncertainties in the
ratios B!!e!TiÞ=B!!e!AlÞ and B!!e!PbÞ=B!!e!AlÞ. For
other targets, the uncertainty induced by neutron densities
never exceeds 5% [6]. The conclusions of this exercise are
that
(i) The theoretical uncertainties (scalar matrix elements

and neutron densities) largely cancel when we take a
ratio.

(ii) As evident from Fig. 3, a realistic discrimination
among models requires a measure of B!!e!TiÞ=
B!!e!AlÞ at the level of 5% or better, or alternatively
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FIG. 3 (color online). Target dependence of the ! ! e con-
version rate in different single-operator dominance models. We
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TABLE I. Ratios of conversion rates in titanium and lead over
aluminum, in each of the four single-operator models: scalar (S),
dipole (D), vector 1 (photon coupling to the quarks), and vector 2
(Z boson coupling to the quarks). In the scalar model, the scalar
form factor induces a negligible uncertainty in the ratios involv-
ing two targets (denoted by the subscript y). In the case of lead
over aluminum, the small uncertainty is dominated by the
neutron density input (denoted by the subscript #n).

S D V!"Þ V!ZÞ

B!!!e;TiÞ
B!!!e;AlÞ 1:70( 0:005y 1.55 1.65 2.0

B!!!e;PbÞ
B!!!e;AlÞ 0:69( 0:02#n

1.04 1.41 2:67( 0:06#n
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in a self-consistent manner at the same scale at which the theory is defined, and ensure that experiments effectively
probe different combinations of NP parameters. This approach is generic and can be applied to many situations. In
this manuscript, we use it to study CLFV in the muon sector and derive sensitivity projections for current and future
experiments.

At the experimental scale, the Lagrangian given in eqn (II.1) includes all and only the operators contributing at
tree level to the observables. The combinations of coefficients constrained experimentally define the operator basis for
our subspace, whose dimension is equal to the number of constraints. For µ ! eL�, µ ! eLēe and Spin Independent
µAl ! eLAl and µAu ! eLAu, this subspace is six-dimensional. These coefficients are translated to ⇤NP by solving
the leading order Renormalisation Group Equations below the weak scale, and matching them to SMEFT at tree
level (see eqn (II.7)). Since the number of constraints remains unchanged, the dimension of the subspace cannot grow
(but it could decrease, as discussed in section IV). However, the normalisation and direction of the basis vectors is
altered, in order to include, at ⇤LFV , the contributions from all the operators to the observables via short-distance
effects described in the RGEs.

The ability of different experiments to probe independent operator coefficients – our definition of complementarity
– is related to the misalignement between vector of coefficients. While it can be measured in various ways, we observe
that a judiciously selected subset of our basis vectors remain approximately orthogonal above the weak scale, and we
use various parametrisations (see table II or eqn (III.1)) to plot the experimental exclusion curves using the Branching
Ratios given in eqn (B.3). We also display a few projections to illustrate the reach and complementarity of future
experiments.

An example of distinct observables probing the same New Physics is recalled in section IV: µA! eA on various
nuclei could distinguish scalar µ ! e contact interactions on neutrons from protons, but this may not allow the
distinction of LFV scalar operators involving up quarks from those with down quarks. Improving the precision of the
scalar q̄q expectation values in the nucleon would be required to improve the situation.

This work is only a preliminary implementation of bottom-up EFT, relying on theoretical formalism described
in [21]. In future work, we aim to implement the Renormalisation Group running of our vectors above the weak scale
(it was neglected here for simplicity and the lack of knowledge of ⇤LFV ), and match models onto the “observable
subspace” at ⇤LFV . We hope that finding robust distinctions among model predictions could be simplified by the
reduced dimension of the subspace.
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2.27 for lithium-7 and titanium-50, respectively, com-
pared to Al’sN/Z ' 2.08, which might ultimately help to
distinguish CLFV operators involving protons from those
involving neutrons [4]. Lithium has already been identi-
fied as a promising target in Ref. [4]. Titanium has long
been proposed as a suitable second target for aluminum-
based experiments, and our analysis shows that the iso-
tope Ti-50 would be particularly useful; aside from the
conversion rate and the background from muon decay
in orbit, di↵erent isotopes of an element are expected
to behave essentially identically experimentally, notably
because the conversion energy depends only weakly on
the number of neutrons [26]. The theoretically interest-
ing isotopes Ti-50, Ti-49, and Cr-54 have a low natural
abundance and are di�cult enrich in the large quanti-
ties necessary for conversion experiments; Li-7 and V-51,
on the other hand, are the dominant isotopes and hence
practically preferable as second targets after an observa-
tion of µ ! e conversion on aluminium.

VI. CONCLUSIONS

The search for lepton flavor violation is one of our most
sensitive probes of physics beyond the Standard Model.
Experiments searching for µ� ! e� conversion such as
COMET, DeeMe, and Mu2e, promise to improve existing
limits by several orders of magnitude. Robust theoretical
predictions, as presented here, are crucial ingredients for
experimental simulations of possible signal strength and

are relevant for the choice of alternative targets. An ob-
servation of the coherent conversion signal would clearly
indicate new physics. Still, it would not provide enough
information to understand the nature of the new interac-
tions. Our results allow tracking the nucleus-dependence
of the µ� ! e� conversion rate by looking at di↵er-
ent target materials, which would then help to discrimi-
nate the possible underlying new-physics models and ef-
fective operators. Such studies are instrumental in the
context of proposed upgrades of the already approved
experiments [50].

