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Isospin breaking effects in the leptonic decays of 
light mesons

Scale setting: precision lattice QCD for particle and nuclear physics 
ECT*, Trento, 3-7 March 2025



Outline of the talk
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1.  Why are isospin-breaking and QED corrections relevant?

2.  How are these effects included in lattice calculations?

3.  What has been done for light-meson leptonic decays?

4.  Where do we stand and where do we go?
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Testing the Standard Model with flavour physics
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Unitarity of the CKM matrix     test the validity of the Standard Model⟺
<latexit sha1_base64="qB/gsMb4k0A2h8eVzyeY22Tqfbs="></latexit>

VCKM =

0

@
Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb

1

A
in the Standard Model:
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Experimental and theoretical control of these quantities 
is of crucial importance to solve the issue

Different tensions in the            plane:
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Vus-Vud

FLAG Review 2024, [arXiv:2411.04268]
M.Moulson, PoS CKM2016 (2017) 

PDG, PTET 2022 (2022)
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+ (0)| = 0.21654(41)
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|Vus|
|Vud|

fK±

f⇡±
= 0.27599(41)

First-row CKM unitarity tests  (Cabibbo anomaly)
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fK⇡
+ (0) = 0.9698 (17)

         and            determined from  
lattice QCD with sub percent precision!
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+ (0)

Lattice QCD inputs



Some other motivations…
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ETMC, PRL 132 (2024)

Inclusive hadronic decay of  leptonτHVP contribution to muon g-2

D.Djukanovic et al. [Mainz/CLS], 2411.07969

https://inspirehep.net/literature/2847412


Setting the scale
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Studying radiative corrections to leptonic decays is also relevant as decay rates can 
be used to set the scale in lattice calculations:

MDC et al., PRD 100 (2019)

But… is it convenient?

‣ it prevents us from being able to predict  (it is a required input) 

‣ it assumes that the decay is free from new physics effects

|Vq1q2
|



Current level of precision requires the inclusion of isospin-breaking  
corrections due to 

strong effects 

electromagnetic effects

QED and isospin-breaking effects
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�(K ! ⇡`⌫`) / |Vus|2 |fK⇡
+ (0)|2

�
1 + �R`

K⇡

�
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�(K ! `⌫`)

�(⇡ ! `⌫`)
/

|Vus|2

|Vud|2

✓
fK
f⇡

◆2�
1 + �RK⇡

�

‣ results from 𝜒PT currently quoted in the PDG                            

‣ fully non-perturbative (i.e. structure dependent) 

‣ can be obtained through first-principle lattice calculations
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µ+

V.Cirigliano & H.Neufeld, PLB 700 (2011)
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⇠ O(1%)



2. How:
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  Lattice QCD + QED

A conceptual challenge:  how to define QED in a finite periodic box?

‣ need to circumvent Gauss' law: no charged states in a periodic box

‣ finite-volume effects can be sizeable and power-like

‣ logarithmic infrared divergences arise when studying decays

Problems well studied. Different lattice QED formulations proposed and used.

<latexit sha1_base64="2ZVhiiejvdtGyDta5uqZ4/skDw0="></latexit>

hOi =

Z
D�O e�Siso��S = hOiiso + h�SOiiso + . . .

<latexit sha1_base64="yJN/1x0RK1uEpMAcBwDD2gF3EX8="></latexit>

“iso” =

(
mu = md

↵em = 0

RM123 approach: G.M.de Divitiis et al. [RM123], PRD 87 (2013)
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Charged states in a finite box
Gauss law: only zero net charge is allowed in a finite volume with periodic boundary conditions

