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Introduction

Introduction
Hydrodynamics

Hydrodynamics
@ Low energy description of many body systems
e Dynamics of (approximately) conserved quantities ~ T+, JK, (JE)

o Effective degrees of freedom ~ T, ut, i, (1)

Motivation
@ Non equilibrium dynamics of many-body systems
@ Conventional fluids ~ water, air, ...
@ Plasmas ~ Quark-Gluon plasma, astrophysical plasmas
°

Exotic materials ~ graphene, Weyl semi-metals
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Introduction Thermodynamics

Thermodynamics and chiral anomalies

System with diffeomorphism and broken U(1)s symmetry coupled to
external sources g, A,.

Due to chiral anomaly, current and stress tensor receive anomalous
contribution

JH= P EQF 4 EgBY TR = T 4 ,STU(MQV) + §TBU(“BV) )

First fOUnd in hOlOgra pth mOdeIS [Erdmenger, Haack, Kaminski, Yarom/ Banerjee et al./Torabian, Yee|
Then in hydrodynamic framework from second law [son, Surowka/Niemann, 02]

These contributions can be derived directly from conservation equations in
static configurations.
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Introduction Thermodynamics

Thermodynamics and chiral anomalies

Constitutive relations

= QR 4 EpBr, TH = T 4 Erul Q) + ErpultBY).

Conservation equations

VT = FJ, Y, J" = —%G“VPUFWFPU — CB-E.

Static configuration Ly =0

LyA=0= u'd, (%) —E, - T, (%) —0

Lyg=0= "9, T =V = Ta,+ 0, T =0, =0
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Introduction Thermodynamics

Thermodynamics and chiral anomalies
Example: CME and CMVE

Current conservation equation

V=V, + Y, (EQ" + ¢gB") = CB-E

Partial differential equations

0=0Qa(2¢ - TgT)+QE<£“T/T 55)

1Ba(és— Tésr)+ BE <§B# - c)

Solution

Ee=Cu+aT, E=Cu?/2+auT +cT?.

v
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Thermodynamics and chiral anomalies
Example: U(1)y x U(1)a + diffeo sector
Constitutive relations
TH = T 4+ éTu(MQV) +¢f uhBY) 4 5;5 U(MB;’)
S =J+ QP+ EgB! + ¢ B .
J= QR 4 B+ €3 Bl

v AV — VJV 5 VJV 5

C
VW= —ZENVPGFSVFPU = C(B'Es+ Bs'E) ,

C
V= —geliupa (F,EVFEU + FuuFpo) = C(BE + Bs-Es) .
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Introduction Thermodynamics

Thermodynamics and chiral anomalies
Example: diffeo + U(1)v x U(1)a

Constitutive relations
T = T 4 e TulrY) + eLultBY) + gé’s U(MB;’)
Jh, =+ EQ + B + ¢, B .
Kooy =+ Q" + 3B + 3 B

Chiral conductivities
¢ =C(pPus+3pd), &b =0=5W+ud)
§E:§:C/’I’M57 §B:£g5:CM5, §BSZ§%ZCM
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Introduction Thermodynamics

Thermodynamics and conformal anomaly

Example, Nersnt effect and conformal anomaly

Conformal anomaly spoils tracelesness of the stress tensor

TV ~ caFu F™

Nernst effect relates current response to magnetic field and temperature
gradient

vpo
I ~ Npyernste"? UVBpaJTa

Relation between Npems: and ca in Dirac and Weyl semimetals chemodub,

Cortijo, Vozmediano]

Existence of a static generating functional implies (ammon, Grieninger, JH, Kaminski,
Koirala, Leiber, Wu]
N 2CA
Nernst —
T
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Hydrostatics

Thermodynamics

Generating functional and hydrodynamic equations

System with diffeomorphism and U(1) symmetry coupled to external
sources g;,,,,A,. Partition function given by

Z[g,Al = Tre AHleAl — /D¢ei5[¢;g’A] )
Generating functional W(g, Al = —iln Z[g, A] for n-pt functions
SWlg, A] = / d9xv/—g B T“”(Sgw—FJ“cSAH] .
where TH = (T} and J* = (JH).

Diffeomorphism and gauge invariance of W ensures these obey

Conservation equations

uy vy 2 —
V,TH =F"J,, V,J*=0. J
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Hydrostatics

Thermodynamics

Equilibrium constraints and derivative expansion [Jensen, Kaminski, Kovtun, Meyer, Ritz, Yarom/ Banerjee,

Bhattacharya, Bhattacharyya, Jain, Minwalla, Sharma]

Equilibrium is given by a time-like killing vector V#

ﬁvAM = 07 ﬁvg,“, =0.