Our results indicate that the isotope dependence can
exceed the uncertainty due to the nuclear charge distri-
bution. Thus, experiments must carefully control the
isotope composition of the targets to enable the proper
interpretation of the results in terms of bounds on un-
derlying short distance parameters of the e↵ective La-
grangians. The isotope dependence can also improve
the experiments’ potential to distinguish various New
Physics scenarios if a signal is observed.

Further improvement of the total coherent conversion
rates requires more precise determination of the proton,
neutron, and charge density profiles. The progress in the
many-body computational methods may allow in the fu-
ture ab-initio evaluation of these density functions, which
would be highly desirable for experimentally studied tar-
get materials.
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Figure 4. – Schematic representation of the contribution to processes such as `i ! `j`k`k and
µ ! e conversion arising from a flavour-violating dipole operator and, conversely, to `i ! `j�
from 4-fermion operators.

by more than two orders of magnitudes, in order to provide a more stringent constraint
than the one currently given by µ ! e�. This is due to the fact that, if the dipole
operator dominates, the rates of µ ! eee and µ N ! e N are suppressed by a factor of
order ↵ with respect to µ ! e� [121], as it can be intuitively understood from Figure
4(12):

BR(µ ! eee) '
↵

3⇡

✓
log

m2
µ

m2
e

� 3

◆
⇥ BR(µ ! e�) ,(40)

CR(µ N ! e N) ' ↵ ⇥ BR(µ ! e�) .(41)

Therefore the MEG bound on BR(µ ! e�) translates – within this scenario – to a
limit to the above observables at the 10�15 level. Conversely, a measurement of the
rates of µ ! eee and µ N ! e N much above that value would clearly signal that the
source of CLFV is not the dipole operator Qe� , rather some of the 4-fermion operators
listed in Table IV(13). This would rule out large classes of models, such as the typical
supersymmetric frameworks that we will discuss in section 5. A graphical representation
of present and forecast limits on the coe�cient of the dipole operators from µ ! e
observables is shown in Figure 5.

The above considerations are based on the rather unrealistic hypothesis that new
physics e↵ects are encoded in a single operator. Although this can be approximately true
in certain scenarios, yet the coe�cients of the operators in Table IV are in general not
independent due to radiative e↵ects. Such e↵ects – summarised by the renormalisation

(12) For full calculations of the µ ! e conversion rates in di↵erent nuclei, see [109, 122, 123].
(13) As a matter of fact, there are several new physics models where such operators arise at the
tree level, thus with much larger coe�cients than the dipoles that can only be loop induced.
Some examples will be mentioned in section 6.

μ e

q q

20 LORENZO CALIBBI and GIOVANNI SIGNORELLI

Figure 4. – Schematic representation of the contribution to processes such as `i ! `j`k`k and
µ ! e conversion arising from a flavour-violating dipole operator and, conversely, to `i ! `j�
from 4-fermion operators.

by more than two orders of magnitudes, in order to provide a more stringent constraint
than the one currently given by µ ! e�. This is due to the fact that, if the dipole
operator dominates, the rates of µ ! eee and µ N ! e N are suppressed by a factor of
order ↵ with respect to µ ! e� [121], as it can be intuitively understood from Figure
4(12):

BR(µ ! eee) '
↵

3⇡

✓
log

m2
µ

m2
e

� 3

◆
⇥ BR(µ ! e�) ,(40)

CR(µ N ! e N) ' ↵ ⇥ BR(µ ! e�) .(41)

Therefore the MEG bound on BR(µ ! e�) translates – within this scenario – to a
limit to the above observables at the 10�15 level. Conversely, a measurement of the
rates of µ ! eee and µ N ! e N much above that value would clearly signal that the
source of CLFV is not the dipole operator Qe� , rather some of the 4-fermion operators
listed in Table IV(13). This would rule out large classes of models, such as the typical
supersymmetric frameworks that we will discuss in section 5. A graphical representation
of present and forecast limits on the coe�cient of the dipole operators from µ ! e
observables is shown in Figure 5.

The above considerations are based on the rather unrealistic hypothesis that new
physics e↵ects are encoded in a single operator. Although this can be approximately true
in certain scenarios, yet the coe�cients of the operators in Table IV are in general not
independent due to radiative e↵ects. Such e↵ects – summarised by the renormalisation

(12) For full calculations of the µ ! e conversion rates in di↵erent nuclei, see [109, 122, 123].
(13) As a matter of fact, there are several new physics models where such operators arise at the
tree level, thus with much larger coe�cients than the dipoles that can only be loop induced.
Some examples will be mentioned in section 6.

γ
μ e

20 LORENZO CALIBBI and GIOVANNI SIGNORELLI

Figure 4. – Schematic representation of the contribution to processes such as `i ! `j`k`k and
µ ! e conversion arising from a flavour-violating dipole operator and, conversely, to `i ! `j�
from 4-fermion operators.

by more than two orders of magnitudes, in order to provide a more stringent constraint
than the one currently given by µ ! e�. This is due to the fact that, if the dipole
operator dominates, the rates of µ ! eee and µ N ! e N are suppressed by a factor of
order ↵ with respect to µ ! e� [121], as it can be intuitively understood from Figure
4(12):

BR(µ ! eee) '
↵

3⇡

✓
log

m2
µ

m2
e

� 3

◆
⇥ BR(µ ! e�) ,(40)

CR(µ N ! e N) ' ↵ ⇥ BR(µ ! e�) .(41)

Therefore the MEG bound on BR(µ ! e�) translates – within this scenario – to a
limit to the above observables at the 10�15 level. Conversely, a measurement of the
rates of µ ! eee and µ N ! e N much above that value would clearly signal that the
source of CLFV is not the dipole operator Qe� , rather some of the 4-fermion operators
listed in Table IV(13). This would rule out large classes of models, such as the typical
supersymmetric frameworks that we will discuss in section 5. A graphical representation
of present and forecast limits on the coe�cient of the dipole operators from µ ! e
observables is shown in Figure 5.

