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Motivation
“Holographic perspectives on chiral transport and spin dynamics”

Chiral transport Spin dynamics
Nonequilibrium dynamics of  

non-conserved quantities

-sym at SU(2)L × SU(2)R m ≃ 0 -sym at SU(2)HQ M → ∞

Nonequilibrium dynamics of  
 approximately-conserved quantities

Q. What is the hydro description for approximate symmetry!?
A. Quasi-hydrodynamic eqs. (& potential holographic outlook)!



Recap: Hydro regime and Hydro+ regime
Two regimes

Hydrodynamic regime: ! ⌧ �s,�.
Breaks down when ! ⇠ �s.
Hierarchy �s ⌧ � creates another regime

�s ⌧ ! ⌧ �

for an effective theory with additional
degree(s) of freedom, a.k.a. Hydro+
(Hydro+ description is also valid
in hydrodynamic regime, of course.)

Unlike hydro variables these additional d.o.f. are not diffusive,
i.e., they relax locally. But very slowly.

E.g., Israel-Stewart hydrodynamics is not a Hydro+ theory
unless the rate 1/⌧⇧ is parametrically/controllably small.
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[Slide by M. Stephanov in the last workshop]



Hydro+ regime from approximate symmetry

Hydrodynamic modes (Strict Hydro)}

}Infinite towers of  
non-hydrodynamic modes
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At finite k At k = 0 

…

◆ Hydro, Quasi-hydro, and Non-hydro modes in generic interacting QFTs

Quasi-hydrodynamic modes (Hydro+)}<latexit sha1_base64="ljIVIK+zwCEJaMIbiE4Y8gK7iqI="></latexit>⇡
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If is satisfied, Hydro+ becomes well-defined!!
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�q ⌧ �

This generally happens when symmetry emerges by tuning parameters (m, M, …)!
- Non-abelian chiral symmetry:  at   
- Heavy-quark spin symmetry:  at 

SU(2)R × SU(2)L m = 0
SU(2)HQ M → ∞( )

[Remarks: Relativistic spin hydro, (ressumed-)MIS etc. does not generally fit into Hydro+ regime]

ϵ2Γ ∼



　   Approximate conservation law as Ward-Takahashi identity

　   (Quasi-)hydrodynamic equation from local thermodynamics

　   Dispersion relation and Green-Kubo formula

Outline



Microscopic Setup:  G = SU(N)

Non-invariantInvariant

The microscopic action of such systems can be decomposed into a symmetric part Ssym

and an asymmetric part Sasym, as

S[ ;M ] = Ssym[ ] + Sasym[ ;M ], (2.1)

where we introduced a collective notation for the dynamical field  and the low-energy co-
efficient M , which softly breaks G-symmetry. To emphasize the smallness of the symmetry-
breaking perturbation, we will also express M = ✏M̂ with a small parameter ✏ ⌧ 1 and
M̂ = O(1).

In the symmetric limit M = 0, the system exhibits global symmetry, and Noether’s
theorem leads to the conservation law or the Ward-Takahashi (WT) identity associated
with G-symmetry. One efficient way to derive this result is by employing the background
field method, where the background gauge field Aµ is introduced to elevate the global G-
symmetry to a local one. With the appropriate transformation rule for the background
gauge field Aµ, the gauged action Ssym[ ;Aµ] enjoys local G-symmetry, allowing one to
derive the conservation law (see, e.g., Ref. [1]).

When the symmetry is softly broken, M = O(✏), the corresponding conservation law
is softly violated. However, one can still systematically incorporate a small contribution
from explicit symmetry-breaking terms using the so-called spurion method [2]. The spurion
method is an extension of the background field method, in which the symmetry-breaking
parameters m are promoted to a spurious field (or spurion) M(x) that is assumed to trans-
form appropriately under G-symmetry. This promotion allows the gauged action

Sgauged[ ;Aµ,M ] = Ssym[ ;Aµ] + Sasym[ ;Aµ,M ], (2.2)

to exhibit the spurious local G-symmetry, from which the WT identity can be derived.
We then set M(x) = ✏M̂ = const. in that WT identity to find the effects of the explicit
symmetry-breaking term. We also note that the spurious field M would be either real-
valued or complex-valued and scalar, vector or matrix-valued depending on a type of the
explicit symmetry breaking.