Can expand W;s order by order in derivatives

Ws:/ddx\/—g p(T,u)JrZMﬁf)(T,u)sg) ,

i,n;

where
To VEA, + Ny

Tzij = s
v —V?2 K v/ —V2
(1)

and s, are O(9') equilibrium scalars.

Chiral anomalies and hydrodynamics

Ut =

VH

ARV
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Hydrostatics

Thermodynamics

Example: strong electromagnetic fields [Kovtun]

For systems with no free charges (no screening), B* = %e’“’”"u,,Fpg and
EF = FMy, can be O(1), and

W, = / d*xv—g |p(T,p, B* E*,B-E)+ Y M{N(T,p,B* E*,B-E)sy) |

i,n,-,B2

where
B®>=B,B", E?=E,E", B-E=B,E",

and s,(,f) are O(0") equilibrium scalars.
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Thermodynamics

Example: strong magnetic fields [JH Kovtun]

For systems in strong magnetic fields, B* = %e’“’p"ul,Fpg = (1), and

W, = / d*xy/=g |p(T.1, B + > M{(T, 1. BY)sy |
I',n,',B2

where

and s,(,f.') are O(9") equilibrium scalars.
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Strong magneti field
Thermodynamics

Example, Nersnt effect and conformal anomaly [Ammon, Grieninger, JH, Kaminski, Koirala, Leiber, Wu]

Consider the leading term in the generating functional

W, ~ / d*x/—gp(T, u, B?).
We can find the conformal anomaly coefficient and the Nernst coefficient

TH ~ caFu F™ m 2caB?, " ~ Nyemst€"" 1, B,0, T,

where 5
CA XB,
Nnernst = = TXBT M TM ;

and xg = 2p g2 is the magnetic susceptibility.
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Thermodynamics

Example, magneto-vortical susceptibility M5 [JH, Kovtun]

Wy ~ /d4x\/_—gl\/I5B-Q

Einstein-de Haas, Barnett effects

O ~ "P7u,0,B,, mt~Qf

Momentum Nernst effect

QF ~ €77 11, B,y T

Response to Poynting vetor

Q' ~ €7y, E, B,
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Thermodynamics

Example, perpendicular magnetic vorticity susceptibility M [Ammon, Grieninger, JH, Kaminski,
Koirala, Leiber, Wu]

W ~ /d4x\/—gl\/lge“”p”u#3,,8p80

Magnetic Nernst effect

mt ~ "7y, B,0, T

Response to magnetic vorticity

m' ~ e"P?u,0,B,

Response to Poynting vector

TH ~ B<He P70y E, B,
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Outline
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U2)4 hydrostatis
Chiral hydrodynamics

Consistent generating functional [Jensen, Kovtun, Ritz]

Generating functional W not U(1) invariant

C
oW = o2 / d4x\/—ge“”pgaFWFpg.

Consistent generating functional

C
Weons = Ws + E / d4Xv _g:u(IUQ'A + 2B'A) )

1
SWeons = / d*xv/—g (I ,s0A, + > TH5guw) .

Because 0, Weons # 0
50&Jgons 7& 0.

But since d, Weons is independent of the metric
v __
0o TH =0.
Chiral anomalies and hydrodynamics Trento, March 26, 2025
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Ve el
Chiral hydrodynamics

Hydrodynamic equations, constitutive relations and Kubo formulas
From Wqons we find

Hydrodynamic equations

C
Vi THY = FHV Jons — Ayvujgons ) v“JéLO”S - gB'E'

Equilibrium constitutive relations
T = T 4+ Q) + rpuBY)
s = S+ LCBAU + £Q + (€5 — LCAw) B + 1C™P A u,E,

v

Chiral conductivities

1 2 —
§ - EC:U ) &B = C,LL,
1 3 —
Er=3Cu", &rs=35Cu".
y
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(GIETNNCIEECll Il U(1), hydrostatics

Chiral hydrodynamics

Anomaly inflow and covariant generating functional [Callan, Harvey/Jensen, Loganayagam, Yarom/ Haehl

Loganayagam, Rangamani/Ammon, Grieninger, JH, Kaminski, Koirala, Leiber, Wu]

Consider an auxiliary manifold M whose boundary OM is where the chiral
fluid lives.