The above considerations are based on the rather unrealistic hypothesis that new
physics e↵ects are encoded in a single operator. Although this can be approximately true
in certain scenarios, yet the coe�cients of the operators in Table IV are in general not
independent due to radiative e↵ects. Such e↵ects – summarised by the renormalisation

(12) For full calculations of the µ ! e conversion rates in di↵erent nuclei, see [109, 122, 123].
(13) As a matter of fact, there are several new physics models where such operators arise at the
tree level, thus with much larger coe�cients than the dipoles that can only be loop induced.
Some examples will be mentioned in section 6.

γ
μ e

e e

20 LORENZO CALIBBI and GIOVANNI SIGNORELLI

Figure 4. – Schematic representation of the contribution to processes such as `i ! `j`k`k and
µ ! e conversion arising from a flavour-violating dipole operator and, conversely, to `i ! `j�
from 4-fermion operators.

by more than two orders of magnitudes, in order to provide a more stringent constraint
than the one currently given by µ ! e�. This is due to the fact that, if the dipole
operator dominates, the rates of µ ! eee and µ N ! e N are suppressed by a factor of
order ↵ with respect to µ ! e� [121], as it can be intuitively understood from Figure
4(12):

BR(µ ! eee) '
↵

3⇡

✓
log

m2
µ

m2
e

� 3

◆
⇥ BR(µ ! e�) ,(40)

CR(µ N ! e N) ' ↵ ⇥ BR(µ ! e�) .(41)

Therefore the MEG bound on BR(µ ! e�) translates – within this scenario – to a
limit to the above observables at the 10�15 level. Conversely, a measurement of the
rates of µ ! eee and µ N ! e N much above that value would clearly signal that the
source of CLFV is not the dipole operator Qe� , rather some of the 4-fermion operators
listed in Table IV(13). This would rule out large classes of models, such as the typical
supersymmetric frameworks that we will discuss in section 5. A graphical representation
of present and forecast limits on the coe�cient of the dipole operators from µ ! e
observables is shown in Figure 5.

The above considerations are based on the rather unrealistic hypothesis that new
physics e↵ects are encoded in a single operator. Although this can be approximately true
in certain scenarios, yet the coe�cients of the operators in Table IV are in general not
independent due to radiative e↵ects. Such e↵ects – summarised by the renormalisation

(12) For full calculations of the µ ! e conversion rates in di↵erent nuclei, see [109, 122, 123].
(13) As a matter of fact, there are several new physics models where such operators arise at the
tree level, thus with much larger coe�cients than the dipoles that can only be loop induced.
Some examples will be mentioned in section 6.

γ
μ e

q q

20 LORENZO CALIBBI and GIOVANNI SIGNORELLI

Figure 4. – Schematic representation of the contribution to processes such as `i ! `j`k`k and
µ ! e conversion arising from a flavour-violating dipole operator and, conversely, to `i ! `j�
from 4-fermion operators.

by more than two orders of magnitudes, in order to provide a more stringent constraint
than the one currently given by µ ! e�. This is due to the fact that, if the dipole
operator dominates, the rates of µ ! eee and µ N ! e N are suppressed by a factor of
order ↵ with respect to µ ! e� [121], as it can be intuitively understood from Figure
4(12):

BR(µ ! eee) '
↵

3⇡

✓
log

m2
µ

m2
e

� 3

◆
⇥ BR(µ ! e�) ,(40)

CR(µ N ! e N) ' ↵ ⇥ BR(µ ! e�) .(41)

Therefore the MEG bound on BR(µ ! e�) translates – within this scenario – to a
limit to the above observables at the 10�15 level. Conversely, a measurement of the
rates of µ ! eee and µ N ! e N much above that value would clearly signal that the
source of CLFV is not the dipole operator Qe� , rather some of the 4-fermion operators
listed in Table IV(13). This would rule out large classes of models, such as the typical
supersymmetric frameworks that we will discuss in section 5. A graphical representation
of present and forecast limits on the coe�cient of the dipole operators from µ ! e
observables is shown in Figure 5.

The above considerations are based on the rather unrealistic hypothesis that new
physics e↵ects are encoded in a single operator. Although this can be approximately true
in certain scenarios, yet the coe�cients of the operators in Table IV are in general not
independent due to radiative e↵ects. Such e↵ects – summarised by the renormalisation

(12) For full calculations of the µ ! e conversion rates in di↵erent nuclei, see [109, 122, 123].
(13) As a matter of fact, there are several new physics models where such operators arise at the
tree level, thus with much larger coe�cients than the dipoles that can only be loop induced.
Some examples will be mentioned in section 6.

