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lWhat is the main mechanism for the 𝐽/𝜓 photoproduction in the near-threshold region?
p Gluon exchange?
p Coupled-channel mechanism?

Ø if open-charm channels are produced with larger rates
Øhinder extraction of gluonic matrix element in the regime
ØFeature: cusps at open-charm thresholds
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Remarks on 𝑱/𝝍 photoproduction and 𝑱/𝝍𝑵 scattering

Unitarity: 𝐽/𝜓𝑝 → 𝐽/𝜓𝑝 enters w/o 
VMD, but cannot be singled out

GlueX, PRC 108 (2023) 025201

M.-L. Du et al., EPJC 80 (2020) 1053 

Measure the open-charm production!



l 𝐽/𝜓𝑁 scattering length mechanisms

p Open-charm coupled channels (𝐽/𝜓𝑁 − Λ!(𝐷(∗)/Σ!
(∗)(𝐷(∗) − 𝐽/𝜓𝑁)

ØBased on solution of coupled-channel LSE fitted to 𝑃! data (direct 𝐽/𝜓𝑁 scattering neglected, only via
coupled channels)

ØResult: 𝒪(−(0.1…10)×10%& fm)
p Soft-gluon exchange

ØBased on dispersion relation

ØResult: 𝑎 ⁄( )* ≲ −0.16 fm, 𝑎 ⁄( )*𝑎) +, * ≥ ( )−0.15 fm +
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Remarks on 𝑱/𝝍 photoproduction and 𝑱/𝝍𝑵 scattering

M.-L. Du et al., PRL 124 (2020) 072001; JHEP 08 (2021) 157
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Prediction

𝜓! → 𝐽/𝜓𝜋𝜋

Ø consistent with later lattice QCD result

𝑎!/#$	('()/*) = −0.30,-.-*,-.-*/-.-*/-.--	fm

Y. Lyu et al. [HALQCD], PLB 860 (2024) 139178

Low-energy 𝐽/𝜓𝑁 scattering dominated by
gluonic exchange

B. Wu et al., arXiv:2410.19526



lDefinitions
p Gravitational form factors (GFFs) for spin-0 particles, e.g., for pion:

p Nucleon GFFs
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Pion and nucleon GFFs
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𝑃0 = 𝑝10 + 𝑝0 , Δ0 = 𝑝10 − 𝑝0 Crossing, for constructing dispersion relations
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lUnitarity ⇒ discontinuity (imaginary part) of the pion GFFs
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Unitarity relation for the pion GFFs
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𝜋𝜋 scattering

Mandelstam variables: 𝑡 = 𝑃+, 𝑠 = 𝑝- − 𝑙 +, 𝑢 = 𝑝 − 𝑙 +; only two independent,  𝐴./0 𝑡, 𝑠 ≡ 𝐴./0 𝑡, 𝑠, 𝑢
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S-, D-waves S-wave



lDiscontinuity of 𝐴4 and 𝐷4

lDecomposition into 𝐽56 = 077, 277 matrix elements (conserved separately):
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Unitarity relation for the pion GFFs
𝐴3, 𝐴+ ⇒ combinations of isoscalar 𝑆-, 𝐷-wave 𝜋𝜋 amplitudes 𝑡00 𝑡 , 𝑡+0 𝑡 :
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l𝜋𝜋 phase shifts known precisely from Roy(-like) equation analyses

lGeneralization to coupled channels: isoscalar, scalar 𝜋𝜋-𝐾(𝐾; 𝑓0 500 , 𝑓0(980) mesons
p Unitarity relation for Θ4 𝑡 ⇒ matrix relation for coupled channels (both pion and kaon trace GFFs):
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𝝅𝝅-𝑲'𝑲 coupled channels

<latexit sha1_base64="Qt6fOD7vRtmxjdGrEUYw+hLrc+Q="></latexit>

Im! (t) = [ T 0
0(t)]! " 0

0(t) ! (t), ! (t) =
!

! ! (t)
2"
3
! K (t)

"
<latexit sha1_base64="/bVJO9Cc5ko4P3LSWwjxxC91Bbw="></latexit>

Im!ω(t) =
2pω→

t

(
t00(t)

)→
!ω(t)

<latexit sha1_base64="jUwb89EGv1DK1bvsCm6D8lyjlr8="></latexit>

! 0
0(t) ! diag(! ! " (t " t ! ), ! K " (t " tK ))

with ! i (t) !
!

1 " 4m2
i /t (i = #, K )

phase-space factor

<latexit sha1_base64="zptAUCpWHlVkPTQPS8RslLihoPo="></latexit>

T 0
0(t) =

!