To see how the spurion method works, let us consider a concrete example where
G = SU(N) and the spurion M(x) = (M1, · · · ,MN )t transforms as a fundamental repre-
sentation of SU(N).1 Recalling the transformation rule for the SU(N) gauge field Aµ =

AA
µ tA, with tA (A = 1, · · · , N2 � 1) being generators of the su(N) Lie algebra satisfy-

ing [tA, tB] = ifABCtC and tr tAtB = 1
2�AB, we specify the transformation rules for the

background (spurious) fields under g(x) 2 SU(N) as

Aµ ! gAµg
† � ig@µg

† ' Aµ + �✓Aµ,

M ! gM ' M + �✓M,
with

(
�✓AA

µ := @µ✓A + fABC✓BAC
µ ,

�✓Mn := �i✓A(tA)nmMm,
(2.3)

1We need to idenfity the appropriate transformation rule for the spurion M(x) depending on types
of the explicit symmetry-breaking term (generalization to other cases are straightforward). Examples of
spurion fields include (anti-)fundamental representations to incorpolate the quark mass matrix in QCD [2],
a zeroth component of the SU(2)V background gauge field to include the isospin chemical potential in
QCD [3], and the combination of a background gauge field with a scalar field in the symmetric tensor
representation to describe the magnetic field, single-ion anisotropy, and Dzyaloshinskii-Moriya interaction
in spin systems [4, 5].
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Dynamical fields: ,  Symmetry-breaking parameters:  ψ M = ϵM̂

◆ Action with approximate symmetry

Under -symmetry:SU(N)
ψ → Uψ, U ∈ SU(N)

Q. How to find ?ΘA

- When    ( )ϵ = 0 ⇒ 𝒮asym = 0 ⇒ ∂μJμ
A = 0 A = 1,⋯, N2 − 1

- When    ( )ϵ ≠ 0 ⇒ 𝒮asym ≠ 0 ⇒ ∂μJμ
A ≠ ϵΘA A = 1,⋯, N2 − 1{

A. Background field (spurion) method!



Background field (spurion) method

Dynamical fields: ,  Symmetry-breaking parameters:  ψ M = ϵM̂

◆ Gauged action and spurious local symmetry
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To see how the spurion method works, let us consider a concrete example where
G = SU(N) and the spurion M(x) = (M1, · · · ,MN )t transforms as a fundamental repre-
sentation of SU(N).1 Recalling the transformation rule for the SU(N) gauge field Aµ =
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µ tA, with tA (A = 1, · · · , N2 � 1) being generators of the su(N) Lie algebra satisfy-

ing [tA, tB] = ifABCtC and tr tAtB = 1
2�AB, we specify the transformation rules for the

background (spurious) fields under g(x) 2 SU(N) as

Aµ ! gAµg
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M ! gM ' M + �✓M,
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(2.3)

1We need to idenfity the appropriate transformation rule for the spurion M(x) depending on types
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– 3 –

InvariantInvariant

(or appropriate symmetry transformation for )M

Under  gauge-symmetry:SU(N)
 

 
ψ → Uψ
Aμ → gAμg† − ig∂μg†

M → gM{ with U, g ∈ SU(N)

The transformation of  is spurious, but we treat it as if it is a field (spurion)!M
 now enjoys the spurious  gauge symmetry!𝒮gauged SU(N)

We assumed the promotion of  to a -fund. rep. field makes  inv!M SU(N) 𝒮asym



Ward-Takahashi identity
 : invariant under the spurious  gauge symmetry!𝒮gauged SU(N)

◆ Approximate conservation law as WT identity

[MH: I have chosen the convention for �M slightly different from the effective action paper.]
where we expanded g(x) = e�i✓ with ✓ := ✓A(x)tA. Along with the transformation of the
dynamical field  ,  !  + � , the spurious G-invariance results in

0 = �✓Sgauged :=

Z
dd+1x


�Sgauged

� 
�✓ +

�Sgauged

�AA
µ

�✓A
A

µ +
�Sgauged

�Mn
�✓M

n + �✓M
†

n

�Sgauged

�M †
n

�

=

Z
dd+1x

h
Jµ

a �A
A

µ + �†

n�M
n + �M †

n�
n

i

=

Z
dd+1x

h
Jµ

A
(@µ✓

A + fABC✓
BAC

µ ) + �†

n[�i✓A(tA)
n

mMm] + [i✓AM †

m(tA)
m

n]�
n

i

=

Z
dd+1x✓A

h
�@µJµ

A
+ fABCA

B

µ J
µ

C
+ i(M †tA�� �†tAM)

i
. (2.4)