μ e

e eS, V 

S, P, V, A, T 

Spin-independent
Coherent Vector (L/R)

Spin-dependent
Incoherent

V. Cirigliano, S. Davidson, YK, Phys. Lett. B 771 (2017) 242 
S. Davidson, YK, A. Saporta, Eur. Phys. J. C78 (2018) 109 

Pseudoscalar (L/R)
Axial vector (L/R)
Tensor (L/R)

Comparison with and 
without nuclear spin 



Inelastic  Conversionμ− → e−

49

when the energy levels of 
excited states are well 
separated. 
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μ−N(A, Z) → e−N(A, Z)*
•Conversion to excited states. 
• incoherent processes

W. C. Haxton and E. Rule, Physical Review C 111, 025501 (2025)

Eμe * = Eμe(gs) − Eex
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 conversion to the excited statesμ− → e−
aluminumthe DIO electrons is presented in Section 17.2. In this study, the momentum cut of 103.6 MeV/c <

Pe < 106.0 MeV/c, where Pe is the momentum of electron, is determined as shown in Fig. 107 [61].
According to this study, the contamination from DIO electrons of 0.01 events is expected for a single
event sensitivity of the µ−N → e−N conversion of 3.1× 10−15.
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Figure 106: Left: Distributions of the reconstructed µ−N → e−N conversion signals and reconstructed DIO
events. The vertical scale is normalized so that the integrated area of the signal is equal to one event with its
branching ratio of B(µN → eN) = 3.1× 10−15. Right: The integrated fractions of the µ−N → e−N conversion
signals and DIO events as a function of the low side of the integration range and the high side of the integration
range is 106 MeV/c. The momentum window for signals is selected to be fro 103.6 MeV/c to 106 MeV/c so
that the DIO contamination would be 0.01 events.

16.1.4 Time window for signals

The muons stopped in the muon-stopping target have the lifetime of a muonic atom. The lifetime
of muons in aluminium is about 864 nanoseconds. The µ−N → e−N conversion electrons can be
measured between the proton pulses to avoid beam-related background events. However, some beam-
related backgrounds would come late after the prompt timing, such as pions in a muon beam. There-
fore, the time window for search is chosen to start at some time after the prompt timing. As discussed
in Section 16.2, the starting time of time window of measurement of 700 nanoseconds is assumed,
although it would be optimized in the future offline analysis.

The acceptance due to the time window cut, εtime, can be given by,

εtime =
Ntime

Nall
, (9)

Ntime =
n∑

i=1

∫ t2+Tsep(i−1)

t1+Tsep(i−1)
N(t)dt, (10)

where Nall and Ntime are the number of muons stopped in the target and the number of muons which
can decay in the window, respectively, Tsep is the time separation between the proton pulses, t1 and t2
are the start time and the close time of the measurement time window, respectively, and n indicates
the window for the nth pulse. The time distribution of the muon decay timing N(t) is obtained by
Monte Carlo simulations. In our case, t1 and t2 are 700 nsec and 1100 nsec, respectively and Tsep is
1.17 µsec, and εtime of 0.3 is obtained.

16.1.5 Net Acceptance of signals

it is assumed that the efficiencies of trigger, DAQ, and reconstruction efficacy are about 0.8 for each.
From these, the net acceptance for the µ−N → e−N conversion signal, Aµ-e = 0.043 is obtained. The
breakdown of the acceptance is shown in Table 24.
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FIG. 5. Expected electron counts in reconstructed momentum bins of width 50 keV/c in Mu2e Run I for six different CLFV scenarios:
coherent conversion (top panels), longitudinal spin-dependent (middle), and transverse spin-dependent (bottom). The left (right) column
corresponds to purely isoscalar (isovector) responses. The total CE signal (black) is separated into contributions from the nuclear ground state
(blue) and first three excited states at 0.84 MeV (red), 1.0 MeV (purple), and 2.2 MeV (orange). Green squares denote the DIO background,
which dominates all other sources [46]. The gray shading indicates the region 103.60 < qrec < 104.90 MeV/c where the Mu2e sensitivity has
been optimized. Each panel is normalized to produce a ground-state branching ratio Rµe(gs → gs) = 10−15. The theory uncertainty associated
with variations among the shell-model predictions of nuclear response function ratios and the statistical uncertainty in simulations of the Mu2e
detector response were combined in computing error bars.

FIG. 6. As in Fig. 5 but for velocity-dependent nuclear response functions.

025501-18

NUCLEAR-LEVEL EFFECTIVE THEORY OF … PHYSICAL REVIEW C 111, 025501 (2025)

FIG. 7. As in Fig. 5 but for velocity-dependent nuclear response functions. The purely inelastic transitions driven by !̃ and "̃′′ are
normalized so that the dominant transition (to the 7/2+ state) has a branching ratio Rµe(gs → f ) = 10−15.

C. Exotic responses

Last, we consider several responses that depend explicitly
on nuclear compositeness through their dependence on the
internucleon velocity operator $vN [12,13]. When matched to
a Lorentz-invariant, quark-level effective theory, some fine
tuning is required to make $vN -dependent operators leading
[14]. From a bottom-up perspective, however, the associated
response functions contain new CLFV information accessible
to experiment.

If CLFV couples to the transverse components of the
nuclear convective current, then the response W ττ

" + W ττ
"′ is

generated. In the isoscalar case, the excited-state contributions
represent ≈1% of the total response. Correspondingly, the
top left panel of Fig. 3 shows almost no discernible inelastic
contribution. However, if the coupling is isovector, then the
transition to the 3/2+ state provides a modest (≈10%) contri-
bution, leading to a roughly 40% enhancement in the number
of electron counts around 103.5 MeV/c.

