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%%D Nucleon structure and GPDs

One of the central aims of hadron physics:
to understand better nucleon's 3D structure.

How does the mass of the nucleon arise?

How does the spin of the nucleon arise?  NAS report 2018

What are the emergent properties of dense systems of gluons?
Answering these questions is one of the crucial expectatson

for the upcoming years!

For this, we need to probe the 3D structure.
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What are the emergent properties of dense systems of gluons?
Answering these questions is one of the crucial expectatson

for the upcoming years!

Y For this, we need to probe the 3D structure.
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Generalized parton distributions (GPDs):

Y much more di cult to extract than PDFs,
Y but they provide a wealth of information:

T spatial distribution of partons in the transverse plane, ~ o
1 mechanical properties of hadrons oA ’
Tt hadron's spin decomposition,

Y reduce to PDFs in the forward limit, e.g.H "x; 0;0c g X,
Y their moments are form factors, e.grdxH "x; ;te F1 te.
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Generalized parton distributions (GPDs):
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T spatial distribution of partons in the transverse plane, ey
T mechanical properties of hadrons S
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This talk: mostlyzero-skewness GPDs
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Y Direct access to partonic distributions impossible in LQCD
Y Reason:Minkowski metric required, while LQCD works withEuclidean
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Y
Y
Y

Direct access to partonic distributions impossible in LQCD

Reason: Minkowski metric required, while LQCD works withEuclidean
Way out: similar as experimental access to these distribotis factorization
(experiment) cross-section perturbative-part I partonic-distribution
(lattice) lattice-observable perturbative-part £ partonic-distribution
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Y
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Y

Direct access to partonic distributions impossible in LQCD

Reason: Minkowski metric required, while LQCD works withEuclidean
Way out: similar as experimental access to these distribotis factorization
(experiment) cross-section perturbative-part I partonic-distribution
(lattice) lattice-observable perturbative-part £ partonic-distribution

Which lattice observables one can use?
Good lattice cross sections v.-Q. Ma, J.-W. Qiu, Phys. Rev. Lett. 120 (2018) 022003

T computable on the lattice,
T having a well-de ned continuum limit (renormalizable),
T perturbatively factorizable into PDFs.
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Direct access to partonic distributions impossible in LQCD

Reason: Minkowski metric required, while LQCD works withEuclidean
Way out: similar as experimental access to these distribotis factorization
(experiment) cross-section perturbative-part I partonic-distribution
(lattice) lattice-observable perturbative-part £ partonic-distribution

Which lattice observables one can use?
Good lattice cross sections v.-Q. Ma, J.-W. Qiu, Phys. Rev. Lett. 120 (2018) 022003

T computable on the lattice,
T having a well-de ned continuum limit (renormalizable),
T perturbatively factorizable into PDFs.

Examples:

t hadronic tensor K.-F. Liu, S.-J. Dong, 1993

T auxiliary scalar quark U. Aglietti et al., 1998

Tt auxiliary heavy quark W. Detmold, C.-J. D. Lin, 2005

Tt auxiliary light quark V. Braun, D. Miiller, 2007

Tt quasi-distributions  X. Ji, 2013

T good lattice cross sections Y.-Q. Ma, J.-W. Qiu, 2014,2017
t pseudo-distributions  A. Radyushkin, 2017

Tt OPE without OPE QCDSF, 2017
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But maybe we can aim for direct access? @ %

Direct access to partonic distributions possiblein lattice eld theory
(maybe one day in lattice QCD!) using:

Y tensor network methods with

Y explicit light-front evolution.
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Direct access to partonic distributions possiblein lattice eld theory

(maybe one day in lattice QCD!) using:

Y tensor network methods with
Y explicit light-front evolution.

PDF for the massive Schwinger model

M.C. Baiiuls, KC, D. Lin, M. Schneider, coming soon (LATTICEZ2 024 proceedings arXiv:2409.16996)
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See also (quantum computing perspective):S. Grieninger, K. lkeda, |I. Zahed, PRD110(2024)076008
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K. Cichy, Progress inx-dependent partonic distributions from lattice QCD, plenary talk LATTICE 2021, 2110.07440

K. Cichy, Overview of lattice calculations of the x-dependence of PDFs, GPDs and TMDs REVI EWS
plenary talk of Virtual Tribute to Quark Con nement 2021, 21 11.04552

K. Cichy, M. Constantinou, A guide to light-cone PDFs from Lattice QCD: an overview of approaches, techniques
and results invited review for a special issue of Adv. High Energy Phys2019 (2019) 3036904, 1811.07248

M. Constantinou, The x-dependence of hadronic parton distributions: A reviev on the progress of lattice QCD
(would-be) plenary talk of LATTICE 2020, EPJA 57 (2021) 77, 2 010.02445

X. Ji et al., Large-Momentum E ective Theory , Rev. Mod. Phys. 93 (2021) 035005
M. Constantinou et al., Parton distributions and LQCD calculations: toward 3D stru cture, PPNP 121 (2021) 103908
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%%D Lattice QCD brief reminder

Y QCD put on aEuclideanlattice: quarks sites, gluons links)
Y various discretizations can be used for quarks and gluons
Y typical lattice parameters:
L~a 32;48;64,80;96;128
a> 0:04;0:15 fm
L > 2,10 fm
m LC3 4
a _dim path integral 108 10°-dim integral
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Y QCD put on aEuclideanlattice: quarks sites, gluons links)
Y various discretizations can be used for quarks and gluons
Y

typical lattice parameters:
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Y Monte Carlo simulations to evaluate the discretized path tegral

L~a 32;48;64,80;96;128
a> 0:04;0:15 fm
L > 2;10 fm
m LC3 4
a _dim path integral 108 10°-dim integral

Y feasible, but still requires huge computational resources T il
0”1 1000 million core-hours, depending on the question asked [EEge:
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QCD put on a Euclideanlattice: quarks sites, gluons links)
various discretizations can be used for quarks and gluons

typical lattice parameters:

t L~a 32;48;64;80;96;128
Tt a> 0:04;0:15 fm

T L> 210 fm

T mLC3 4

T a _dim path integral  10® 10°-dim integral

< <

<

Y Monte Carlo simulations to evaluate the discretized path tegral
Y feasible, but still requires huge computational resources = 2t
O~1 1000 million core-hours, depending on the question asked [Egge

Y Lattice QCD o ers a way for a carefulab initio study
of non-perturbative aspects of QCD.
Y Its huge strength: possibility to control all systematic
e ects: cut-o e ects, nite volume e ects, renormalization
guark mass e ects, isospin breaking, excited states, ...
Y For many aspects, already precision results with
percent/per mille total uncertainty.
Y However, many aspects (the dicult ones like hadron structte!)
with still only exploratory studies.
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Y Main di culty for quasi/pseudo PDFs/GPDs:
Initgelueiol needs large hadron boost!
Nucleon structure . . . .

Y Problem: signal-to-noise ratio decaysxponentially

Lattice QCD

Quasi-distributions with increasing boost.

Quasi-GPDs
Setup

Results

Summary
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Lattice QCD what one should keep in mind @ %

Y Main di culty for quasi/pseudo PDFs/GPDs: B I R R

needs large hadron boost!
Y Problem: signal-to-noise ratio decaysxponentially %\ -
with increasing boost. i

Y Example: statistical error is roughly the same for: j I A [
(m 260 MeV, a 0:093fm, 32° 64 lattice, ts 0:93fm) 1 —

T P3 0:83 GeV with 1000 measurements

T P33 1:25 GeV with 10000 measurements

T P33 1:67 GeV with 100000 measurements

T Pz 2:1 GeV cost becoming fairly prohibitive...

And this is twice too large pion mass.
Y At the physical point, many excited states necessitate ireaised source-sink
separation, which furtherexponentially worsens the signal.