Covariant generating functional

C
Wcov = VVWeons — ﬂ /M d5X _Gemnoquanonq )

SWeoy = / d*xv/—g(J, 6A, + ST 6gu) + / d°xv/=GJf5Am
oM M

Where Jko, = Jtons — SeMP7 A, Fpg, and JJ = —SeMMOPIF Fpq
Since 0o Weor =0
Sadt, =0.
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Ve el
Chiral hydrodynamics

Constitutive relations and Kubo formulas

From Wq,, we find

Hydrodynamic equations

Y, TH = FRV Y, 0

cov

— J\, = CBE.

Equilibrium constitutive relations

TR = TH 4 e7uQY) + e7guBY) | JH = JH 4 €QF 4 EgBH.

Thermodynamic Kubo formulas

<J§ov(k) Tty(ik» = —i§kz, <J§ov(k)Jgons(7k))> = —iépkz,
(TH(R)TY(=K)) = —ifT ke, (T™(k) ons(—K)) = —i€TB k7 -

.
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Ve el
Chiral hydrodynamics

Constitutive relations and Kubo formulas

From W,,, we find

Hydrodynamic equations

V/LTMV = F”Vchovv V.UJ?OV = Jfl =(BE.

Equilibrium constitutive relations

T = -,—éu.u + gTU(MQy) +£TBU(MBV) ) Jgov = Jg + 59“ +£BBN :

Thermodynamic Kubo formulas

<Jr):<ov(k) th(_k» = —i§ ky7 <Jr):(ov(k) gons(_k)» = —iép k}’a
(TR T=(=K) = —if1 ky, (T (k) Joons(—k)) = —i€r5 Ky -
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Uy x U hydrostatics
U(1)y x U(1)a hydrodynamics

Consistent generating functional

Generating functional W not U(1)4 invariant
_ £ 4 — _ Wpo 5 5
da,as W = 7 d"x\/—ge s (FWFPU + 3FWFW) .
Consistent generating functional
Weons = Ws + / d4XV —8 |:% (MBM + %Mzﬂu) AZ
+C (s BY + 3120) A3
Weons = [ 4/ =8k + KoconsB + T551).

Because do; Weons 7 0, but metric independent

60¢5Jgons ’ 5a5JE'L>j:cons 7é 0 ’ 5015 T =0.
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Uy x U hydrostatics
U(1)y x U(1)a hydrodynamics

Anomaly inflow and covariant generating functional

Covariant generating functional

C
Wcov - cons — ﬂ / d5X _GemnoquEn (FI?OFSCI + 3F”0FPq) ’
M
SWeoy = d*xv/=g (Sl 6 AL + Jb 0, OAY + 5 TH 6gu)
aM

+ / dXV=G (S0 Am + T SAS,) .
M

Where
w o _— g C_pvpo A5 14 — M _ C _pvpo A5 5
JCOV - JCOHS 2 € AVFPU ’ J5,cov - J57cons 6€ AVFpJ
m __ __ C_mnopq 5 m _ _ C_mnopq 5 5
JH — 46 Fnonq7 J57H —_— 86 (Fnonq + FnOqu)
Since dq5 Weoy =0
[ H —
5065Jcov - 5045J5,cov =0.
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Uy X Ud)a hydrostatics
U(1)y x U(1)a hydrodynamics
Hydrodynamic equations
From Wqons we find

Hydrodynamic equations

VM THY — Fuujlfons 4 FéWJS,cons _ Agvﬂju

cons

Viudeons = 0 V“Jét - _2%6#%0 (F5 F +3FuquU) .

cons uv! po

From Wq,, we find

IlyC Ccy 1amic EC|Uat ons
vy 1374 wv VCOV 1224 > cov

C
Vidloy = =5 e FyFoo s

cov

C
V#Jg,cov = _geﬂ - (FEI/F;?U + Fuquo) )
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Uy X (1) hydrostatic
U(1)y x U(1)a hydrodynamics
Constitutive relations and Kubo formulas
Equilibrium constitutive relations
TH = Tiv 4 eTylQy) 4 L ynpy) 4 ¢ u(uBg)
5
JHons = JE+ CB- AU +EQF + (€ — CA®u) BF+Ep, BE + Ce"P A u,E, .
I cons = J+5 B A ub+&° QU +E3 B+ (63, — $A%u) BE+5eP7 ADu,ED.
Jh, =+ QN + EgB* + €, BE .
I oy =+ EQ + BB+ BB

Chiral conductivities
T =C(Pus+3ud) . &5, =6 =5 +us)
££:£:C,U,'U5’ 5825%5:CM5, £B5:£%:CM
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e Ui i
Recap