Next, we consider responses that arise from projections of
the nuclear spin-velocity current $vN × $σN , which generically
appears when CLFV is mediated by tensor exchanges [13,14].
Taking the longitudinal component yields the response %′′.
As discussed in Sec. V, this response is coherently enhanced
in nuclei, like 27Al, where one of two spin-orbit partner or-
bitals is occupied. Similar to the case of the isoscalar charge
response W 00

M , the coherent enhancement of the isoscalar ten-

sor response W 00
%′′ applies only to the ground-state transition;

excited states contribute !0.5% of the total response. The
resulting CE spectrum, shown in the bottom left panel of
Fig. 6, is indistinguishable from the purely elastic signal. The
isovector response W 11

%′′ shows a very slight excess.
Therefore, while it is true that if any significant excess is

measured over the elastic signal, then there must be some
CLFV mechanism besides the simple coupling to nuclear
charge WM , the converse does not hold: The absence of an
appreciable inelastic CE signal does not imply that µ → e
conversion is mediated the coherent operator WM . If a signal
consistent with purely elastic µ → e conversion is observed,
then subsequent measurements with additional target isotopes
would be required to distinguish between WM , W%′′ , and
W 00

" + W 00
"′ as the CLFV source.

Another interesting case is W 00
%̃

+ W 00
%̃′ , generated from the

transverse projection of $vN × $σN . The transition to the 7/2+

state at 2.2 MeV is ≈40 times stronger than the suppressed
elastic transition, dominating the response, as shown in the
bottom left panel of Fig. 7. The expected number of counts
is high because of our adopted normalization to the ground-
state rate. If the coupling is isovector, then the transition to
the 7/2+ state provides only a modest contribution, yielding a
small second peak in the electron spectrum, deep in the DIO
background, which can be seen in the bottom right panel of
Fig. 7.

025501-19

Mu2e spectrum response default signal region (103.6-105 MeV/c) 
DIO (green)

The peak of elastic conversion can be either coherent or incoherent ?



Result : GBDT response above 0.97

And the last one is we can chose the threshold to cut the right tail at
the same point

In this example, we keep 74% of the signal.

Chen, Dorian (Osaka university) CM36: Multivariable analysis of selecting good quality track fitting for single turn eventsMarch 4, 2022 22 / 24

Mu2E article

Mu2E published an article about choosing high quality track using an
ANN quality selection :

Figure: Reconstructed momentum resolution for simulated electrons with an
ANN quality selection for 99% low-quality measurement rejection

Here the electron energy is [75;110] MeV.

Chen, Dorian (Osaka university) CM36: Multivariable analysis of selecting good quality track fitting for single turn eventsMarch 4, 2022 8 / 24
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Inelastic  Conversionμ− → e−
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Experimental considerations for potential observation?

(2) Suppression of DIO electrons
Use the light target with low Z for the small “B” coefficient (p.24).

(1) Suppression of low energy tail in the spectrum by GBDT.
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up to dimension 7

Dipole (L/R) Scalar (L/R)

“Golden”  CLFV Transition Processesμ → e

39

μ−N → e−N

μ+ → e+γ

μ+ → e+e+e−

4点接触相互作用型 ダイポール型相互作用 
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Figure 4. – Schematic representation of the contribution to processes such as `i ! `j`k`k and
µ ! e conversion arising from a flavour-violating dipole operator and, conversely, to `i ! `j�
from 4-fermion operators.

by more than two orders of magnitudes, in order to provide a more stringent constraint
than the one currently given by µ ! e�. This is due to the fact that, if the dipole
operator dominates, the rates of µ ! eee and µ N ! e N are suppressed by a factor of
order ↵ with respect to µ ! e� [121], as it can be intuitively understood from Figure
4(12):
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Therefore the MEG bound on BR(µ ! e�) translates – within this scenario – to a
limit to the above observables at the 10�15 level. Conversely, a measurement of the
rates of µ ! eee and µ N ! e N much above that value would clearly signal that the
source of CLFV is not the dipole operator Qe� , rather some of the 4-fermion operators
listed in Table IV(13). This would rule out large classes of models, such as the typical
supersymmetric frameworks that we will discuss in section 5. A graphical representation
of present and forecast limits on the coe�cient of the dipole operators from µ ! e
observables is shown in Figure 5.

The above considerations are based on the rather unrealistic hypothesis that new
physics e↵ects are encoded in a single operator. Although this can be approximately true
in certain scenarios, yet the coe�cients of the operators in Table IV are in general not
independent due to radiative e↵ects. Such e↵ects – summarised by the renormalisation

(12) For full calculations of the µ ! e conversion rates in di↵erent nuclei, see [109, 122, 123].
(13) As a matter of fact, there are several new physics models where such operators arise at the
tree level, thus with much larger coe�cients than the dipoles that can only be loop induced.
Some examples will be mentioned in section 6.
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Spin-dependent
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Tensor (L/R)

S. Davidson, YK, Y. Uesaka, M. Yamanaka, Phys. Rev. D102, 11504 (2020) 

Diphoton (L/R)  



Polarized  Conversionμ− → e−
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 conversion with spin polarized muons could be 
used to determine the chirality of the outgoing electron.
μ− → e−

Creating a highly spin-polarized muonic atom for CLFV 
measurements could be extremely challenging!

• High-intensity muon sources, such as COMET/Mu2e 
• Atomic capture 
• Hyperfine interaction, when a nucleus has a spin

Re-polarization of muonic atom



 Conversionμ− → e+
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 Conversion in a Muonic Atomμ− → e+

56

μ− + N(A, Z) → e+ + N(A, Z − 2)

Lepton number violation (LNV) and charged lepton 
flavour violation (CLFV) 
Long range interaction 

Exchange of light Majorana neutrino is small (<10-40) 

 

Short range interaction 
TeV LNV physics

< mμe > = |∑ UμiUei mνi
|
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Event Signature for the transition to the ground state : 

μ− + N(A, Z) → e+ + N(A, Z − 2)
The final state is either ground state or excited states.