*
gluon quark
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Y Main di culty for quasi/pseudo PDFs/GPDs: S S E——

needs large hadron boost!
Y Problem: signal-to-noise ratio decaysxponentially %\ -
with increasing boost. i

Y Example: statistical error is roughly the same for: j I A [
(m 260 MeV, a 0:093fm, 32° 64 lattice, ts 0:93fm) 1 —

T P3 0:83 GeV with 1000 measurements

T P33 1:25 GeV with 10000 measurements

T P33 1:67 GeV with 100000 measurements

T Pz 2:1 GeV cost becoming fairly prohibitive...

And this is twice too large pion mass.

Y At the physical point, many excited states necessitate ireaised source-sink
separation, which furtherexponentially worsens the signal.

Y Some compromise: use 2-state ts that model the hadron as ammdination of:

T the ground state (the desired particle)
T + O"10 100 excited states taken as one e ective state.

However, this goes somewhat against LQCD as a rst-princglapproach.

*
gluon quark
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Y Main di culty for quasi/pseudo PDFs/GPDs: ﬁﬁ%
Initgelueiol needs large hadron boost! |
Nucleon structure . . . .
Y Problem: signal-to-noise ratio decaysxponentially \ %%\ |
Quasi-distributions Wlth InCI'eaSIng bOOSt =
Quasi-GPDs Y Example: statistical error is roughly the same for: LT 0 Y|
Setup (m  260MeV, a 0:093fm, 32° 64 lattice, ts 0:93fm) _— —@- | |
Results T P3 0:83 GeV with 1000 measurements
Summary T P3 1:25 GeV with 10000 measurements #\f

t P3 1:67 GeV with 100000 measurements 7

T P3z 2:1 GeV cost becoming fairly prohibitive...

And this is twice too large pion mass.

Y At the physical point, many excited states necessitate ireaised source-sink
separation, which furtherexponentially worsens the signal.

Y Some compromise: use 2-state ts that model the hadron as ammdination of:

T the ground state (the desired particle)
T + O"10 100 excited states taken as one e ective state.

However, this goes somewhat against LQCD as a rst-princglapproach.
Overall, expect complementary role of lattice

Robust quantitative statements:low moments, form factors
x-dependence: breakthrough in recent years, but a long way go to solid
guantitative statements.

*
gluon quark

< < <
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X. Ji, Parton Physics on a Euclidean Lattice Phys. Rev. Lett. 110 (2013) 262002
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X. Ji, Parton Physics on a Euclidean Lattice Phys. Rev. Lett. 110 (2013) 262002

boosted
spatial correlation

/7 N\
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X. Ji, Parton Physics on a Euclidean Lattice Phys. Rev. Lett. 110 (2013) 262002
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matching /

boosted
spatial correlation

/7 N\
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\
/ Euclidean matrix element:
‘PrStze ATz;00 "0-Pie
3 Its Fourier transform (quasi-distribution)
z can be matched onto the light-cone distribution:
boosted  (Large Momentum E ective Theory (LaMET))
spatial correlation
’ \ 6% ;P 3* R;CSimedY: » O %oaco PiiM§ -PEZ
quasi-PDF pert.kernel PDF higher-twist e ects
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X. Ji, Parton Physics on a Euclidean Lattice Phys. Rev. Lett. 110 (2013) 262002

0 t
N | e Euclidean matrix element:
matching 7 ‘P;S"ze A" 7:00 "0ePje
_ 73 Its Fourier transform (quasi-distribution)
z can be matched onto the light-cone distribution:
boosted  (Large Momentum E ective Theory (LaMET))
, spatial correlation ) } §
/ N €% ;P 3 R, dg—ySCS?;E- qy; * O %oocp Pi;MGPs5Z
quasi-PDF pert.kernel PDF higher-twist e ects
Dirac structures for di erent GPDs: Need di erent projectors
VECTOR: o; 3. H,E (unpolarized twist-2), to dlsentanglel 2/4 GPDs
. . 0
1 20 G1,G2,G3,G4 (vector twist-3). UNPOL: P 7
. . . 0
AXIAL VECTOR: s o; 5 3: H,E (helicity twist-2), POLk: P =571 5 k

5 1; 5 2. G1,G2,G3,G,4 (axial vector twist-3).

TENSOR: 1 3; 2 3: Hy,E7,H7,E7 (transversity twist-2),
1 2. HFES(tensor twist-3).
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Introduction ( b di erent insertions and projectors
ucleon stcture several N vectors
attice d.Q g symmetric: each N separate calc.
Quast-distributions asymmetric: many N at once!
\ )
Setup + . . .
amplitudes frame-invariant
Results possible di erent de nitions of GPDs
Summary
) a S . : :
logarithmic and power divergence
\ ) in bare MEs/GPDs
4 * N\ ¢
reconstruction:
0 non-trivial ( inverse problem)
| ) v I X L
( matching:
} needs large boosts
) ; N valid up to HTEs
' A4
*--{ J nal goal!
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Setup

Lattice setup:

Y fermions: N; 2 twisted mass fermions + clover term
Y gluons: Iwasaki gauge action, 1:778

Y gauge eld con gurations generated by ETMC

Y lattice spacinga 0:093 fm,

Y 32 64 L 3fm,

Y m 260 MeV.

Kinematics:

Y three nucleon boosts:P; 0:83:1:25: 1:67 GeV,
Y momentum transfers: t B2:76 Ge\/, most data: t 0:64: 0:69 Ge\/,
Y skewness: 0:;1-3.

up to O(250K) measurements ( 500 confs, 32 src positions, 16 permut. ON).

Twist-2 unpolarized+helicity GPDs C. Alexandrou et al. (ETMC), PRL 125(2020)262001

Twist-2 transversity GPDs C. Alexandrou et al. (ETMC), PRD 105(2022)034501

Twist-2 unpolarized GPDs S. Bhattacharya et al. (ETMC/BNL/ANL) PRD 106(2022)114512

Twist-2 unpolarized GPDs (OPE) S. Bhattacharya et al. (ETMC/BNL/ANL) PRD 108(2023)014507
Twist-3 axial GPDs S. Bhattacharya et al. (ETMC/Temple), PRD 108(2023)054501

Twist-2 helicity GPDs S. Bhattacharya et al. (ETMC/BNL/ANL) PRD 109(2024)034508

Twist-2 unpolarized GPDs (pseudo-GPDs)S. Bhattacharya et al. (ETMC/Temple) PRD110(2024)054502
Twist-2 helicity GPDs (OPE) S. Bhattacharya et al. (ETMC/ANL/BNL/LANL) JHEP01(2025)1 46
Twist-2 transversity GPDs S. Bhattacharya et al. (ETMC/BNL/ANL) coming soon
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C. Alexandrou, KC, M. Constantinou, K. Jansen, A. Scapellat, F. Ste ens, PRL 125(2020)262001
3
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Lattice+pheno/exp
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GPDs in di erent frames of reference "é %

Standard symmetric (Breit) frame:
source momentumP; "~ E; ™ N-pe

~

sink momentum:P; "~ E; ™ N,
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GPDs in di erent frames of reference -@ %

Standard symmetric (Breit) frame:
source momentumP; "~ E; ™ N-pe
sink momentum:P; "~ E: ™ N,

Lattice perspective:

construction of the 3-point correlation functions requdréor the MEs
needs the calculation of the all-to-all propagator

preferred way. sequential propagator implies separateersions
(most costly part!) for eachPs .

Hence,separate calculation for each momentum transfer N
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GPDs in di erent frames of reference -@ %
Standard symmetric (Breit) frame:
source momentumP; "~ E; ™ N-pe

sink momentum:P; "~ E:® N

N2,
Lattice perspective:
construction of the 3-point correlation functions requdréor the MEs
needs the calculation of the all-to-all propagator
preferred way. sequential propagator implies separateersions
(most costly part!) for eachPs . N
Hence,separate calculation for each momentum transfer N

Asymmetric frame: B
source momentumP; " E;: N
sink momentum:P; " E; ; Pb.