Here, we used the equation of motion �Sgauged/� = 0, defined the current and source
operators as follows:

Jµ

A
:=

�Sgauged

�AA
µ

and �n :=
�Sasym

�M †
n

, (2.5)

and performed integration by parts. We note that � transforms as a fundamental represen-
tation, � ! g�. Since the identity (2.4) holds for an arbitrary ✓A(x), we find the following
WT identity:

DµJ
µ

A
= ✏⇥A, @µJ

µ

A
� fABCA

B

µ J
µ

C
= ✏⇥A with

(
DµJ

µ

A
:= @µJ

µ

A
� fABCAB

µ J
µ

C
,

⇥A := i(M̂ †tA�� �†tAM̂),

(2.6)
[MH: Check the sign of the covariant derivative.] where we set M = ✏M̂ to make the small
parameter dependence explicit. In the matrix notation, we have DµJµ = @µJµ + i[Aµ, Jµ].

It is worth noting that both sides of the WT identity homogeneously transforms as a
coadjoint representation with the spurious G-symmetry. Setting the background fields to
their physical values implements how the symmetry is explicitly broken, which enables us to
obtain the approximate conservation laws associated with approximate symmetries. This
WT identity forms the basis of our analysis, which will be outlined in the next section.

2.2 Constitutive relation

Let us now derive hydrodynamic equations associated with the approximate symmety.
First of all, we note that quasi-hydrodynamic equations are defined as a set of solvable

approximate conservation laws (2.6), for which we identify the approximately conserved
charge density n(x) := J0(x) as our dynamical variable. A crucial point here is that the
WT identity (2.8) does not provide a closed set of equations of motion, as it involves the un-
known quantities J i and �, in addition to our dynamical and background fields {n,Aµ,M}.
Therefore, deriving hydrodynamics requires specifying the so-called constitutive relations,
which express J i and � (or ⇥A) in terms of {n,Aµ,M}.

In the phenomenological approach, this problem can be addressed by relying on the
laws of local thermodynamics. The key quantity is the entropy functional Sent, defined
as a functional depending on the dynamical fields n and the background fields Aµ,M . It
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with

Current and source defined by   Jμ
A :=

δ𝒮gauged

δAAμ
Φn :=

δ𝒮asym

δM†
n
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Derivation:
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approximate conservation laws (2.6), for which we identify the approximately conserved
charge density n(x) := J0(x) as our dynamical variable. A crucial point here is that the
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which express J i and � (or ⇥A) in terms of {n,Aµ,M}.

In the phenomenological approach, this problem can be addressed by relying on the
laws of local thermodynamics. The key quantity is the entropy functional Sent, defined
as a functional depending on the dynamical fields n and the background fields Aµ,M . It
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Irreversibility of diffusion

No-go for time-reversal process!

Thermodynamic concepts, especially, The 2nd law, should be there!
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Deriving quasi-hydrodynamic equation
Step 1: Identify dynamical d.o.m & its equation of motion

  with    and  ∂μ⟨Jμ
A⟩ = ϵ⟨ΘA⟩ nA := ⟨J0

A⟩ ϵ⟨ΘA⟩ = i[M†tA⟨Φ⟩ − ⟨Φ†⟩tAM]
Step 2: Introduce entropy & conjugate variable with 1st law

Sent[nA] = Ssym
ent [nA] + Sasym

ent [nA; M] ⇒ βμA := δSent
δnA

Step 3: Find  compatible with 2nd law (+derivative exp.)Ji
A, ΘA

  with 
dSent

dt
≥ 0 ∀nA(x) ⇒ {⟨Ji

A⟩ = − Tλ∂i(βμA),
ϵ⟨ΘA⟩ = − γM†(tAtB + tBtA)MμB λ, γ > 0

dSent
dt

= ∫ ddx
δSent
δnA

∂tnA = ⋯ = ∫ ddx [− ⟨Ji
A⟩ ∂i(βμA) − iβμAM†tA ⟨Φ⟩ + i ⟨Φ†⟩ tAMβμA] ≥ 0

= − Tλ∂i(βμA) = iTγtBMβμB

= iTγβμBM†tB

 Ward-Takahashi 
identity

≃

  Effective Lagrangian 
(Hamiltonian)

≃

 A kind of symmetry  
constraints

≃

QFT interpretation
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Step 4: Identify how we can compute Onsager coefficients  λ, γ
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which express J i and � (or ⇥A) in terms of {n,Aµ,M}.