"
! 0

0 ( t )e2 i ! 0
0 ( t ) ! 1

2i " "
|g0

0(t)|ei ! 0
0 ( t )

|g0
0(t)|ei ! 0

0 ( t ) ! 0
0 ( t )e2 i ( ! 0

0 ( t ) ! ! 0
0 ( t )) ! 1

2i " K

#

$

𝜋𝜋-𝐾6𝐾 T-matrix

<latexit sha1_base64="UX2g0AV15pzk7+EgMssfppR6DKU="></latexit>

! 0
0(t) =

!
1 ! 4" ! " K |g0

0(t)|2#(t ! tK )

J. Donoghue, J. Gasser, H. Leutwyler, NPB 343 (1991) 341

Bern group; Madrid-Krakow group



l Single-channel: Watson’s theorem ⇒ phase of FF = scattering phase shift

p Omnès solution

Ø𝛿+0, 𝜂+0 up to 𝐸0 ≃ 2 GeV from latest dispersive analysis
ØBeyond matching point 𝐸0,

ØPolynomial: 𝑃+4 𝑡 = 1 + 𝛼𝑡 matched to NLO ChPT
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Muskhelishvili-Omnès representation
K.M. Watson (1952)
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M. Hoferichter et al., Phys. Rept. 625 (2016) 1

<latexit sha1_base64="gNG5fb583fLMddA4v+vIOFoiqRU="></latexit>

!
!t0

2

!
! ei ! 0

2 =
! 0

2e2i " 0
2 ! 1

2i " #

!"# $"! $"# %"!

! %

!

%

&

'

P. Bydžovský et al., PRD 94 (2016) 116013

<latexit sha1_base64="uVQP3GYrE1TvBhzYFRO19YGh0b0="></latexit>

! 0
2(t) = " +

!
! 0

2

!
E 2

0

"
! "

" 2

1 + (
"

t/E 0)3

#0
2(t) = 1 +

!
#0

2

!
E 2

0

"
! "

" 2

1 + (
"

t/E 0)3

B. Moussallam, EPJC 14 (2000) 111

<latexit sha1_base64="aNqDLCLondd84JCd8RjeiZXlR3k="></latexit>

A ! ,K (t) = 1 !
2L r

12

F 2
!

t J. Donoghue, H. Leutwyler, ZPC 52 (1991) 343
<latexit sha1_base64="MeV8GpkxJp9Ga1Kb0oooFZn21co="></latexit>

L r
12 = !

F 2
!

2m2
f 2

tensor-meson dominance estimate:
<latexit sha1_base64="6UTWyxSRMqdaAitpejUBtIuwx+c="></latexit>

P !
2 (t) = 1 +

!
1

m2
f 2

! ú! 0
2(0)

"

t " 1 ! (0.01 GeV! 2)t

PDG average: 𝑚#" = 1275.4 ± 0.8 MeV
We take 𝑚#" = 1275 ± 20 MeV for a conservative
error estimate

PDG2024

Meson dominance picture, talks by E. Ruiz Arriola, W. Broniowski



lCoupled-channel: solution known as the Muskhelishvili-Omnès (MO) representation
p The above can be generalized to 𝜋𝜋-𝐾(𝐾 coupled channels (matching point: ∼ 1.3 GeV)
p Take isoscalar scalar 𝜋𝜋-𝐾(𝐾 as example
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Muskhelishvili-Omnès representation
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𝜋𝜋 phase shifts: Roy equation

𝜋𝜋 → 𝐾6𝐾: Roy-Steiner equation
I. Caprini et al. (2012);

P. Büttiker et al. (2004);



lPion and kaon trace GFFs:

lMatching to NLO ChPT

l Similar coupled-channel analysis for D-wave 𝜋𝜋-𝐾(𝐾 ⇒ coupled-channel results for 𝐴4, 𝐴8 and 𝐷4, 𝐷8
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Muskhelishvili-Omnès representation
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Pion and kaon GFFs
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lUsing the 𝜋𝜋 scattering phase shifts at unphysical pion masses (239 MeV, 283 MeV, 391 MeV) obtained 
from Roy equation analyses
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Pion GFFs: pion mass dependence

X.-H. Cao et al., PRD 108 (2023) 034009; A. Rodas et al., PRD 109 (2024) 034513
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Unitarity relation for nucleon GFFs
lDiscontinuity:

l In the region 𝑡 ∈ (𝑡4, 16𝑡4), only 𝜋𝜋 intermediate state

𝜋𝑁, 𝜋𝜋/𝐾 $𝐾 → 𝑁6𝑁 scattering<latexit sha1_base64="RqptGBIfOO5kNzZYsIvT+F50xfw="></latexit>
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lPartial-wave amplitudes for 𝜋𝜋 → 𝑁(𝑁

lDiscontinuity of the nucleon GFFs

lDecomposition into 𝐽56 = 077, 277 matrix elements
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𝝅𝝅 → 𝑵'𝑵 amplitudes
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l Inputs: 𝜋𝜋/𝐾(𝐾 → 𝑁(𝑁 S-wave amplitudes 𝑓±
0,+, ℎ70  from Roy-Steiner equation analyses
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𝜋𝜋/𝐾'𝐾 → 𝑁'𝑁 S-wave amplitudes