~

Neo
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GPDs in di erent frames of reference @ %
Standard symmetric (Breit) frame:
source momentumP; ~ E: M N-.

|9 ~
sink momentum:Ps

“E; N No.e
Lattice perspective:
construction of the 3-point correlation functions requdréor the MEs
needs the calculation of the all-to-all propagator
preferred way: sequential propagator implies separateersions
(most costly part!) for eachPs . N
Hence,separate calculation for each momentum transfer N

Asymmetric frame: B
source momentumP; " E;: N
sink momentum:P; " E; ; Pb.
Lattice perspective:

Several momentum transfer vectors
a single calculation!

~

Neo

~

Z

can be obtained within

GPDs from LQCD towards mechanical propertes ECT* Trento 02.04.2025 12/ 26



Qégd Tw;sre(7

Lorentz-covariant parametrization J

Main theoretical tool: Lorentz-covariant parametrization of matrix elements:
unpolarized: S. Bhattacharya et al., PRD106(2022)114512
F "z;P;

e e P _ . i P i “ z i *? iz
M UAp, ° ?Al mz A2 FAs m A4 A5 A7 m

Ag u'p; -
m m
helicity: S. Bhattacharya et al., PRD109(2024)034508

i Pz
F 5 up% %

m

5\1 55\2 5GEP—§\3 mz 5\4 —5\5‘ m z 5GEP—§\6 mz 5\7 —5\8‘ u'p; e
m m m m
transversity: S. Bhattacharya et al., coming soon g ! 5  yp® % 1Q2 AT up -
i1
Y most general parametrization in terms of 8 or 12 linearly-sependent Lorentz structures,
Y 8/12 Lorentz-invariant amplitudesA;~&;~A+; "z P;z 2+ 7%
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e . Pl
g 2t Ca : i7ati wp ]
\%?Q Lorentz-covariant parametrization </ %

Main theoretical tool: Lorentz-covariant parametrization of matrix elements:
unpolarized: S. Bhattacharya et al., PRD106(2022)114512

A . e e P _ . i P i “ z i ? i A

F "zzP; « u'py % —A1 mz A2 —A3 im Ay As Asg A7 Ag u’p;
m m m m m m

helicity: S. Bhattacharya et al., PRD109(2024)034508

. Pz . . . . . . . .

F 5 up% % ! 5\1 55\2 5GEP—E\3 mz 5\4 —5\5‘ m z 5GEP—§\6 mz 5\7 —5\8‘ usp;

m m m m m
. . . 12
transversity: S. Bhattacharya et al., coming soon g ! 5 uwp® % @ , At up

i1
Y most general parametrization in terms of 8 or 12 linearly-sependent Lorentz structures,

. . : A 2..2

Y 8/12 Lorentz-invariant amplitudesA;~&~A+; "z P;z ; °;z%.

Example: ( o insertion, unpolarized projector)

symmetric frame: . . .

d . "ESE"E me P2. "E me$ EZ2 m? P2 EP3S E?2 m?2 P2.z -

~ g* C- A A Ag—
asymmetric frame:
R ' "Ef EjEf E; 2m<Ef me "Ef Ei 2m< Ef me<Ef Ej-° "Ei Ejf°*P3z
8 0° C, 3 A1l 3 A3z Ay
8m 4m 4m
"Ef EijEf me<E;f Eje° Ef Ef E;*P3"Ef Ej°z Ef P3"E¢ Ei'ZZ
As Ag Asg
4m 3 4m 3 2m3

Y matrix elements = e or 5 < are frame-dependent

Y but the amplitudes A;, Ei or At; are frame-invariant .

Krzysztof Cichy GPDs from LQCD towards mechanical propertes ECT* Trento 02.04.2025 13/ 26



A1, As (unpolarlzed leading ones)

Re A

Im A;

14 ¢
12+

1t
0.8 r
0.6r
04
0.2}

0

-0.2

0.6

04

0.2}

-0.2

0.4 |

-0.6

Proof of concept (comparison between frames)

o4 Twis
3¢ teg

@ ®
0/

Ez, E (helicity leading ones)

A nonsym—e—: | AAZZS?,Srm
$ Aqsym 251 As asym—a— ]
i1t1 Agnonsymi—o— A symm
o Ag sym |
{ b
%@ i 15} ] %
bg g¢ I i i I
do o 05| I . . I
¢q p? oo n f
¢la gl §§Er U'F§§
eBBRERPEEnT InSgppReBRE 0@;;;555555 nggggszgg
-15  -10 -5 0 5 10 15 -05 _1‘5 10 5 ‘0 5 10 1‘5
PRD106(207%)114512  S. Bhattacharya et al. PRD109(2024)034508
‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ 'A, asym —a—
06|
| i} o
%T‘f‘ sl % % Ag symm |
,?rf?‘? . % ala
‘Tr Ul % i ﬂ"§
£.° . 02} %}H
ngzm ié&m
FEYEEL e FEHELLAL olkbidd e FEEey
.l Im m i1t
3 Py 0.2 o
T o ml%lf
%3 ogl
53¢ oar I ﬁ
- | - 11
-15  -10 5 0 5 10 15 _1‘5 _l‘o 5 ‘0 5 1‘0 1‘5
z/la zla
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e
%ﬁ% ") GPDs possible de nitions

De ning H and E GPDs in the standard way, expressions are frame-dependent:
SYMMETRIC frame: ~ 9 2, S YAE 2 2 27

Z
F. -0 A1q 1 2 Ag ; Foro. A1 2As Ag:
H 2P E 2P3
ASYMMETRIC f - 2 "2 e "3 Zye
rame:; - A 0 m<z o Z U Z 9 0 U
0 1 3 4 6 8
H Po 2PoP3 2P3 2PoP3
5 < 2 2 2 < 2 2
mé2z 2P zZS 2Pg o 4P Z oS 2 oPo 4P§ U
F 0. A1 —2Aj 0 0" A, 2As 0 0 Y A 0 Ag
E Po 2PoP3 2P3 2PoP3
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/ = m;gin; P

€2 > EFa : .. R

\%:ED GPDs possible de nitions vﬁ %
De ning H and E GPDs in the standard way, expressions are frame-dependent:

SYMMETRIC frame: 2 7 7 YAE 2 2

27
2 ) 1 2 .
F. 0 Aj 1 Ag: F_-0. A1 2As Ag:
H 2P E 2P3
ASYMMETRIC f : 2 2 Ze ~ 3 &o
rame: - A 0 m<z o Z 0* A Z 5 0 U Ag
“Qe 1 — M3 4 6 8
H Po 2Py P3 2P 2Py P3
& 2 s 2 2 2
0 m2z* o 2Pge zS % 2Po o 4P02 0° zZ 0S 5 2 oPo 4Py U°
F_-0. Ap —A3 Ag 2As Ag Ag
E Po 2PoP3 2P3 2PoP3

One can also modify the de nition to make it Lorentz-invartaand arrive at:
ANY frame: Fu Az, Fe A1 2As 2zP3As:

With respect to the standard de nition, removed/reduced co ntribution from A3, Az, Ag, As.
In terms of matrix elements: standard de nition only o~ ¢°, o 1-°,

LI de nition additionally: 1o 3¢ (both frames), 15" 3°, 15 o0° 1 2°, 2  1° (asym.).
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De ning H and E GPDs in the standard way, expressions are frame-dependent:
SYMMETRIC frame:

F A, L1 3, F A 2A ZHE® 7 %ZA
“Qe 1 6 ~Qe 1 5 6 -
H 2P E 2P3
ASYMMETRIC f : 2 2 2 ~3 &e
rame: - A 0 m<z o Z 0* A Z ) 0 U Ag
0. 1 —A3 4 6 8,
H Po 2Py P3 2P 2Py P3
& s 2 2 2
0 mZZA o 2Ppe zZS % 2Po o0 4P02 6' Z oS 0 2 oPo 4PO 0° _
F_-0. Ap —A3 Ag 2As Ag Ag:
E Po 2PoP3 2P3 2PoP3