In the phenomenological approach, this problem can be addressed by relying on the
laws of local thermodynamics. The key quantity is the entropy functional Sent, defined
as a functional depending on the dynamical fields n and the background fields Aµ,M . It
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[MH: Check the sign of the covariant derivative.] where we set M = ✏M̂ to make the small
parameter dependence explicit. In the matrix notation, we have DµJµ = @µJµ + i[Aµ, Jµ].

It is worth noting that both sides of the WT identity homogeneously transforms as a
coadjoint representation with the spurious G-symmetry. Setting the background fields to
their physical values implements how the symmetry is explicitly broken, which enables us to
obtain the approximate conservation laws associated with approximate symmetries. This
WT identity forms the basis of our analysis, which will be outlined in the next section.

2.2 Constitutive relation

Let us now derive hydrodynamic equations associated with the approximate symmety.
First of all, we note that quasi-hydrodynamic equations are defined as a set of solvable

approximate conservation laws (2.6), for which we identify the approximately conserved
charge density n(x) := J0(x) as our dynamical variable. A crucial point here is that the
WT identity (2.8) does not provide a closed set of equations of motion, as it involves the un-
known quantities J i and �, in addition to our dynamical and background fields {n,Aµ,M}.
Therefore, deriving hydrodynamics requires specifying the so-called constitutive relations,
which express J i and � (or ⇥A) in terms of {n,Aµ,M}.

In the phenomenological approach, this problem can be addressed by relying on the
laws of local thermodynamics. The key quantity is the entropy functional Sent, defined
as a functional depending on the dynamical fields n and the background fields Aµ,M . It
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with

and

is crucial to notice that the entropy functional remains invariant under the spurious local
G-symmetry, expressed as:

Sent[n;Aµ,M ] = Ssym
ent [n;Aµ] + Sasym

ent [n;Aµ,M ]. (2.7)

According to the spurion method, terms involving M can be identified as the symmetry-
breaking part Sasym[n;Aµ,M ]. It is important to note that the entropy functional can only
involve n,Aµ,M and their spatial derivatives (not time derivatives), as it is defined at a
given time [6]. Specifying the power-counting scheme for the spatial derivative @i = O(p),
we construct the most general entropy functional with these fields.

Setting the background fields to be physical values, we can identify the correct form
of the WT identity and entropy with the symmetry-breaking terms. Suppose that the
symmetry is softly broken by the setting the background field M 6= 0, Aµ = 0, which
reduces the WT identity (2.6) to be

@µJ
µ

A
= ✏⇥A with ⇥a := i(M̂ †tA�� �†tAM̂) (2.8)

with M̂ = constant. We then require the first and second laws of thermodynamics, which
enable us to specify the constitutive relation. We first define a set of the conjugate variables
based on the first law of local thermodynamics:

�µA = ��Sent

�nA

, �Sent =

Z
ddx

⇥
� �µA�nA

⇤
, (2.9)

where µa is the local chemical potential with the background inverse temperature � = 1/T .
The entropy functional is assumed to be convex so that the relation between nA and µA is
one-to-one. We then require the second law of thermodynamics:

dSent

dt
� 0 8nA(x). (2.10)

According to our assumption, we can rewrite the entropy production rate using the chain
rule and the WT identity (2.8) as
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We then find the leading-order constitutive relation compatible with the second law as
follows:

hJ i

Ai = �T��ij@j(�µ
A) = T��ij@i

�Sent

�nA

, (2.12a)

h�i = iT�tAM�µA = �iT�tAM
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�nA

, (2.12b)

which results in the constitutitve relation of ⇥A as

✏⇥A = ��M †(tAtB + tBtA)MµB = T�M †(tAtB + tBtA)M
�Sent

�nB

. (2.13)
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[ ]M = ϵM̂

Two Onsager coefficients: { ∙ Charge conductivity : λ
∙ Kinetic coefficient : γ

 We want to find the correlation function expression of  ⇒ γ
(= Green-Kubo formula for )γ