We overviewed

@ Equilibrium generating functional at strong magnetic field

@ Anomaly inflow and consistent vs covariant W and J

e Hydro with U(1)y x U(1)a symmetry

@ Equilibrium constitutive relations and Kubo formulas
More to the story

@ Non-equilibrium constitutive relations

@ Kubo formulas, eigenmodes

e Weak gauging of U(1)y for chiral MHD
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Thermodynamics

Strong magnetic field and derivative expansion
For B = Le#Poy, F,, ~ O(1), the generating functional is

W, = /d4x\/ g | B(T,u, B?) +Z/\/I,,, (T, n, B

i,n;

where, for example

B(T, 1, B2) = p(T, 1) + MG (T, 1)B2 + M) (T, 1)B* +

and
(1) ()

Sn, _Snj I

for some n; with j > i.
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Thermodynamics

Constitutive relations, strong magnetic fields

For Bt = Letrou, F,y ~ O(1), five O(9) equilibrium scalars s;.

. 11 | 2 [ 3 [ 4 [ 5 |
Sn B 9,(55)|e*°u,B,8,B,| Ba | BE | BQ

(C P Nvector| =/ = /= | +/=/+ |=/=/=|+/=/=|=/+/+

(C7P7T)axial +/+/_ +/_/+ +/+/_+/_/_+/_/+
W 3 5 n/a 4 3

where a# = u"V,ut,  EF = FWu,, QF = eP7u,0,u4 .
Equilibrium constitutive relations
T = Eutu” + PAMY + QFu” + Q¥ ut + TH
= Nut+ T
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Thermodynamics

Thermodynamic Kubo formulas

Second order variations of W; give thermodynamic two point functions
(w=0,kgT)

1 1
SW, = / dx/—g [G 1J0AGA + 5GT 10g0A + ZGTT(sg(sg .

This allows us to derive

Thermodynamic Kubo formulas (g, = nu., B* = Byd%)

1
lim =Tm Grey(w = 0, k2) = —2 B3 M,
k—0 k

1
lim Elm GTthyz(w = 07 kﬁ) = —BO M5 .

k—0
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Thermodynamics

Thermodynamic Kubo formulas
Second order variations of W; give thermodynamic two point functions
(w=0,k<T)

W, = / dx\/—g [G,)6ASA + 1 Gr,0g0A + 1 Grrigig] .

This allows us to derive

Thermodynamic Kubo formulas

1 2 B3 OM;y
lim —1I ero(w=0,k3) = 20 Z =
K00 k m Gepe(w =0, k2) Ty ou’
o1 Ay oM,
ll[)no E]:m GJtJt(OJ = O, kZ) = BOW,
o1 OM;3 483 oMy
lim —Im Ge7e(w =0,kz) = —B .
kDo kEIT (w=0,k2) 0(8;1 Ty Op

v
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Thermodynamics
U(1)v x U(1)a symmetry

Thermodynamic variables
Ty 1, ut

Generating functional

Ws = /d4ijgp(T,u,u5) +-

Constitutive relations
SWs = / d*xv/=g [3 T 0gu + JH5A, + JLAY]
Thermodynamic correlation functions and Kubo formulas
SW, = / d9x/—g [G 1,0, 0A%A + 1Gr) 5g6A° + %GTT5g5g} .
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Thermodynamics

U(1)v x U(1)a symmetry, strong magnetic field

Thermodynamic variables

T, u,p°, B2 ut

Generating functional

7
We = [ dbx/=gBT 01, B%) 3 0T o B)s, +
1

W, = / d*x/=g [3 T 0gu + JH5A, + LAY
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-
Hydrodynamics

Non-equilibrium constitutive relations

Add the linearly independent terms that vanish in equilibrium £y, = 0:

Constitutive relations
TH =eutu” + (p — (V- -u) A¥Y — not” |

JHF=nut+o (E” — TA””E)V%> )

where o = AHaAVB (VQUQ + Vguy — ﬁAQBV-u).
Hydrodynamic transport coefficients

¢, m, 0.

Entropy production constraints

SHleq =su# 5t. V,S5# >20=(>0,7n7>0, 0 >0.

V.
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-
Hydrodynamics

Non-equilibrium constitutive relations, B* ~ O(1)

Add the linearly independent terms that vanish in equilibrium £y, = 0:
Constitutive relations

T — ...