One can also modify the de nition to make it Lorentz-invartaand arrive at:
ANY frame: Fu Az, Fe A1 2As 2zP3As:

With respect to the standard de nition, removed/reduced co ntribution from A3, Az, Ag, As.
In terms of matrix elements: standard de nition only o~ ¢°, o 1-°,

LI de nition additionally: 1o 3¢ (both frames), 15" 3°, 15 o0° 1 2°, 2  1° (asym.).
Two de nitions of 14 :

standard ( 5 3 operator): F, K zP3,E§ m222F7;
another ( 5 ; operators,i 0;1;2): F. &, zP3Ke:

— _ /"3

€ impossible to extract at zero skewness: 2° z Ry 2Ks:
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Signal comparison for di erent de nitions

standard Lorentz-invariant

0.8 T 0.8

average»—><—< ‘ Psmk-( -1,0,-3) Q (-2,0 0)—H ‘ averageHH ‘ Psmk (-1,0,-3) Q (-2,0 O)—-H
Psink=(-1,0,3) Q=(-2,0,0)—=— Psink=(1,0,-3) Q=(2,0,0)—=— Psink=(-1,0,3) Q=(-2,0,0)—=— Psink=(1,0,-3) Q=(2,0,0)——
Psink=(1,0,3) Q=(2,0,0y—=— Psink=(0,-1,-3) Q=(0,-2,0) Psink=(1,0,3) Q=(2,0,0y—=— Psink=(0,-1,-3) Q=(0,-2,0)
0.6 1 Ppsink=(0,-1,3) Q=(0,-2,0) Psink=(0,1,-3) Q=(0,2,0) ] 0.6 [ psink=(0,-1,3) Q=(0,-2,0) Psink=(0,1,-3) Q=(0,2,0)
Psink=(0,1,3) Q=(0,2,0) Psink=(0,1,3) Q=(0,2,0)
04} H% 04} ﬁh
E y % 1 &1
} g } i % % & ii J v.j ﬁ ﬁ' ﬁ
r 02} §Ei{ii%¥ j}ﬁililii 1 r 02f EEEzi Tﬁ] i ﬁi
E L3 ‘ & E T4 m E D 1 % ‘ 2
prensgtg it ® i & & 1 l g tEsdg48 | H MRS SAN i ? b H TTTTER:
OFded g&ﬁ% %f T%} %%%gfi‘ii’fi ¥E 0 g f??% : Eﬁ @t fﬁﬁ?f‘&i%‘%
L ) 1 : &
T i l Tg g { ¢ ] l " Eéj
-0.2 |- { }I $ % ) Tir Fg‘% d 02} ? % q 4 }' .lﬁj
HE T HE Tt
04} -04 T %ﬂ
-15 -10 -5 0 5 10 15 15 10 5 0 5 10 15
“* S. Bhattacharya et al., PRD106(2022)114512 7
‘ ‘average>—‘>H ‘ Psinf(=(-1,0,-3) ‘Q=(-2,0,0)‘—-% average%% ‘ Psinl‘<=(-1,0,-3) ‘Q=(-2,0,0)‘—-%
08 Ppsink=(-1,0,3) Q=(-2,0,0)—=— Psink=(1,0,-3) Q=(2,0,0)—— | 08 [ psink=(-1,0,3) Q=(-2,0,0)—=— Psink=(1,0,-3) Q=(2,0,0—e— |
Psink=(1,0,3) Q=(2,0,0y—=— Psink=(0,-1,-3) Q=(0,-2,0) Psink=(1,0,3) Q=(2,0,0y—=— Psink=(0,-1,-3) Q=(0,-2,0)
Psink=(0,-1,3) Q=(0,-2,0) Psink=(0,1,-3) Q=(0,2,0) Psink=(0,-1,3) Q=(0,-2,0) Psink=(0,1,-3) Q=(0,2,0)
0.6  Psink=(0,1,3) Q=(0,2,0) ] 06  Psink=(0,1,3) Q=(0,2,0) l LT

ImE
ImE

1 Hm“m“”*%ﬂw me? i r JL
it A g ImET it

-0.2 | -0.2 |
d ]
-04 | J 4 m -04 |
_06 L L L L L L _06 L L L L — L L
-15 -10 -5 0 5 10 15 -15 -10 -5 0 5 10 15
z/a zla
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Krzysztof Cichy

Convergence of di erent de nitions of H-~H-E
UNPOLARIZED

E -t=0.69 GeV P;=0.83 Ge
E -t=0.69 GeV P;=1.25 Ge
E -t=0.69 GeV P;=1.67 Ge
E -t=2.76 Ge¥f P;=1.25 Ge

A1, As; Ag

o operator(non-LI)
E-GPD
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Ox>0Z2>—W0

N=LZmxQOr

<z-

Krzysztof Cichy

Convergence of di erent de nitions of H-H-E @ %
UNPOLARIZED

E -t=0.69 GeV P;=0.83 Ge a3

E -t=0.69 GeV P,;=1.25 Ge Foe 11

E -t=0.69 GeV P;=1.67 Ge Foe O T
3t E t=2.76 GeV P;=1.25 Ge Fo 7

o operator(non-LI)
E-GPD
0, T operators(L|)

;
E,, -t=0.69 GeV} P,=0.83 Ge\)( Zacl3

E,, t=0.69 GeVf P,=1.25 GeV a1l -
E,, -t=0.69 GeV P,=1.67 Ge =

3t E,, t=2.76 GeV¥ P,=1.25 Ge
21 A1 Az Ac
Tig
1

-1 -0.5 0 0.5 1
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Krzysztof Cichy

Convergence of di erent de nitions of H-H-E @ %
UNPOLARIZED

E -t=0.69 GeV P;=0.83 Ge
E -t=0.69 GeV P;=1.25 Ge
E -t=0.69 GeV P;=1.67 Ge
E -t=2.76 Ge¥f P;=1.25 Ge

A1, As; Ag

o operator(non-LI)
E-GPD
0, T operators(L|)

;
E,, -t=0.69 GeV} P,=0.83 Ge\)( Zacl3

E,, t=0.69 GeVf P,=1.25 GeV a1l -
E,, -t=0.69 GeV P,=1.67 Ge =

3t E,, t=2.76 GeV¥ P,=1.25 Ge
21 A1 Az Ac
Tig
1

-1

highly-improved!
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é%;) Convergence of di erent de nitions of H-~H-E @ %

UNPOLARIZED

69 GeV} P,=0.83 GeV,

H -t=0. E -1=0.60 GeV P,=0.83 Ge a3

H -t=0.69 GeV P;=1.25 Ge E -t=0.69 GeV P;=1.25 Ge Fo 11

H -t=0.69 GeVf P,=1.67 GeV E -t=0.69 GeV P;=1.67 Ge Fa= O
3t H -t=2.76 GeV} P;=1.25 Ge 3t E -t=2.76 Ge¥f P;=1.25 Ge Fo 7

T A1; A A1, A5 As

OxXx>»0Z2>—W0n

o operator(non-LI)

H-GPD E-GPD
0y T operators(LI)

E,, t=0.69 GeV} P,=0.83 Ge\)( Zacl3

N=LZmxQOr

E,, t=0.69 GeVf P,=1.25 GeV a1l -
E,, -t=0.69 GeV P,=1.67 Ge =
3t E,, t=2.76 GeV¥ P,=1.25 Ge
1, 5 6
]
w
1

-1

<Z-—

highly-improved!
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é%;) Convergence of di erent de nitions of H-~H-E @ %