Eμe+ = mμ − Bμ − Erec + M(A, Z) − M(A, Z − 2)

e+
μ−

nucleus

Incoherent



Background for  Conversion : RMCμ− → e+
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Maximum photon energy (endpoint) : 
Emax

γ = mμ − Bμ − Erec + M(A, Z) − M(A, Z − 1)

Mass Requirement of Muon target : N(A, Z)
Eμe+ > Emax

γ ⇒ M(A, Z − 2) < M(A, Z − 1)

μ− + N(A, Z) → N(A, Z − 1) + ν + γ; γ → e+e−

Using an appropriate target

B. Yeo, YK, M. Lee and K. Zuber, Phys. Rev. D96 (2017) 075027

ex. 32S, 40Ca, 48Ti, 50Cr, 54Fe, 58Ni, 64Zn, 70Ge (for light and medium nuclei) 

Eμe > Emax
γ ⇒ M(A, Z) < M(A, Z − 1)



 Conversion : Current Limits (1998)μ− → e+

59J. Kaulard et al. (SINDRUM-II), Phys. Lett. B422 (1998) 334.

μ− + Ti → e+ + Ca(gs) ≤ 1.7 × 10−12

μ− + Ti → e+ + Ca(ex) ≤ 3.6 × 10−11

Current limits

( )J. Kaulard et al.rPhysics Letters B 422 1998 334–338 337

Fig. 2. Positron momentum distributions for measuring periods
Ž . Ž .with a,b and without c muon beam. The measured distribution

in part a is compared with the GS and GDR expectations for
my™ eq conversion. The insert b shows the distribution of w ,r f
the decay time relative to the 50.63MHz cyclotron frequency,
exhibiting a peak caused by misidentified scattered beam elec-
trons. The events from the grey region outside the peak have been
interpreted as RMC events. Their momentum distribution is com-
pared with the results from the RMC simulation discussed in the
text.

ŽRMC. Their momentum spectrum also shown in
.Fig. 2a can not be reproduced assuming the photon

distribution discussed above: the measured distribu-
tion reaches 3 MeV beyond the Emax value of theRMC

Ž .dominant isotope see Table 1 . The agreement
demonstrated in Fig. 2a, was obtained by including
an additional component with a 93 MeV endpoint,
corresponding to the maximum photon energy in the

48 Ž y .48 Ž q .reaction Ti m ,n g Sc 0 ,6.68 MeV . Such am

weak transition to a discrete final state could not
have been resolved in the available RMC data. The
number of positrons thus obtained from the Pri-
makoff continuum is 118"15, in nice agreement
with the 130"44 events expected from the RMC
simulation.
The upper limit for the my™eq branching ratio

has been calculated using
n y q
max
m ei

y qB - , isGS,GDR 1Ž .m e i i
y q y qN PA PeOMC m e m e

with n y q
max the upper limit on the observed numberm e

of my™eq events, N the total number of ordi-OMC
nary muon captures discussed above, A y q

i them e
geometric acceptance and e y q

i the product of allm e
efficiency factors, which account for the losses in the
detector signals, readout trigger, data acquisition and

w xevent reconstruction and selection. Following 12
the uncertainties in N , A y q

i and e y q
i haveOMC m e m e

been taken into account in the value of n y q
max :m e

n0 n0qn ynŽ .b omax 0 2
y qn sn 1q r ,m e 0ž /2 n qnŽ .b
with: n0 the value of n y q

max in the absence of anym e
uncertainty, r the relative uncertainty of N POMC
A y q
i Pe y q

i , n the expected number of back-m e m e b
ground events and n the observed number of events.o

w xUsing the prescription described in Ref. 13 for
n s1 and n s1, n0s3.3 at 90% confidence level.o b
Table 2 lists the values of A y q and the variousm e
efficiencies for GS and GDR separately. The effect
of the 92.3 MeVrc momentum threshold has been
absorbed in A y q. Detector inefficiencies and dead-m e
time in the trigger logic and the data acquisition
system are included in the trigger efficiency e .t r i g g er
Using these values Eq. 1 yields the following upper
limits:

B y q
GS -1.7P10y12 90%CLŽ .m e

B y q
GDR -3.6P10y11 90%CLŽ .m e

w xwhich improve on the previous results 14 by a
factor of 2.5.
Meanwhile first data-taking has started at a new

dedicated beamline at PSI. This channel delivers a
high-purity muon beam which no longer requires any
beam veto to control background from RPC or

Table 2
Spectrometer acceptance and some efficiency factors for a mo-
mentum threshold of 92.3 MeVrc

ground state giant resonance

y qA 0.298"0.004 0.0137"0.0003m e
e 0.71"0.02 0.74"0.02t r i g g er
e 0.55"0.10 0.55"0.10r eco
e 0.71"0.07 0.69"0.07cut s

y qe 0.28"0.06 0.28"0.06m e
y q y qA Pe 0.083"0.016 0.0038"0.0007m e m e

Eμe+ = 98.89 MeV

(a) positron spectrum 
(b) prompt and delayed timing 
(c) cosmic-ray background

The sensitivity of COMET/Mu2e 
should be comparable to 

 Conversion.μ− → e−

RMC endpoint is 93 MeV/c, 
instead of maximum off 99 MeV/c 
(maybe 48Sc(0+;6.7MeV) excited ?)
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momentum  (MeV/c)

SINDRUM II

Final result on mu - e 
conversion on Gold 

target is being prepared 
for publication

< 7 x 10-13 90%CL

@ PSI

prompt

delayed
•The signal energy of 

 is 
91.96 MeV. 

•The energy shift (from the 
material in front) can be 0.6 
MeV. 