(1) Perturb the system with the background field 
(2) Petrurb the density operator around local equilibrium (noneq. statistical operator) 
(3) Add noise and compute the hydro correlation function

◆ Several familiar methods

[←I will use]



Effective field theory at Hydro+ regime
◆ Stochastic quasi-hydro equations
(1) WT identity:    ∂μňA + ∂iJ̌i

A = ϵΘ̌A

(2) Constitutive relation:    {J̌i
A = − Tλ∂i(βμ̌A) + ξ̌i

A

ϵΘ̌A = − γM†(tAtB + tBtA)Mμ̌B + ξ̌Awith noise
(3) Fluctuation-Dissipation Relation:

  {⟨ξ̌i
A(x)ξ̌i

A(y)⟩ = 2Tλδij δABδ(d+1)(x − y)
⟨ξ̌A(x)ξ̌A(y)⟩ = 2TM†(tAtB + tBtA)MγδABδ(d+1)(x − y)

 Correlation function at Hydro+ regime (including nonlinear term)⇒
 To find the matching condition, let us solve the linearized equation!⇒



Dispersion relation & Kubo formula

[(∂t − D∇2)δAB + ϵ2ΓAB]ňB + ∂iξ̌i
A − ξ̌A = 0

◆ Linearized eom and its solution [D := λ
χ

, ΓAB := γ
χ

M̂†(tAtB + tBtA)M̂]

ϵ Θ̃ A(ω,0) = − iω(−iωδAB + ϵ2ΓAB)−1ξ̃B(ω,0)

◆ Green-Kubo formula◆ Disspersion relation

   

with 

ñA(ω, ⃗k) = GnAnB
R (ω, ⃗k)[ikiξ̃i

A(ω, ⃗k) + ξ̃A(ω, ⃗k)]
GnAnB

R (ω, ⃗k) := [(−iω + D ⃗k2)δAB + ϵ2ΓAB]

0 = det[(−iω + Dk2)δAB + ϵ2
AB]

Pole is located at 

[ For  case, ]SU(2) ω(k) = − i
2 ϵ2 |M̂ |2 γ

χ
− iDk2

{
ω→0, ϵ≠0 0
ϵ→0,ω≠0 ξ̃B(ω,0)

M̂†(tAtB + tBtA)M̂γ = 1
2T

lim
ω→0

lim
ϵ→0

⟨ Θ̃ (−ω) Θ̃ B(ω)⟩

= lim
ω→0

lim
ϵ→0

1
ω

Im GΘAΘB
R (ω)



　   Approximate conservation law as Ward-Takahashi identity

　   (Quasi-)hydrodynamic equation from local thermodynamics

　   Dispersion relation and Green-Kubo formula

[MH: I have chosen the convention for �M slightly different from the effective action paper.]
where we expanded g(x) = e�i✓ with ✓ := ✓A(x)tA. Along with the transformation of the
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Here, we used the equation of motion �Sgauged/� = 0, defined the current and source
operators as follows:

Jµ

A
:=
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�AA
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and �n :=
�Sasym

�M †
n

, (2.5)

and performed integration by parts. We note that � transforms as a fundamental represen-
tation, � ! g�. Since the identity (2.4) holds for an arbitrary ✓A(x), we find the following
WT identity:
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[MH: Check the sign of the covariant derivative.] where we set M = ✏M̂ to make the small
parameter dependence explicit. In the matrix notation, we have DµJµ = @µJµ + i[Aµ, Jµ].

It is worth noting that both sides of the WT identity homogeneously transforms as a
coadjoint representation with the spurious G-symmetry. Setting the background fields to
their physical values implements how the symmetry is explicitly broken, which enables us to
obtain the approximate conservation laws associated with approximate symmetries. This
WT identity forms the basis of our analysis, which will be outlined in the next section.

2.2 Constitutive relation

Let us now derive hydrodynamic equations associated with the approximate symmety.
First of all, we note that quasi-hydrodynamic equations are defined as a set of solvable

approximate conservation laws (2.6), for which we identify the approximately conserved
charge density n(x) := J0(x) as our dynamical variable. A crucial point here is that the
WT identity (2.8) does not provide a closed set of equations of motion, as it involves the un-
known quantities J i and �, in addition to our dynamical and background fields {n,Aµ,M}.
Therefore, deriving hydrodynamics requires specifying the so-called constitutive relations,
which express J i and � (or ⇥A) in terms of {n,Aµ,M}.