UNPOLARIZED

69 GeV} P,=0.83 GeV, 0.69 GeVl P;=0.83 Ge

I H -t=0. E-t= Far13
H -t=0.69 GeV P;=1.25 Ge E -t=0.69 GeV P;=1.25 Ge Fp= 11
H -t=0.69 GeVf P,=1.67 GeV E -t=0.69 GeV P;=1.67 Ge Fa= O
A 3t H -t=2.76 GeV} P;=1.25 Ge 3t E -t=2.76 Ge¥f P;=1.25 Ge Fo 7
N . o & A A A
D - 1, 6 " 1, 5 6
n 1t 1t
R 0 :1 0
D . | 1

-1 -05 0 0.5 1 -1 -05 0 0.5 1

o operator(non-LI)

R 0, T operators(LI)
4 T T
Hy, t=0.69 GeVf P3=0.83 Ge a9 E, -t= 0.69 GeV} Py=0.83 Ge\J( Fax-13
E Hy, -t=0.69 GeVf P;=1.25 Ge o7 B, t=0.69 Ge} P=1.25 GeV/ e
H,, t=0.69 GeVf P;=1.67 Ge Fa7 E,, -t=0.69 GeV P,=1.67 Ge =

N 3 H,, t=2.76 GeV P;=1.25 GeV o7 - . 3 E,, t=2.76 GeV¥ P,=1.25 Ge

4 A .t A1;As; A
T 1 1, A5, Ag
Z°

l [ l L

\

| - ;
N 1 1 - :
V 1 05 0

. " basically una ected ___highly-improved!
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é%;) Convergence of di erent de nitions of H-~H-E @ %

UNPOLARIZED

20,69 Ge} P,=0.83 GeV
-t=0.69 GeV P;=1.25 Ge
4=0.69 GeV} P;=1.67 Ge\,
-=2.76 GeVf P;=1.25 Ge

1 A1;As

OxXx>»0Z2>—W0n

20,69 Ge P,=0.83 Ge
-t=0.69 GeV P,=1.25 Ge!
-t=0.69 GeV} P,=1.67 Ge!
-=2.76 GeV P,;=1.25 Ge!

A1, As; Ag

FNINNN
©

0.5

1

-1 -05

o operator(non-LI)

0.5 1

Krzysztof Cichy

- H-GPD E-GPD
8 0y T operators(LI)
E [ yEEEE ES iz o
T ] *A1;A5;A6
Z" | : |
\
I ° %
N 1 o5 0 05 14 o5 - =
V. _basically una ected highly-improved!

Htilde

HELICITY

Htilde -t=0.69 Ge¥ P,=0.83 GeV Fal3

Hiilde -t=0.69 GeV P;=1.25 GeV 2.~ 9 I
Htilde -t=0.69 GeV P;=1.67 Ge Fos 7 -
Htilde -t=2.76 GeV P,=1.25 Ge Fa 7 -

-0.5 0 0.5 1

5 3 operator(Ll)

I$-GPD
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Q%D Convergence of di erent de nitions of H-~H-E @ %

UNPOLARIZED

OxXx>»0Z2>—W0n

N=LZmxQOr

<Z-—

Krzysztof Cichy

H

Hy

20,69 Ge} P,=0.83 GeV
-t=0.69 GeV P;=1.25 Ge
4=0.69 GeV} P;=1.67 Ge\,
-=2.76 GeVf P;=1.25 Ge

A1;Ae

E -1=0.60 GeV P,=0.83 Ge a3

E -t=0.69 GeV P,;=1.25 Ge Foe 11
E -t=0.69 GeV P;=1.67 Ge Foe O T
E -t=2.76 Ge¥f P;=1.25 Ge Fo 7

A1, As; Ag

-05 0 0.5

1

-1 -05 0 0.5

o operator(non-LI)

H-GPD

E-GPD

0, T operators(LI)

; ;
Hy, t=0.69 GeVf P3=0.83 Ge Fa?

Hy, -t=0.69 GeV P;=1.25 Ge Fo7
H,, t=0.69 GeVf P;=1.67 Ge Fa7
H,, t=2.76 GeV P;=1.25 GeV o7 -

=1

E,, t=0.69 GeV} P,=0.83 Ge\)(
E,, -1=0.69 GeV P,=1.25 Ge
E,, -t=0.69 GeV P,=1.67 Ge
E, 1=2.76 GeV P,=1.25 Ge

- A1;As; Ag

. __basically una ected

highly-improved!

GPDs from LQCD towards mechanical properties

HELICITY

Htilde -t=0.69 Ge¥ P,=0.83 GeV Fal3

Htilde -t=0.69 Ge¥ P;=1.25 GeV Foe O

Htilde -t=0.69 GeV P;=1.67 Ge Fu 7
3t Htilde -t=2.76 Ge¥/ P;=1.25 Ge Fa 7 -

Htilde

5 3 operator(Ll)

I$-GPD

50, 5 T operators(LI)

4
Htilde, | t=0.69 Ge¥f P;=0.83 GeV Zacl3
Htilde, , -t=0.69 GeV} P,=1.25 GeV Fa O
Htilde,, -t=0.69 GeV} P;=1.67 Ge Fa 7

3| Hiide, t=2.76 GeV P,=1.25 Ge Fo 7 -

I Ez; Eea ‘
____slightly worse
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t-dependence of H~H~E GPDs (quasi)

Coltaporat®®

3 .
- 25  t=1.49 GeV? " 1,10 t 0:33 Ge
Introduction =136 GeV2 " 2;0;0e t 0:64 GeV?
Results 2F =122 Gev? mmmm " 2;1;0e t 0:79 Ge\\;z2
: : -t=0.79 GeV?2 " 2:2:0e t 1:22 Ge
First extract T
Irst extraction 15 | -t=0.64 GeVi I ~ 3;0;0e t  1:36 GeV?
Reference frames . 1=0.33 Ge\/2 ~ 3:1:0e t 1:49 Ge\2
GPDs de nitions 2 1} -70.17 Gev’ mmmm * 4:0:0e t  2:24 GeV?
Quasi and pseudo 051
Pseud . . - ]
Seudo Impact parameter distribution:
GP[_)S mcl)qmen;s S. Bhattacharya et al. | a U by n
Lattlce+p eno/exp PRD109(2024)034508 GP D X, bU. R 2 ) e GP D X, fe
Twist-3
Summary 0.5 1
3 1 6 I 1
-t=2.24 GeV?2 t=2.24 GeV?
2.5 t=1.49 GeV?2 t=1.49 GeV?2 E
t=1.36 GeV2 t=1.36 GeV2 ud
2 F =1.22 GeVZ mmmm t=1.22 GeVZ mmmm |
t=0.79 GeV2 ar t=0.79 GeV2
15 F -t=0.64 GeV? I -t=0.64 GeV? mE-
-t=0.33 GeV?2 3} -t=0.33 GeV?2 -
T 1L =017 Gev? mmmm t=0.17 GeV? N
=0 GeV? N
05
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S. Bhattacharya et al.
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Introduction

Results

First extraction
Reference frames
GPDs de nitions
Quasi and pseudo
Pseudo

GPDs moments
Lattice+pheno/exp
Twist-3

Summary
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T

—t=0.17 GeV?
—1=0.34 GeV?
—t=0.65 GeV?
—-t=0.81 GeV?
—t=1.24 GeV?
—t=1.38 GeV?
—t=1.52 GeV?
—t=2.29 GeV?

0.5 1.0

S. Bhattacharya et al., coming soon

—1=0.17 GeV?
—1=0.34 GeV?
—t=0.65 GeV?
—1=0.81 GeV?
—t=1.24 GeV?
—1=1.38 GeV?
—1=1.52 GeV?
—1=2.29 GeV?