•The expected peak energy 
is 91.36 MeV. 

• It is about 1 MeV higher 
than the observed peak. 

•  for RMC in the 
Primakoff model is 88 MeV.

μ− + Au → e+ + Ir

kmax

 peak at 90 MeV/c ?e+

arXiv:2009.00214v1 60
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Various theoretical models predict experimentally ac-
cessible rates. One is the minimum supersymmetric
model (MSSM) with R-parity violation, which allows the
predicted branching ratio of !!!e" conversion of the
level of 10!12, since the relevant " and "! parameters
are not constrained (Babu and Mohapatra, 1995). Left-
right symmetric models with a low-mass WR also predict
a !!!e"-conversion branching ratio of 10!14, a value
estimated by the same authors.

2. Event signature and backgrounds

The energy of the positron from !!!e" conversion is
given by

E!e"#m!!B!!Erec!#Z!2

$m!!B!!#Z!2 , (148)

where #Z!2 is the difference in the nuclear binding en-
ergy between the (A ,Z) and (A ,Z!2) nuclei, with the
excitation energy in the final nucleus taken into account.
Usually, it is assumed that a large fraction of the final
nucleus could be in the giant-dipole-resonance state,
which has a mean energy of 20 MeV and a width of 20
MeV. Therefore the e" from !!!e" conversion would

have a broad momentum distribution corresponding to
the width of giant-dipole-resonance excitation.

The principal background is radiative muon capture
or radiative pion capture, followed by asymmetric e"e!

conversion of the photon. For some nuclei, the end point
of the radiative-muon-capture background in Eq. (142)
can be selected to be well separated from the signal. The
background from radiative pion capture must be re-
duced by the rejection of pions in the beam.

3. Experimental status of !!!e" conversion

The SINDRUM II Collaboration at PSI has reported
a search for the charge-changing process !!"Ti→e"

"Ca in muonic atoms (Kaulard et al. 1998). It was car-
ried out simultaneously with a measurement of !!"Ti
→e!"Ti. The e" momentum spectrum is shown in Fig.
32. The results are given separately for the transition to
the ground state and that to the giant dipole resonance.
They are summarized in Table XIII, together with the
previous results.

E. Muonium to antimuonium conversion

A muonium atom is a hydrogenlike bound state of !"

and e!. The spontaneous conversion (or oscillation) of a
muonium atom (!"e! or Mu) to its antiatom, antimuo-
nium atom (!!e" or Mu,) is another interesting class of
muon LFV process. In this Mu!Mu conversion, the or-
dinary additive law of conservation of muon and elec-
tron numbers is violated by two units (#Le/!#$2),
whereas muon or electron number is conserved multipli-
catively (Feinberg and Weinberg, 1961). This possibility
was suggested by Pontecorvo in 1957 (Pontecorvo,
1957), even before the muonium atom was observed for
the first time at the Nevis cyclotron of Columbia Univer-
sity (Hughes et al., 1960).

1. Phenomenology of Mu!Mu conversion

Various interactions could induce !#Li!#2 processes,
such as Mu!Mu conversion, as discussed in Sec. III.E.
To discuss the phenomenology of the Mu!Mu conver-
sion, we take as an example the effective four-fermion

FIG. 32. Positron energy spectra of the !!"Ti→e""Ca re-
action; !!e"(gs) and !!e"(gr) are the expected signals for
the transitions to the ground state and to the giant-dipole-
resonance states, respectively. The assumed branching ratios
for gs and gr are 2.2%10!11 and 4.5%10!10 (provided by P.
Wintz).

TABLE XIII. Historical progress and summary of !!!e" conversion in various nuclei; gs and ex,
respectively, denote the transitions to the ground state and excited states (mostly giant-dipole-
resonance states), respectively.

Process 90%-C.L. upper limit Place Year Reference

!!"Cu→e""Co 2.6%10!8 SREL 1972 Bryman et al. (1972)
!!"S→e""Si 9%10!10 SIN 1982 Badertsher et al. (1982)
!!"Ti→e""Ca(gs) 9%10!12 TRIUMF 1988 Ahmad et al. (1988)
!!"Ti→e""Ca(ex) 1.7%10!10 TRIUMF 1988 Ahmad et al. (1988)
!!"Ti→e""Ca(gs) 4.3%10!12 PSI 1993 Dohmen et al. (1993)
!!"Ti→e""Ca(ex) 8.9%10!11 PSI 1993 Dohmen et al. (1993)
!!"Ti→e""Ca(gs) 1.7%10!12 PSI 1998 Kaulard et al. (1998)
!!"Ti→e""Ca(ex) 3.6%10!11 PSI 1998 Kaulard et al. (1998)

191Y. Kuno and Y. Okada: Muon decay and physics beyond the standard model

Rev. Mod. Phys., Vol. 73, No. 1, January 2001
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Year 90% Limit Lab/Collaboration Reference Material