In the phenomenological approach, this problem can be addressed by relying on the
laws of local thermodynamics. The key quantity is the entropy functional Sent, defined
as a functional depending on the dynamical fields n and the background fields Aµ,M . It

– 4 –

[MH: I have chosen the convention for �M slightly different from the effective action paper.]
where we expanded g(x) = e�i✓ with ✓ := ✓A(x)tA. Along with the transformation of the
dynamical field  ,  !  + � , the spurious G-invariance results in

0 = �✓Sgauged :=

Z
dd+1x


�Sgauged

� 
�✓ +

�Sgauged

�AA
µ

�✓A
A

µ +
�Sgauged

�Mn
�✓M

n + �✓M
†

n

�Sgauged

�M †
n

�

=

Z
dd+1x

h
Jµ

a �A
A

µ + �†

n�M
n + �M †

n�
n

i

=

Z
dd+1x

h
Jµ

A
(@µ✓

A + fABC✓
BAC

µ ) + �†

n[�i✓A(tA)
n

mMm] + [i✓AM †

m(tA)
m

n]�
n

i

=

Z
dd+1x✓A

h
�@µJµ

A
+ fABCA

B

µ J
µ

C
+ i(M †tA�� �†tAM)

i
. (2.4)

Here, we used the equation of motion �Sgauged/� = 0, defined the current and source
operators as follows:

Jµ

A
:=

�Sgauged

�AA
µ

and �n :=
�Sasym

�M †
n

, (2.5)

and performed integration by parts. We note that � transforms as a fundamental represen-
tation, � ! g�. Since the identity (2.4) holds for an arbitrary ✓A(x), we find the following
WT identity:

DµJ
µ

A
= ✏⇥A, @µJ

µ

A
� fABCA

B

µ J
µ

C
= ✏⇥A with

(
DµJ

µ

A
:= @µJ

µ

A
� fABCAB

µ J
µ

C
,

⇥A := i(M̂ †tA�� �†tAM̂),

(2.6)
[MH: Check the sign of the covariant derivative.] where we set M = ✏M̂ to make the small
parameter dependence explicit. In the matrix notation, we have DµJµ = @µJµ + i[Aµ, Jµ].

It is worth noting that both sides of the WT identity homogeneously transforms as a
coadjoint representation with the spurious G-symmetry. Setting the background fields to
their physical values implements how the symmetry is explicitly broken, which enables us to
obtain the approximate conservation laws associated with approximate symmetries. This
WT identity forms the basis of our analysis, which will be outlined in the next section.

2.2 Constitutive relation

Let us now derive hydrodynamic equations associated with the approximate symmety.
First of all, we note that quasi-hydrodynamic equations are defined as a set of solvable

approximate conservation laws (2.6), for which we identify the approximately conserved
charge density n(x) := J0(x) as our dynamical variable. A crucial point here is that the
WT identity (2.8) does not provide a closed set of equations of motion, as it involves the un-
known quantities J i and �, in addition to our dynamical and background fields {n,Aµ,M}.
Therefore, deriving hydrodynamics requires specifying the so-called constitutive relations,
which express J i and � (or ⇥A) in terms of {n,Aµ,M}.

In the phenomenological approach, this problem can be addressed by relying on the
laws of local thermodynamics. The key quantity is the entropy functional Sent, defined
as a functional depending on the dynamical fields n and the background fields Aµ,M . It

– 4 –

with

Summary

and

is crucial to notice that the entropy functional remains invariant under the spurious local
G-symmetry, expressed as:

Sent[n;Aµ,M ] = Ssym
ent [n;Aµ] + Sasym

ent [n;Aµ,M ]. (2.7)

According to the spurion method, terms involving M can be identified as the symmetry-
breaking part Sasym[n;Aµ,M ]. It is important to note that the entropy functional can only
involve n,Aµ,M and their spatial derivatives (not time derivatives), as it is defined at a
given time [6]. Specifying the power-counting scheme for the spatial derivative @i = O(p),
we construct the most general entropy functional with these fields.