<latexit sha1_base64="oQALwZP6v/ST1E8TNElqBWbrNnk="></latexit>

Q =

Z
d3x j0(t,x) =

Z
d3x r ·E(t,x) = 0

<latexit sha1_base64="v/OTwnqfR8hvtJWKrb9Jne4DK/k=">AAAB+HicbVDLSgMxFL3js9ZHR10qEiyCq2FGQV0W3bhswT6gHUomTdvQTGZIMkIduvQr3LhQxK2rfoc7v8GfMNN2oa0HAodz7uWenCDmTGnX/bKWlldW19ZzG/nNre2dgr27V1NRIgmtkohHshFgRTkTtKqZ5rQRS4rDgNN6MLjJ/Po9lYpF4k4PY+qHuCdYlxGsjdS2C60Q674M09gJHOKM2nbRddwJ0CLxZqRYOhxXvh+PxuW2/dnqRCQJqdCEY6WanhtrP8VSM8LpKN9KFI0xGeAebRoqcEiVn06Cj9CJUTqoG0nzhEYT9fdGikOlhmFgJrOYat7LxP+8ZqK7V37KRJxoKsj0UDfhSEcoawF1mKRE86EhmEhmsiLSxxITbbrKmxK8+S8vktqZ41045xWvWLqGKXJwAMdwCh5cQgluoQxVIJDAE7zAq/VgPVtv1vt0dMma7ezDH1gfP0e4lo0=</latexit>

p.b.c.
<latexit sha1_base64="v/OTwnqfR8hvtJWKrb9Jne4DK/k=">AAAB+HicbVDLSgMxFL3js9ZHR10qEiyCq2FGQV0W3bhswT6gHUomTdvQTGZIMkIduvQr3LhQxK2rfoc7v8GfMNN2oa0HAodz7uWenCDmTGnX/bKWlldW19ZzG/nNre2dgr27V1NRIgmtkohHshFgRTkTtKqZ5rQRS4rDgNN6MLjJ/Po9lYpF4k4PY+qHuCdYlxGsjdS2C60Q674M09gJHOKM2nbRddwJ0CLxZqRYOhxXvh+PxuW2/dnqRCQJqdCEY6WanhtrP8VSM8LpKN9KFI0xGeAebRoqcEiVn06Cj9CJUTqoG0nzhEYT9fdGikOlhmFgJrOYat7LxP+8ZqK7V37KRJxoKsj0UDfhSEcoawF1mKRE86EhmEhmsiLSxxITbbrKmxK8+S8vktqZ41045xWvWLqGKXJwAMdwCh5cQgluoQxVIJDAE7zAq/VgPVtv1vt0dMma7ezDH1gfP0e4lo0=</latexit>

p.b.c.

<latexit sha1_base64="J5C5pvs6NmUQ3w5o8poX0IdXjJM="></latexit>

⌦3 = 2⇡Z3/L

QEDL

M.Hayakawa & S.Uno, PTP 120 (2008)

remove spatial zero-mode 
of the photon field

Possible solutions:

<latexit sha1_base64="R+h8oyLCQRXXhXr23gKmQb7CAwU="></latexit>

⌦0
3 = (2Z3 + n̄)⇡/L

<latexit sha1_base64="J5C5pvs6NmUQ3w5o8poX0IdXjJM="></latexit>

⌦3 = 2⇡Z3/L

QEDC*

employ C* boundary  
conditions

A.S.Kronfeld & U.-J.Wiese, NPB 357 (1991) 
B.Lucini et al., JHEP 02 (2016)

use massive photon <latexit sha1_base64="2hqfUdXLxtnt9jE4cPM4hB+6PAk=">AAAB/nicdVBPS8MwHE3nvzn/VcWTl+AQPJV2m9Xdhl48TnCbsJaSptkWlrQlSYVRBn4VLx4U8ern8Oa3Md0mqOiDkMd7vx95eWHKqFS2/WGUlpZXVtfK65WNza3tHXN3ryuTTGDSwQlLxG2IJGE0Jh1FFSO3qSCIh4z0wvFl4ffuiJA0iW/UJCU+R8OYDihGSkuBeeCFCYvkhOsr54E3RJyjaWBWbavu2HXHgbblus1Tp6ZJzW42Gi50LHuGKligHZjvXpTgjJNYYYak7Dt2qvwcCUUxI9OKl0mSIjxGQ9LXNEacSD+fxZ/CY61EcJAIfWIFZ+r3jRxxWSTUkxypkfztFeJfXj9Tg3M/p3GaKRLj+UODjEGVwKILGFFBsGITTRAWVGeFeIQEwko3VtElfP0U/k+6Nctxrfp1o9q6WNRRBofgCJwAB5yBFrgCbdABGOTgATyBZ+PeeDRejNf5aMlY7OyDHzDePgF03JZ6</latexit>m�

M.G.Endres et al., [1507.08916]