M. Hoferichter et al., Phys. Rept. 625 (2016) 1; PLB 853 (2024) 138698;  X.-H. Cao et al, JHEP 12 (2022) 073

G.E. Hite, F. Steiner (1973) 
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l Inputs: 𝜋𝜋/𝐾(𝐾 → 𝑁(𝑁 S-wave amplitudes 𝑓±
0,+, ℎ70  from Roy-Steiner equation analyses

lDispersive relations for the nucleon GFFs
p Normalization ⇒ sum rules

p Introduce S-wave (077) and D-wave (277) poles to the spectral functions: 𝜋𝑐,,;𝑚,,;
+ 𝛿 [\𝑡 − 𝑚,,;

+  to 
satisfy the sum rules
Ø077: 𝑚, ∈ (1.5, 1.8) GeV to cover 𝑓0(1500) and 𝑓0(1710)
Ø277: 𝑚; ∈ (1.5, 2.2) GeV to cover 𝑓+ 1565 , 𝑓+(1950) and 𝑓+(2010)
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Nucleon GFFs

M. Hoferichter et al., Phys. Rept. 625 (2016) 1; PLB 853 (2024) 138698;  X.-H. Cao et al, JHEP 12 (2022) 073

G.E. Hite, F. Steiner (1973) 
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Nucleon GFFs: results

LQCD (𝑚$ = 170MeV):
D.C. Hackett et al., PRL 132 (2024) 251904

LQCD (𝑚$ = 253MeV), gluon part only:
B. Wang et al. [χQCD], PRD 109 (2024) 094504



lConsider various densities:
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Spatial density profiles
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Spatial density profiles
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Nucleon GFFs: results

Quantity Result Error budget

𝐷-term −3.38,-.)4/-.)5
+(0.18)6789(0.12):;<(0.26)=>>

−(0.16)6789(0.12):;<(0.29)=>>

𝑟?* 	[fm] 0.97,-.-)/-.-)
+(0.01)6789(0.01):;<(0.03)=>>

−(0.02)6789(0.01):;<(0.02)=>>

𝑟Ener!
! 	[fm] 0.70,-.-5/-.-)

+(0.02)6789(0.01):;<(0.02)=>>

−(0.02)6789(0.01):;<(0.03)=>>

𝑟@=A7* 	[fm] 0.72,-.-B/-.-C
+(0.02)6789(0.00):;<(0.09)=>>

−(0.03)6789(0.01):;<(0.07)=>>

𝑟!* 	[fm] 0.70,-.-*/-.-*
+(0.01)6789(0.01):;<(0.01)=>>

−(0.01)6789(0.00):;<(0.02)=>>

lD-term: 𝐷 ≡ 𝐷(0)
lVarious radii in the Breit frame

p From the trace FF:

p Radius of the energy density:

p Mechanical radius:

p Radius of the density 𝐽 𝑡 + +
&
𝑡 <( =

<=
	:
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183005; C. Lorcé et al., EPJC 79 (2019) 89

! ChPT: NLO ChPT inputs 
! pwa: 𝜋𝜋/𝐾 $𝐾 → 𝑁6𝑁
! eff: effective poles 𝑚' , 𝑚(



lComparison with other results
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Nucleon GFFs: results
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lComparison with other results
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Nucleon GFFs: results
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l The pion, kaon and nucleon GFFs are precisely determined using dispersive method with inputs:
p Coupled-channel 𝜋𝜋-𝐾(𝐾, 𝜋𝜋/𝐾(𝐾 → 𝑁(𝑁 amplitudes
p Low energy: NLO ChPT with LECs estimated using resonance saturation, improvable with lattice 

calculations
p High energy: highly excited meson resonances

l 𝐷* = −3.38%0.&?70.&@, 𝑟A+ = 0.97%0.0&70.0&	fm > 𝑟B,C+ ≃ 0.84 fm > 𝑟Ener!
! = 0.70) " *"+

, " *"- 	fm

l More results to come
l Outlook:

p Pion mass dependence
p Extension to hyperons
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Summary and outlook
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lAmplitudes for 𝜋D(𝑞) + 𝑁(𝑝) → 𝜋D(𝑞-) + 𝑁(𝑝-)

l Lorentz and isospin decompositions:
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𝝅𝑵 amplitudes
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lComparison with other results
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Nucleon GFFs: results
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