Setting the background fields to be physical values, we can identify the correct form
of the WT identity and entropy with the symmetry-breaking terms. Suppose that the
symmetry is softly broken by the setting the background field M 6= 0, Aµ = 0, which
reduces the WT identity (2.6) to be

@µJ
µ

A
= ✏⇥A with ⇥a := i(M̂ †tA�� �†tAM̂) (2.8)

with M̂ = constant. We then require the first and second laws of thermodynamics, which
enable us to specify the constitutive relation. We first define a set of the conjugate variables
based on the first law of local thermodynamics:

�µA = ��Sent

�nA

, �Sent =

Z
ddx

⇥
� �µA�nA

⇤
, (2.9)

where µa is the local chemical potential with the background inverse temperature � = 1/T .
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　   Approximate conservation law as Ward-Takahashi identity

　   (Quasi-)hydrodynamic equation from local thermodynamics

　   Dispersion relation and Green-Kubo formula

[MH: I have chosen the convention for �M slightly different from the effective action paper.]
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Here, we used the equation of motion �Sgauged/� = 0, defined the current and source
operators as follows:
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and performed integration by parts. We note that � transforms as a fundamental represen-
tation, � ! g�. Since the identity (2.4) holds for an arbitrary ✓A(x), we find the following
WT identity:
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(2.6)
[MH: Check the sign of the covariant derivative.] where we set M = ✏M̂ to make the small
parameter dependence explicit. In the matrix notation, we have DµJµ = @µJµ + i[Aµ, Jµ].

It is worth noting that both sides of the WT identity homogeneously transforms as a
coadjoint representation with the spurious G-symmetry. Setting the background fields to
their physical values implements how the symmetry is explicitly broken, which enables us to
obtain the approximate conservation laws associated with approximate symmetries. This
WT identity forms the basis of our analysis, which will be outlined in the next section.

2.2 Constitutive relation

Let us now derive hydrodynamic equations associated with the approximate symmety.
First of all, we note that quasi-hydrodynamic equations are defined as a set of solvable

approximate conservation laws (2.6), for which we identify the approximately conserved
charge density n(x) := J0(x) as our dynamical variable. A crucial point here is that the
WT identity (2.8) does not provide a closed set of equations of motion, as it involves the un-
known quantities J i and �, in addition to our dynamical and background fields {n,Aµ,M}.
Therefore, deriving hydrodynamics requires specifying the so-called constitutive relations,
which express J i and � (or ⇥A) in terms of {n,Aµ,M}.

In the phenomenological approach, this problem can be addressed by relying on the
laws of local thermodynamics. The key quantity is the entropy functional Sent, defined
as a functional depending on the dynamical fields n and the background fields Aµ,M . It
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is crucial to notice that the entropy functional remains invariant under the spurious local
G-symmetry, expressed as:

Sent[n;Aµ,M ] = Ssym
ent [n;Aµ] + Sasym

ent [n;Aµ,M ]. (2.7)

According to the spurion method, terms involving M can be identified as the symmetry-
breaking part Sasym[n;Aµ,M ]. It is important to note that the entropy functional can only
involve n,Aµ,M and their spatial derivatives (not time derivatives), as it is defined at a
given time [6]. Specifying the power-counting scheme for the spatial derivative @i = O(p),
we construct the most general entropy functional with these fields.

Setting the background fields to be physical values, we can identify the correct form
of the WT identity and entropy with the symmetry-breaking terms. Suppose that the
symmetry is softly broken by the setting the background field M 6= 0, Aµ = 0, which
reduces the WT identity (2.6) to be
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= ✏⇥A with ⇥a := i(M̂ †tA�� �†tAM̂) (2.8)

with M̂ = constant. We then require the first and second laws of thermodynamics, which
enable us to specify the constitutive relation. We first define a set of the conjugate variables
based on the first law of local thermodynamics:
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Z
ddx

⇥
� �µA�nA

⇤
, (2.9)

where µa is the local chemical potential with the background inverse temperature � = 1/T .
The entropy functional is assumed to be convex so that the relation between nA and µA is
one-to-one. We then require the second law of thermodynamics:
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dt
� 0 8nA(x). (2.10)

According to our assumption, we can rewrite the entropy production rate using the chain
rule and the WT identity (2.8) as
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