<latexit sha1_base64="aY/bE0ckDhZn8mvw0iJJotQPBLQ="></latexit>

⌦4 = 2⇡{Z3/L,Z/T}

QEDm QED∞

infinite-volume 
reconstruction

X.Feng & L.Jin, PRD 100 (2019) 

N.Christ et al., [2304.08026]

<latexit sha1_base64="IQz3cTT3o2/L/BAxXL6XfSbJ0/I=">AAACAHicdVDLSgMxFM3UV62vqgsXboJFcDUkddrahVB0484q9gFtLZk0bUMzD5KMUIZu/BU3LhRx62e482/MtBVU9MCFwzn3cu89bii40gh9WKmFxaXllfRqZm19Y3Mru71TV0EkKavRQASy6RLFBPdZTXMtWDOUjHiuYA13dJ74jTsmFQ/8Gz0OWccjA5/3OSXaSN3sXvvSYwPSdeApbHtED103vp7cOt1sDtklVC5gBJGNy9hB2JA8dkqFIsQ2miIH5qh2s+/tXkAjj/maCqJUC6NQd2IiNaeCTTLtSLGQ0BEZsJahPvGY6sTTBybw0Cg92A+kKV/Dqfp9IiaeUmPPNZ3Jjeq3l4h/ea1I9086MffDSDOfzhb1IwF1AJM0YI9LRrUYG0Ko5OZWSIdEEqpNZhkTwten8H9Sz9u4aB9fObnK2TyONNgHB+AIYFACFXABqqAGKJiAB/AEnq1769F6sV5nrSlrPrMLfsB6+wSjdJXT</latexit>

⌦4 = R4
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Charged states in a finite box

<latexit sha1_base64="J5C5pvs6NmUQ3w5o8poX0IdXjJM="></latexit>

⌦3 = 2⇡Z3/L

QEDL

<latexit sha1_base64="R+h8oyLCQRXXhXr23gKmQb7CAwU="></latexit>

⌦0
3 = (2Z3 + n̄)⇡/L

<latexit sha1_base64="J5C5pvs6NmUQ3w5o8poX0IdXjJM="></latexit>

⌦3 = 2⇡Z3/L

QEDC*

<latexit sha1_base64="aY/bE0ckDhZn8mvw0iJJotQPBLQ="></latexit>

⌦4 = 2⇡{Z3/L,Z/T}

QEDm QED∞

<latexit sha1_base64="IQz3cTT3o2/L/BAxXL6XfSbJ0/I=">AAACAHicdVDLSgMxFM3UV62vqgsXboJFcDUkddrahVB0484q9gFtLZk0bUMzD5KMUIZu/BU3LhRx62e482/MtBVU9MCFwzn3cu89bii40gh9WKmFxaXllfRqZm19Y3Mru71TV0EkKavRQASy6RLFBPdZTXMtWDOUjHiuYA13dJ74jTsmFQ/8Gz0OWccjA5/3OSXaSN3sXvvSYwPSdeApbHtED103vp7cOt1sDtklVC5gBJGNy9hB2JA8dkqFIsQ2miIH5qh2s+/tXkAjj/maCqJUC6NQd2IiNaeCTTLtSLGQ0BEZsJahPvGY6sTTBybw0Cg92A+kKV/Dqfp9IiaeUmPPNZ3Jjeq3l4h/ea1I9086MffDSDOfzhb1IwF1AJM0YI9LRrUYG0Ko5OZWSIdEEqpNZhkTwten8H9Sz9u4aB9fObnK2TyONNgHB+AIYFACFXABqqAGKJiAB/AEnq1769F6sV5nrSlrPrMLfsB6+wSjdJXT</latexit>

⌦4 = R4

finite-volume photon
-volume photon∞

localnon-local

power-like finite-volume effects exponential finite-volume effects

dedicated ensemblesUV / IR mixing two IR regulators observable-dependent



QEDr regularization
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<latexit sha1_base64="eQdPw4Mc5YL/IMTVmXKtmd53KFU=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiQq6kYounFZwT6gCWUymbRDJzNhZiKUENz4K25cKOLWr3Dn3zhps9DWC8MczrmXe+4JEkaVdpxva2FxaXlltbJWXd/Y3Nq2d3bbSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoptA7D0QqKvi9HifEj9GA04hipA3Vt/e9GOlhEGWj/MoLBAvVODZf5uR9u+bUnUnBeeCWoAbKavbtLy8UOI0J15ghpXquk2g/Q1JTzEhe9VJFEoRHaEB6BnIUE+VnkxNyeGSYEEZCmsc1nLC/JzIUq8Ka6SwMq1mtIP/TeqmOLv2M8iTVhOPpoihlUAtY5AFDKgnWbGwAwpIarxAPkURYm9SqJgR39uR50D6pu+f107uzWuO6jKMCDsAhOAYuuAANcAuaoAUweATP4BW8WU/Wi/VufUxbF6xyZg/8KevzBwRdl9Y=</latexit>