2I'CI:T;u d ET

-1.0
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% t-dependence

Introduction

Results

First extraction

Reference frames 5
GPDs de nitions

Quasi and pseudo

Pseudo

GPDs moments
Lattice+pheno/exp

Twist-3

Summary
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of HrE+ “'|'¢T ~2I'¢T Er GPDs (quaS|)w

| m——r=017Gev: PRELIMINARY
—t=0.34 GeV? H T ‘U d
—t=0.65 GeV? J 7.5
—t=0.81 GeV?
o —r=1.24GeV? 5.01
—t=1.38 GeV? LS
—t=1.52 GeV? 2.51
—£t=2.29 GeV?
0.0
~2.5
-1.0 -0.5 0.0 0.5 1.0 -1.0 —0.5 0.0 0.5 1.0
¥ S. Bhattacharya et al., coming soon
0.8 + ' ' ' .
B —1=0.17 GeV? — — £=0,—t=0.69 GeV?
—1=0.34 GeV? 2|-q: _ - — — lg|=1/3,—t = 1.02 GeV” Py =1.25 GeV
—1=0.65 GeV? Tiu d Tiu 0.6 1
—t=0.81 GeV? .
I —r=1.24 GeV? %
=138 GeV? My 0.4 F PN |
_1=1.52 GeV? T s r
2 i 7 LN\
—1=2.29 GeV 4 F——X
K02+ gy | ’- . \\ i
//// //\//'_—‘ \\\\\
oBE s T L e
-1.0 0.5 0.0 0.5 1.0 1 i 0 - 1
X Recall rst transversity GPDs exploration PRD 105(2022)034501
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Introduction

Results

First extraction
Reference frames
GPDs de nitions
Quasi

Pseudo

GPDs moments
Lattice+pheno/exp
Twist-3
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GPDs from quasi and pseudo @ %
The same lattice data can also be analyzed within the apprdaof pseudo-GPDs
H u d Eu d
t 0:65GeV

S. Bhattacharya, KC, M. Constantinou, A. Metz, N. Nurminen, F . Ste ens, PRD110(2024)054502
Note, however, the di erent status ofx-dependence reconstruction:
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GPDs from quasi and pseudo
The same lattice data can also be analyzed within the apprdaof pseudo-GPDs

Introduction Hu g Eu d

Results

First extraction

Reference frames t 065 (39\/2

GPDs de nitions

Quasi

Pseudo

GPDs moments

Lattice+pheno/exp

Twist-3 S. Bhattacharya, KC, M. Constantinou, A. Metz, N. Nurminen, F . Ste ens, PRD110(2024)054502

Note, however, the di erent status ofx-dependence reconstruction:

Summary

Y quasi fully-reliable in a limited range ofX > Xmin ; Xmax 0:2;0:8
reason: power corrections 00"~ &cp X°Pse, O° &cp ~ 1 X**Pje.
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Y quasi fully-reliable in a limited range ofX > Xmin ; Xmax 0:2;0:8
reason: power corrections 00"~ &cp X°Pse, O° &cp ~ 1 X**Pje.

Y pseudo x-dependence isnodel-dependent(assumed tting ansatz)
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Xn max e)
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GPDs from quasi and pseudo

The same lattice data can also be analyzed within the apprdaof pseudo-GPDs

Hu d Eu d
t 0:65GeV

S. Bhattacharya, KC, M. Constantinou, A. Metz, N. Nurminen, F . Ste ens, PRD110(2024)054502
Note, however, the di erent status ofx-dependence reconstruction:

Y quasi fully-reliable in a limited range ofX > Xmin ; Xmax 0:2;0:8
reason: power corrections 00"~ &cp X°Pse, O° &cp ~ 1 X**Pje.

Y pseudo x-dependence isnodel-dependent(assumed tting ansatz)
reason: power corrections 0D"z° &cp ¢ limited range of -space data

model-independent fully-reliable GPDs moments ( max Txmax @)

COMPLEMENTARITY e.g. extract x > 0:2;0:8 from quasi
+ add constraints from lowest6 momentsfrom pseudo

See also: X. Ji, LaMET vs. SDE: Contrast and Complementarity, arXiv:2 209.09332
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Introduction

Results

First extraction
Reference frames
GPDs de nitions
Quasi

Quasi and pseudo
GPDs moments
Lattice+pheno/exp
Twist-3

Summary

Krzysztof Cichy

t-dependence of H~E GPDs (pseudo)

S. Bhattacharya, KC, M. Constantinou, A. Metz, N. Nurminen, F. Ste ens, PRD110(2024)054502

Hud

Qualitatively similar picture to the one from quasi-GPDs.
Quantitative conclusions after careful estimation of sysematics!
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GPDs moments from OPE of non-local operators

Short-distance factorization (SDF) can also be used to astrmoments of GPDs.
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GPDs moments from OPE of non-local operators

Short-distance factorization (SDF) can also be used to astrmoments of GPDs.

For ratio-renormalizedd ~E: F¥S~z;p; « p, 2P cVS~ 2;2.4ne O 2cp 22°,
CMS~ 2z2. wjilson coe cients (NNLO for u d, NLO for u d)

Moments of impact parameter parton distributions in the trasverse plane:

n 10U S ~9 .gA” 1,0 NLZJ.e B Mo
A d? |QIU ~ K ~ K i B N
;’I’I- 1 ° S A2 ¥ An 1:0 N‘LZJ. |ﬁ8n 1:0 N‘LZJ. e IblU U
1st moment 2nd moment 3rd moment 4th moment

S. Bhattacharya, KC, M. Constantinou, X. Gao, A. Metz, J. Mil ler, S. Mukherjee, P. Petreczky,
F. Ste ens, Y. Zhao, PRD108(2023)014507
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GPDs moments (axial vector)

Similar extraction of momentsA®. §' using SDF sy u d u d
can be done in the axial vector sector.

In particular, one can extract moments related to:

Y quark helicity: S§ 2 Rll dx¥9"x; 0; 0e ZA1.,"0e

Y quark OAM: L7 J7 S} 27A7.,°0e B3, 0 A7, 0

Y spin-orbit correlation: Cj/  2"A3.,"0e  AJ.; O
(ignoring term suppressed byng~2my with E+ 2H7)

L u d u d C) u d u d

S. Bhattacharya, KC, M. Constantinou, X. Gao, A. Metz, J. Mil ler, S. Mukherjee, P. Petreczky,
F. Steens, Y. Zhao, JHEP01(2025)146
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Combining lattice with pheno/exp data

Another opportunity forCOMPLEMENTARITY .
combine lattice data with phenomenological/experimerdata
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Combining lattice with pheno/exp data

Another opportunity forCOMPLEMENTARITY .

combine lattice data with phenomenological/experimerdalta:

Y lattice: double ratios removing explicit info on PDFs and EFFs (thus, lots of systematics mildened),
Y pheno/exp: proton's and neutron's magnetic and electric EFFs and their ratios.

5 5 10.02 5 5 r0.02
' 25 25 25 25
S S S S
[)] (] [] (]
O o O o
E 0 E 0 0.01 E 0 E 0 0.01
.D> .Q> .D> .Q>
-25 25 -25 25
S5 25 0 25 5 %5 25 o0 25 5 ° S5 25 0 25 5 %5 25 o0 25 5 °
b, [1/GeV] b, [1/GeV] b, [1/GeV] b, [1/GeV]
O 5 5 5 0.02 5 5 0.02
25 25 25 25
S S S S
[] [ [] [
Q Q Q Q
4 0 10 0.01 S 0 =10 0.01
g -y o -3
25 25 25 25
S5 25 0 25 5 % 25 0 25 5 ° S5 25 0 25 5 %5 25 0 25 5 °
b, [1/GeV] b, [1/GeV] b, [1/GeV] b, [1/GeV]

KC, M. Constantinou, P. Sznajder, J. Wagner, Phys. Rev. D110(2024) 114025
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Twist-3 GPDs

PDFs/GPDs can be classi ed according to their twist, which éscribes the order in~Q at which
they appear in the factorization of structure functions.