JH =

Hydrodynamic transport coefficients

n, 7]H7 o, n2, Cl7 C27 0-H7 o1, ﬁJ_u 77”7 &J_-

Entropy production constraints

SHleq. = su” s.t. V,§" > 0 = linear + quadratic
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-
Hydrodynamics

Non-equilibrium constitutive relations, B* ~ O(1), parity violating

Add the linearly independent terms that vanish in equilibrium £y, = 0:

Constitutive relations

T — . JE— ...

9

Hydrodynamic transport coefficients

MLy M My M2 Gy G2y O, 0L, flL, Ty 61,

|4 Vv Vv v v v vV =~V
01702?037047C > N 777||777||

Entropy production constraints

SHleq. = su" s.t. V,5" > 0 = linear + quadratic + qubic
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-
Hydrodynamics

Non-equilibrium constitutive relations, B* ~ O(1), parity violating, U(1)v x U(1)a

Add the linearly independent terms that vanish in equilibrium £y, = 0:

Constitutive relations

THY — o R — R

Hydrodynamic transport coefficients

ab ab ~ o~ ~ab
NLs M My N2, G, G2, o, 01, L, 7y, 617,

a a a a a a a ~a
01, 02, 03, 04, C » s 7]”7 7’”

Entropy production constraints

SHleq. = su” s.t. V,§# > 0 = linear + quadratic + qubic+?
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-
Hydrodynamics

Eigenmodes and Kubo formulas

Hydrodynamic equations
vV, T" =F"J,, V,J'=0. J

Linearize hydrodynamic equations for 0A,, , 08, o exp(—i (wt — k-x))
Eigenmodes
w = w(k). J

Varying on-shell T*[g, A] and J*[g, A] (limit k — O first, w — 0 second)
Hydrodynamic Kubo formulas

lim ImG@@(w, k = 0) ~ iy Niy Oiy Gi-
w—0
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-
Chiral hydrodynamics

Eigenmodes, gapped

There are two gapped modes

B2 iB2 )
w = :E*Ulz — 7011 + Vgap:tk cosf — iD (9)/( R
wo wo

where wy = €9 + po and oap = 0250 | + €ap (6L + “'é—g|> The gapped
modes have velocity

B2 Cud .
Vgap+ = gTéLO(UD + 10'11) )
0
and damping coefficient D.(0) = Dc(0)|c=o £ i “0 Vg;fi cos? 6.
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-
Chiral hydrodynamics

Eigenmodes, gappless parallel

There are three gapless eigenmodes. For k || B, they are
r
w:kvi—i?”kQ, w = kvo — iDjK?
B()C S0 To 2
v =
" det(x) \ vs /)
vo BgC

Vi:ivs 2 +7"}/

where

The speed of sound is given by

V2 = mox11 + WEX33 — 2MowoX13
s det(x) ’

) . e . H
and xap = % is the susceptibility matrix. Here, ¢, = (T, T" J'), and
= (6T/T,6u", T6L).
Chiral anomalies and hydrodynamics Trento, March 26, 2025 13/16



-
Chiral hydrodynamics

Eigenmodes, gappless parallel
There are three gapless eigenmodes. For k || B, they are
_ m 2 _ ‘N2
w—kvi—/2k ;. w= kv —iDyk",

where

Fo— 3¢1+ 10m1 4 6m2 . vZx11 — wo wo
I = +

3wo det(x) vtz(j”
+ CBo ((3¢1 + 10m1 + 612) + Ty + T101) + O (B§C?)
2
Mo 9| 22
= 5 —— +0(BC%) .
I V2 det(x) (B C)

2,, X and ¥ are functions of the susceptibilities, other thermodynamic
derivatives of the pressure, the chemical potential and the temperature.
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-
Chiral hydrodynamics

Eigenmmode, gapless non-orthogonal

For modes propagating at an angle 6 # /2 with respect to By

w = kv cosf — %r(e)k% w = kv cos @ — iD(B)K?,

where
2 2p
D(Q) = DH C052 9 + (Bogdo() + O(BOC)) Sin2 0,

2 ), (noxas — woxss)*w . 2
r(0) =T)cos” 6+ <0+ B2 det(x )2 ,0 +(’)(BOC)> sin“ 6.
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-
Chiral hydrodynamics

Eigenmodes, gappless perpendicular

For k L B, two diffusive modes

. W X33PL 2 2 2
= — O(B;C k
“ I(det( o (85 )> ’
(77 +(’)(82C2)> K2,
and one subdiffusive mode

Py k4
Bo X33
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