k = 0

<latexit sha1_base64="R4LiJw9BitlGaXtPg7p1Z/NiMuE=">AAACAXicbVC7TsMwFHXKq5RXgAWJxaJCYqoSQMBYwcJYEH1ITVQ5jtNadezIdkBVVBZ+hYUBhFj5Czb+BqfNAC1Hsnx0zr26954gYVRpx/m2SguLS8sr5dXK2vrG5pa9vdNSIpWYNLFgQnYCpAijnDQ11Yx0EklQHDDSDoZXud++J1JRwe/0KCF+jPqcRhQjbaSevecFgoVqFJsv825pf6CRlOJh3LOrTs2ZAM4TtyBVUKDRs7+8UOA0JlxjhpTquk6i/QxJTTEj44qXKpIgPER90jWUo5goP5tcMIaHRglhJKR5XMOJ+rsjQ7HKlzSVMdIDNevl4n9eN9XRhZ9RnqSacDwdFKUMagHzOGBIJcGajQxBWFKzK8QDJBHWJrSKCcGdPXmetI5r7lnt5Oa0Wr8s4iiDfXAAjoALzkEdXIMGaAIMHsEzeAVv1pP1Yr1bH9PSklX07II/sD5/ALEzl7M=</latexit>) <latexit sha1_base64="R4LiJw9BitlGaXtPg7p1Z/NiMuE=">AAACAXicbVC7TsMwFHXKq5RXgAWJxaJCYqoSQMBYwcJYEH1ITVQ5jtNadezIdkBVVBZ+hYUBhFj5Czb+BqfNAC1Hsnx0zr26954gYVRpx/m2SguLS8sr5dXK2vrG5pa9vdNSIpWYNLFgQnYCpAijnDQ11Yx0EklQHDDSDoZXud++J1JRwe/0KCF+jPqcRhQjbaSevecFgoVqFJsv825pf6CRlOJh3LOrTs2ZAM4TtyBVUKDRs7+8UOA0JlxjhpTquk6i/QxJTTEj44qXKpIgPER90jWUo5goP5tcMIaHRglhJKR5XMOJ+rsjQ7HKlzSVMdIDNevl4n9eN9XRhZ9RnqSacDwdFKUMagHzOGBIJcGajQxBWFKzK8QDJBHWJrSKCcGdPXmetI5r7lnt5Oa0Wr8s4iiDfXAAjoALzkEdXIMGaAIMHsEzeAVv1pP1Yr1bH9PSklX07II/sD5/ALEzl7M=</latexit>)

The spatial zero mode is not removed but redistributed over the neighbouring modes on a 

shell of radius 

Special case of "IR-improvement"

Z.Davoudi et al., PRD 99 (2019) 

MDC, PoS LATTICE2023 (2024) [2401.07666] 

MDC et al., [2501.07936]

<latexit sha1_base64="JWknS/rz/PuGLjJfhiW0KCTDwR0="></latexit>

|p| = 2⇡
L |r| (r 2 Z3)

<latexit sha1_base64="R4LiJw9BitlGaXtPg7p1Z/NiMuE=">AAACAXicbVC7TsMwFHXKq5RXgAWJxaJCYqoSQMBYwcJYEH1ITVQ5jtNadezIdkBVVBZ+hYUBhFj5Czb+BqfNAC1Hsnx0zr26954gYVRpx/m2SguLS8sr5dXK2vrG5pa9vdNSIpWYNLFgQnYCpAijnDQ11Yx0EklQHDDSDoZXud++J1JRwe/0KCF+jPqcRhQjbaSevecFgoVqFJsv825pf6CRlOJh3LOrTs2ZAM4TtyBVUKDRs7+8UOA0JlxjhpTquk6i/QxJTTEj44qXKpIgPER90jWUo5goP5tcMIaHRglhJKR5XMOJ+rsjQ7HKlzSVMdIDNevl4n9eN9XRhZ9RnqSacDwdFKUMagHzOGBIJcGajQxBWFKzK8QDJBHWJrSKCcGdPXmetI5r7lnt5Oa0Wr8s4iiDfXAAjoALzkEdXIMGaAIMHsEzeAVv1pP1Yr1bH9PSklX07II/sD5/ALEzl7M=</latexit>)
<latexit sha1_base64="RpFdIRrFp3TAwt4JKLcuvRcrPVI="></latexit>