Twist-2 probability densities for nding partons carrying fraction x of the hadron momentum.
Twist-3 no density interpretation, contain important information

about ggqcorrelations, appear in QCD factorization theorems for a

variety hard scattering processes, interesting conneat® with TMDs,
important for JLab12 and EIC, but di cult to measure.
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PDFs/GPDs can be classi ed according to their twist, which éscribes the order inl~Q at which
they appear in the factorization of structure functions.

Twist-2 probability densities for nding partons carrying fraction x of the hadron momentum.

Twist-3 no density interpretation, contain important information
about ggqcorrelations, appear in QCD factorization theorems for a
variety hard scattering processes, interesting conneat® with TMDs,

important for JLab12 and EIC, but di cult to measure.
S. Bhattacharya, KC, M. Constantinou
A. Metz, A. Scapellato, F. Ste ens
Y matching for twist-3 PDFs: gr; h.; e
S. Bhattacharya et al., PRD102(2020)034005, PRD102(2020)114025
BC-type sum ruless. Bhattacharya, A. Metz, PRD105(2022)054027

Note: neglectedggqcorrelations
see also:V. Braun, Y. Ji, A. Vladimirov, JHEP 05(2021)086, 11(2021)0 87

Exploratory studies:

Y lattice extraction of g¢ 9"xe and h! 9" xe

+ test of Wandzura-Wilczek approximation
S. Bhattacharya et al., PRD102(2020)111501(R), PRD104(2021)114510
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Note: neglectedggqcorrelations
see also:V. Braun, Y. Ji, A. Vladimirov, JHEP 05(2021)086, 11(2021)0 87

Exploratory studies:

Y lattice extraction of g¢ 9"xe and h! 9" xe
+ test of Wandzura-Wilczek approximation
S. Bhattacharya et al., PRD102(2020)111501(R), PRD104(2021)114510

Y rst exploration of twist-3 axial GPDs: &,: &,; &;; €,
S. Bhattacharya et al., PRD108(2023)054501

j 35 sign Pg "JU
3

i 5 . j 5 _ 3
F '—mFe e, i 5Fe €& —P; Fe&, = Fe,
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Conclusions and prospects

Y

Y

Main messageprobing nucleon's 3D structure with LQCD
becomes feasible!

Recent breakthrough for GPDsomputationally more e cient
calculations in non-symmetric frames .

Also, new de nitions of GPDs with di erent convergence
properties e.g. faster convergence in some instances.

A lot of follow-up work in progressnon-zero skewness other
twist-3 GPDs, meson GPDs, extensions of kinematics.

Obviously, GPDs much more challenging than PDFs.

Several challenges have to be overcome control of latticd a
other systematics.

Quanti cation of systematics very laborious, but crucial.

Consistent progress will ensure complementary role to
phenomenology and experiment!
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Lorentz-covariant parametrization

Main theoretical tool: S. Bhattacharya et al., PRD106(2022)114512
Lorentz-covariant parametrization of matrix elementsgevector case):
A . e e P _ 7 i P i ? z i * i ‘ A
F "zP; « u'py % —A1 mz A —A3 im Ay Asg Ag A7 Ag u’p;
m m m m m
(inspired by: S. Meissner, A. Metz, M. Schlegel, JHEP08(2009)059.
Y most general parametrization in terms of 8 linearly-indepdent Lorentz structures,
Y 8 Lorentz-invariant amplitudesA;"z P;z ; *;z°e.
Example: ( o insertion, unpolarized projector)
symmetric frame:
"ESE'E me P2. "E m+S E? m? P3e EP3S EZ m? P2.z
s~ . c- A A Ae—
o o° C- om 3 1 3 5 3 6
asymmetric frame:
R ' "Ef EjEf E; Z2Zm<Ef me "Ey Ei 2m<<Ef m<Ef Ej-° "Ei Ejf-°P3z
0 o © 8m 3 Al 4m3 As 4m A4
"Ef EijEf me<Ef Ej-° Ef Ef E;*P3"Ef Ej°z Ef P3"E¢ Ei'ZZ
4m3 As 4m3 o 2m3 o
Y matrix elements = e are frame-dependent ,

Y but the amplitudes A; are frame-invariant .
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Proof of concept (comparison between frames)

Al, A5 (Ieadlng ones)

5 Al nonsym% i 1.4} A2 nonsym% R
} A, sym A, sym
§3 Ag nonsym —e— 12} Az nonsym:—e—
. . Ag sym 1 A Az sym
t t I 4 NONSyM —a—
¢ A, sym
%f @@% <« 28 Agnonsym: |
o) | Ag sym i
0.6 6
¢y ) Re ¢« A nonsym
¢ od 0.4 ¢ I ] Az sym
j i J J Agnonsym:———
e L 0.2 4 4 Agsym
QFPEEEEF%;;E m; pRLEBRE 0ppps:EEEEEEEEEE‘EELETEFFEEEEEEm;eeee“e
L L L L L L L _02 L L L L L L L
-15  -10 -5 0 5 10 15 -15  -10 -5 0 5 10 15
z/ z/a
°S. Bhattacharya et al., PRD106(2022)114512
T T 06 T T
j4td 0.4}
stgugt
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o - 3 j
2w ¥ T 3
geo < f“‘giﬂ P REEE
@gmggmm B mm?ﬁ&&ima OtbbEEEEEEE‘»Eﬁ%EQ,"_E Trfffececeneepene
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Ao, As, A4, As, A7, Ag (suppressed one
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H and E GPDs possible de nitions

De ning H and E GPDs in the standard way, expressions are frame-dependent:

SYMMETRIC frame: -~ 9 5
Fo-o 1 z 1 2" 6
H 2P3
F A on DHET T 32,
0 1 5 6 -
E 2P3
ASYMMETRIC frame:
A 2 A
0 m2z o 5 & 2§ o &
Fyo A1 —As3 4 6 8 ;
Po 2PoP3 2P3 2PoP3
0 m2z° o 2Pge 28 5 2Py o 4PZ  &e z 085 5 2 oPp 4P¢ &
F_~0. A1 ——A3 Ay 2As Ag Ag
E Po 2PoP3 2P 2PoP3

One can also modify the de nition to make it Lorentz-invartaand arrive at:

ANY frame: Fy Aqp:

FE A1 2A5 22P3A6Z

With respect to the standard de nition, removed/reduced co ntribution from As, A4, Ag, As.

~

In terms of matrix elements: standard de nition only o~ ¢°, o 1-°,

~ ~ ~ ~

LI de nition additionally: 1o 3¢ (both frames), 15" 3°, 12 o0° 1 2° 2 1° (asym.).
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H and E GPDs comparison of de nitions

STANDARD DEFINITION
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Bare matrix elements of g
symmetric frame non-symmetric frame
[Py 125Gev  EEIMTAET Py 125Gev ~ EERATANT
oof T 0:69 GeV i35 - | osf T 0:64 GEV ; rincaon&on «
R e 0 lEktsests
_osf w}m Psink=(0,1,-3) Q=(0,2.0) _osf wﬂ J\Psink=(0,0,-3) 0=(0.2.0)
oo i i@ QH%U Re & » }ﬁ }}%
A foo
‘ b i
0 %%gﬂiﬁig?;ﬁgfﬁ Eﬁ ﬁﬁgfm;@f@;@@ G 0 mﬁféé@i#ﬁ@{%g?i & %ﬁ}f@##@iﬁ weE
s o S. I;hattzcha;;a et al., PRD106(2()_1252)110451é5 w v
0.4 %}}} 0.4 IL kb%
i H i
02 Eij 1 02} I
H ﬁﬁiﬁa% ?MWHHMQ H ﬁi % l! %%ig
§ o s &%}2 i ]H ﬁ@??fﬁ o Im 2’3 ° fﬁ%igﬁ% % % % Ml | ﬁ%é@fg%%
- ;] 1 - ] T
0.2 N ‘ H 1 ﬁ 02} }% l h]”i?
W e
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Example amplitude A,