1952 1.0⇥ 10�1 Cosmic Ray Lagarrigue and Peyrou [1952] Sn, Sb

1955 5.0⇥ 10�4 Nevis Steinberger and Wolfe [1955] Cu

1961 4.0⇥ 10�6 LBL Sard et al. [1961] Cu

1961 5.9⇥ 10�6 CERN Conversi et al. [1961] Cu

1962 2.2⇥ 10�7 CERN Conforto et al. [1962] Cu

1964 2.2⇥ 10�7 Liverpool Bartley et al. [1964] Cu

1972 1.6⇥ 10�8 SREL Bryman et al. [1972] Cu

1977 4.0⇥ 10�10 SIN Badertscher et al. [1977] S

1982 7.0⇥ 10�11 SIN Badertscher et al. [1982] S

1988 4.6⇥ 10�12 TRIUMF Ahmad et al. [1988] Ti

1993 4.3⇥ 10�12 SINDRUM II Dohmen et al. [1993] Ti

1996 4.6⇥ 10�11 SINDRUM II Honecker et al. [1996] Pb

2006 7.0⇥ 10�13 SINDRUM II Bertl et al. [2006] Au

Table 4: History of µ�N ! e�N conversion experiments. Lagarrigue and Peyrou [1952]

saw ⇡ 1� signals for Sn and Sb; we have averaged their results and set an approximate

limit. We thank E. Craig Dukes for help in the preparation of this Table.

with kinetic energy of 590 MeV and a time structure of 0.3 nsec bursts every

19.75 nsec. It is therefore impractical to use the pulse structure and wait

for the pions to decay since the separation between pulses is shorter than

the pion lifetime. The intensity is too high for a veto counter and so the

experimenters chose an 8 mm thick CH2 degrader to reduce the RPC (and

other prompt) contamination, requiring fewer than 104 pion stops during the

total measurement time. Cosmic ray backgrounds using a combination of
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 experiments were 
made at the same time as 

 experiments.

μ− → e+

μ− → e−

Where is 5 for  ?μ− → e−



SINDRUM II

  Conversion on Ti (1998)μ− → e−
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Wintz, P., 1998, in Proceedings of the First International Symposium
on Lepton and Baryon Number Violation, edited by
H.V. Klapdor-Kleingrothaus and I.V. Krivosheina (Institute
of Physics, Bristol/Philadelphia), p. 534.

CR(μ− + Ti → e− + Ti) < 6.1 × 10−13

Lepton-Baryon’98,  
Trento, ECT*, Italy, April 20-25,1998



Future : PRISM/PRIME
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with a factor of 1,000,000 improvement

B(μN → eN) ≤ 10−18



Muon Storage Ring :  Merit (1)
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Allowing the use of high-Z target material1

Flight length of 200 m Pion survival rate < 10-39

Flight length of 17 m for 
COMET/Mu2

Pion survival rate ~5x10-4

Muon Storage Ring

The measurement can start from about the 
beam arrival time, since no pions remain,

linac
ring

diameter 13 m, 5 turns



Muon Storage Ring : Merit (2)
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Allowing the use of thinner targets2

NuFact03@Colombia University2003/6/6

Phase RotationPhase Rotation
method to achieve a beam of narrow energy spreadmethod to achieve a beam of narrow energy spread
n Phase Rotation = decelerate

particles with high energy and
accelerate particle with low
energy by high-field RF

n A narrow pulse structure (<1 nsec)
of proton beam is needed to
ensure that high-energy particles
come early and low-energy one
come late.

FFAG%Muon%Storage%Ring%
•  To%get%more%intense,%monochroma?c,%pure%(from%pion)%

muon%beam%
•  Use%Altena?ng%electric%field%%
–  Faster%muon%lose%energy,%slow%muon%get%energy%

•  Storage%ring%
–  Pion%decays%away%

Oct%14,%2015% M.J.Lee,%Muon%conversion%experiments,%HINT2015% 36%

FFAGS%@%Osaka%university%

Ref:%hfp://prism.phys.sci.osakaXu.ac.jp/research/r003.html%

Phase rotation (synchrotron oscillation)
By accelerating slow muons and decelerating fast 
muons, a beam energy spread can be narrowed.

Muon Storage Ringsmaller number of RF’s



PRISM/PRIME (2003) 

PRISM 
muon 

storage 
ring

PRIME 
detector
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PRISM=Phase Rotated Intense Slow Muon source



PRISM FFA R&D at

Osaka University (2003 - 2007)

• FFA is suitable for acceptation 
low-energy muons

• large beam acceptance

• fast beam acceleration

• synchrotron oscillation
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Fixed Field Alternating Gradient Synchrotron (FFA)

FFA R&D at Osaka 

B(r) ∝ ( r
r0

)5

•Scaling FFA with DFD triplet magnets

RF core (Magnetic Alloy)

1.7m

3.5cm

PRISM MA Core

700cm

156Ω @ 5MHz

RF R&D



Advanced Muon Facility

at Fermilab in the US (2022)
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One Concept for μ↔N ℒ e↔N
• Spiral Detector Solenoid greatly reduces rate 

seen by detector, opens up new detector 
designs (from PRISM)

24R. Bernstein, FNAL                                                                               Snowmass RPF5

ENIGMA  
experiment

Future advanced 
muon facility at 
Fermilab 
discussed in 
Snowmass 2022 
workshop by the 
FNAL people.



PRISM FFA Phase Rotation at

Osaka University (2003 - 2007)
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PRISM-FFAG (6 sectors) in RCNP, Osaka

Ready to demo. phase rotationDemonstration of phase rotation has been made.

T. Nakanishi, Ms.thesis (2008)



Global Timeline of Muon CLFV

71
modified from the muon CLFV white paper for the 
2020 update of European Strategy of Particle Physics

× 100 × 1,000,000× 10,000
× 100,000

2025 2030 2035 2040

Eni



Summary

72

(9)



Summary

The history, experiments, and 
phenomenology of  
conversion are presented, along 
with the planned experiments 
and long-term improvements.

μ → e
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my dog, IKU

15 years old

Although the  conversion is 
an indirect search for BSM, it 
would be crucial to develop the 
necessary tools to understand the 
structure of BSM if it were 
discovered.

μ → e

Thanks!



Backup
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