Dµ⌫
p (k0,k) = �µ⌫

1� �k,0
k20 + k2

+
�k2,p2

n(p2)

�µ⌫

k20 + p2

<latexit sha1_base64="uI8A74771jLdS5RrirZY/HIbRIk="></latexit>

Dµ⌫
L (k0,k) = �µ⌫

1� �k,0
k20 + k2QEDL : QEDr :
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3.  What

Lattice QCD+QED calculations can provide IB corrections for several hadronic observables: 

‣ hadron masses & quark masses 

‣ HVP contribution to muon g-2 

‣ leptonic & semileptonic weak decay rates 

‣ inclusive hadronic  decays 

‣ CP violation parameters 

‣ … 

As hadronic uncertainties decrease, such corrections become more and more relevant! 

τ
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P+

�

`+

⌫`

q1

q2

real photon emission 
leptonic decays

P+

`0+
`0�

`+

⌫`

q1

q2

virtual photon emission 
leptonic decays

P+

`+

⌫`

q1

q2

leptonic decays

N.Carrasco et al., PRD 91 (2015) 
V.Lubicz et al., PRD 95 (2017) 
N.Tantalo et al., [1612.00199v2] 
D.Giusti et al., PRL 120 (2018) 
MDC et al., PRD 100 (2019) 
MDC et al., PRD 105 (2022) 
P.Boyle, MDC et al., JHEP 02 (2023) 
N.Christ et al., [2304.08026]

G.M.de Divitiis et al., [1908.10160] 
C.Kane et al., [1907.00279 & 2110.13196] 
R.Frezzotti et al., PRD 103 (2021) 
A.Desiderio et al., PRD 102 (2021) 
D.Giusti et al., [2302.01298] 
R.Frezzotti et al., [2306.05904]

G.Gagliardi et al., Phys. Rev. D 105 (2022) 
R.Frezzotti et al., [2306.07228]

K0 ⇡�

`+

⌫`

semileptonic decays

C.Sachrajda et al., [1910.07342] 
N.Christ et al., PRD 108 (2023) 
N.Christ et al., [2402.08915]

K ⇡

⇡

hadronic decays

R.Abbott et al., PRD 102 (2020) 
Z.Bai et al., PRL 115 (2015) 
N.Christ et al., PRD 106 (2022) 
N.Christ & X.Feng, EPJ Web Conf. 175 (2018) 
Y.Cai & Z.Davoudi, [1812.11015]

rare FCNC decays

R.Frezzotti et al., [2402.03262]

Weak decays — some recent works



Leptonic decays of pseudoscalar mesons
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<latexit sha1_base64="3bePRvPmT0VbFKcGf/z8jAN65I8="></latexit>

1/a ⌧ mW

Can be studied in an effective Fermi theory with the W-boson 
integrated out and the local interaction described by

<latexit sha1_base64="ioDoJi6GQsEyIAENPc9NjbS2t9s="></latexit>

He↵ =
GF
p
2
V ⇤
q1q2

⇥
q̄2 �µ(1� �5) q1

⇤⇥
⌫̄` �

µ(1� �5) `
⇤

<latexit sha1_base64="6zf+MyA9Wmq2JvR+8UuHQxjMQWs="></latexit>

�tree
P =

G2
F

8⇡
m2

`

✓
1� m2

`

m2
P

◆2

mP

⇥
fP,0

⇤2
= K |L|2

|L0|2

✓
mP

mP,0

◆2

|M0|2

In the PDG convention, the tree-level decay rate takes the form

with the non-perturbative dynamic encoded in the decay constant
<latexit sha1_base64="+TWcaaLB2Fkzyid2t1G/VFeD7Mw="></latexit>