symmetric frame non-symmetric frame
P 125Gev mcsdEass Py 125Gev  EmEEES
't 0:60 Ge\Ppl anckideszn | Ut 0:64 Ge\R ] fsheateza
0sl ' 0 %? Panc(L0.3) 0200 | sl ' 0 ﬂ Penc(00.9 0200 © - |
% j % Pk (0.1.3) 0~0.2.0) 115 Fine 00D o620
2 06| % ﬁ average—»—~ | &' 06| k averager——- |
£ ol 4 %% I Re & .. ﬁé gg
0.2} % %ﬁﬁ %@ 1 02} ) @@ é%
0 %%’%%gggg;???iﬁ* AR 0 ;ﬂﬁﬁ‘égégégéﬁggﬁﬁ %ggggmm
| _ | #* S. Bhattacharya et al., PRD106(2022)11451é A
0.4 % % 1 0.4 F
Al R
o2 Eﬁi}fﬁ‘ {I} f*L #igii | % $§§TTT % ﬁi %ﬁg
b, s s B! ‘ff& ]7! *§;g e, %x : gg
Eoopme ﬁ} T B T
04} 04} } } %
' 15 10 5 Z;>a 5 10 15 ' 15 10 5 Z;)a 5 10 15
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Example amplitude As

symmetric frame non-symmetric frame

Psink=(-1,0,3) Q=(-2,0,0)—=— Psink=(0,0,3) Q=(-2,0,0)—=—

- Psink=(1,0,3) Q=(2,0,0 : I Psink=(0,0,3) Q=(2,0,0
o T3 L25GEV magess T o P30 2o GEVL L Sdiiieess
' . Psink=(0,1,3) Q=(0,2,0) ’ . Psink=(0,0,3) Q=(0,2,0)
t 0:69 GEV rijlrmcGiagoen t 0:64 GeVy L pome ey -
O : Psink=(1,0,-3) Q=(2,0,0)—=— J £ | Psink=(0,0,-3) Q=(2,0,0y——
, sink=(0,-1,-3) Q=(0,-2,0) O . %14 7Psink=(0,0,-3) Q=(0,-2,0)
N j Psink=(0,1,-3) Q=(0,2,0) | N T \ l. l4Psink=(0,0,-3) Q=(0,2,0 |
i average—x— averager——
L ) - 4
: h % Re ¢ o 173
}

1l |
0.5 ! % 05} j %
| i}% ' b } i ;
og@@@a@@ %%%%%%@ga% b ﬁ f—
cor T Z‘S I;hattzcha;;a et al., PRD106(201252)11045125 o 5 c

0.6

i
il iii%fJ{¥L
J
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Do M S 3 et H T
4 i I
LA I T

Krzysztof Cichy GPDs from LQCD towards mechanical propertes ECT* Trento 02.04.2025 34/ 26



Example amplitude Ag

symmetric frame non-symmetric frame

‘ ‘ ‘ " Psink=(-1,0,3) Q=(-2,0,0)—=— ‘ ‘ ‘ " Psink=(0,0,3) Q=(-2,0,0)—=—
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Quasi- and matched H and E GPDs
STANDARD DEFINITION

Quasi-GPDs s. shattacharya et al, Pro106(2022)114512 - Matched GPDs
H-GPD E-GPD H-GPD E-GPD

LORENTZ-INVARIANT DEFINITION
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Twist-3 PDFs

PDFs/GPDs can be classi ed according to their twist, which éscribes the order inl~Q at which
they appear in the factorization of structure functions.
LT: twist-2 probability densities for nding partons carrying fraction x of the hadron momentum.

Twist-3: QUASI | TMF | m 260 MeV | a 0:093 fm

no density interpretation,

contain important information about qgqgcorrelations,
appear in QCD factorization theorems for a variety of
hard scattering processes,

have interesting connections with TMDs,

important for JLab's 12 GeV program + for EIC,
however, measurements very di cult.

<<=< <<=

Exploratory studies:

Y matching for twist-3 PDFs: gr; h.; e
S. Bhattacharya et al., Phys. Rev. D102 (2020) 034005
S. Bhattacharya et al., Phys. Rev. D102 (2020) 114025

BC-type sum ruless. Bhattacharya, A. Metz, Phys. Rev. D105 (2022) 054027

Note: neglectedggqcorrelations

see also:v. Braun, Y. Ji, A. Viadimirov, JHEP 05(2021)086, 11(2021)0 87

Y lattice extraction of g¢ 9"xe and h! 9" xe

+ test of Wandzura-Wilczek approximation
S. Bhattacharya et al., Phys. Rev. D102 (2020) 111501(R)
S. Bhattacharya et al., Phys. Rev. D104 (2021) 114510
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Twist-3 axial GPDs

Very recently, we combined our explorations of GPDs and ddt{® distributions
S. Bhattacharya et al., PRD108(2023)054501

Twist-3 axial GPDs:&: &,: &;: &,

. . ] 5 _ '
Fie - —Fee |s5Fge, P, 65 Py Fe,

Contributions from di erent insertions and projectorsN( T 1;0;0e):

~ 2 5; 0°. |'q: @2 and@4,
5; oe . |'q: @2 and @4,
5; 1°. |'q: @2 andl@ @1,
> ge: @3-

Fa

2
~ 1
1
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Krzysztof Cichy

Twist-3 GPDs In coordinate space

S. Bhattacharya et al.
PRD108(2023)054501
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Twist-3 GPDs in  x-space

S. Bhattacharya et al.
PRD108(2023)054501
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Isolating &,

S. Bhattacharya et al.
PRD108(2023)054501
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Consistency checks

Burkhardt-Cottingham-type sum rules:
Gp'te RL,AXUEX; ;te & x; ;teZ R, dxEX; ;te

~r

R, dx&x; ;te 0
Gate Rll dx %% x; ;te & x; teZ Rll dx 19" x; ;t e

GPD P3; 0:83 [GeV] P; 1:25 [GeV] P; 1:67 [GeV] P3; 1:25 [GeV] P3; 1:25 [GeV]
t  0:69 [GeV?] t  0:69 [GeV?] t  0:69 [GeV?] t 1:38 [GeV?] t  2:76 [GeV?]

1% 0.741(21) 0.712(27) 0.802(48) 0.499(21) 0.281(18)

¢ &, 0.719(25) 0.750(33) 0.788(70) 0.511(36) 0.336(34)

Y satised for ¢ &, same local limit and norm ask¥,
Y cannot be tested for& &, € inaccessible at 0.
Y norms of & and &, close to vanishing.

Efremov-Leader-Teryaev-type sum rules:
1

1
g dxx &;"x; it 7 Ge "t g dxx & x; te 7 Ge e
1

Y &; indeed vanishes at 0,
Y &, non-vanishing and small.
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GPDs moments from OPE of non-local operators

Short-distance factorization of ratio-renormalizét-E:
MS~_. . T izPe" _Ws. 2.2 <on ~ 2 2.
F™z,P; e So y Ch z°»x'e O GHepZe;

Cr'}"_s“ 2z%s  Wilson coe cients (NNLO for u d, NLO for u d)

S. Bhattacharya et al. (ETMC/BNL/ANL) PRD 108(2023)014507
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GPDs moments from OPE of non-local operators

~Also
higher moments!

S. Bhattacharya et al.
(ETMC/BNL/ANL)
PRD 108(2023)014507
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GPDs moments from OPE of non-local operators

Moments of impact parameter parton distributions in the niverse plane:

RN a2 Ny, c N
. S =~ An 1.0 e it
- d2N - 5 .
T - U ~ N2,
n1®* S SRy An 1,0 Nu‘ I_ZM Bn 1,0 H’
1st moment 2nd moment 3rd moment 4th moment

S. Bhattacharya et al. (ETMC/BNL/ANL) PRD 108(2023)014507
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