Z0h0|q̄2 �0�5 q1|P,0i(0) = imP,0 fP,0
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IR divergences appear in intermediate steps of the calculation 
 
 
 

UV divergences: need to include QED corrections to the renormalization of the weak Hamiltonian

F. Bloch & A. Nordsieck, PR 52 (1937) 54 

<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�

IR divergent IR divergentIR finite

A.Sirlin, NPB 196 (1982) 

E.Braaten & C.S.Li, PRD 42 (1990)

• perturbative @ 2 loops in QCD+QED

• non-perturbative in lattice QCD+QED

MDC et al., PRD 100 (2019)

Leptonic decay rate at 
<latexit sha1_base64="3+cu1yyokes4niCOhTFPrS/11No="></latexit>

O(↵)

The decay constant   becomes an ambiguous and unphysical quantityfP,0



Defining the isospin symmetric world
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<latexit sha1_base64="R09mG7B5JJdrXxTOWffRppuFyBE="></latexit>
M̂j

⇤̂

�2
(g, e�, m̂�) =

✓
M�

j

⇤�

◆2
<latexit sha1_base64="Jqddp1hC1gOfkdua2b4dNrTUBNc="></latexit>

m̂�(g)

• The full QCD+QED theory is unambiguously defined 
after matching a set of observables to the real world

• The definition of QCD or isoQCD requires a prescription, 
i.e. some renormalization conditions to fix the bare 
parameters of the action

<latexit sha1_base64="l0GnDaZYRea+7pyzHAh6FMKGlJY="></latexit>

�QCD = (gQCD, 0, m̂QCD)
<latexit sha1_base64="I3kSXx06vb+olOIvvnBtrcW/0AE="></latexit>

�(0) = (g(0), 0, m̂(0))

<latexit sha1_base64="Cxpmt7XFG9LqrGzId+Hc2pG92ZE="></latexit>

j = 1, . . . , Nf

<latexit sha1_base64="O9cYzwq/yy2lZSEHEpWKVuIjjd4="></latexit>

m̂QCD = (m̂QCD
ud , �m̂QCD, m̂QCD

s )
<latexit sha1_base64="ZaXHZ8NjEsfwKJlHh39eDYmACsA="></latexit>

m̂(0) = (m̂(0)
ud , 0, m̂

(0)
s )

<latexit sha1_base64="MeKKeGAICdd/DS8B0QGjiDwxaq8="></latexit>

, . . . )

<latexit sha1_base64="MeKKeGAICdd/DS8B0QGjiDwxaq8="></latexit>

, . . . )

Leptonic decay rate at 
<latexit sha1_base64="3+cu1yyokes4niCOhTFPrS/11No="></latexit>

O(↵)

FLAG 2024 now includes a discussion on this topic where a reference scheme 
("Edinburgh consensus") is proposed.

see talk by A.Ramos
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F. Bloch & A. Nordsieck, PR 52 (1937) 

<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�

IR divergent IR divergentIR finite

N. Carrasco et al., PRD 91 (2015) 
       D. Giusti et al., PRL 120 (2018) 

     MDC et al., PRD 100 (2019) 
P.Boyle, MDC et al., JHEP 02 (2023)

The RM123+Soton approach

Leptonic decay rate at 
<latexit sha1_base64="3+cu1yyokes4niCOhTFPrS/11No="></latexit>

O(↵)
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F. Bloch & A. Nordsieck, PR 52 (1937) 

<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�

IR divergent IR divergentIR finite

<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

� <latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�
<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�

IR finite

<latexit sha1_base64="07plWzllOwhXobnoBle67Q17eK8="></latexit>�
<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0
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enough for Kµ2 and 𝛑µ2 relevant for Ke2 and 𝛑e2  
& decays of heavier mesons

leading finite-volume scaling well studied
V.Lubicz et al., PRD 95 (2017)   N.Tantalo et al., [1612.00199v2] 
                      MDC et al., PRD 105 (2022)

G.M. de Divitiis et al., [1908.10160]    C. Kane et al., [1907.00279 & 2110.13196] 
              R. Frezzotti et al., PRD 103 (2021)           D. Giusti et al., [2302.01298] 
             A. Desiderio et al., PRD 102 (2021)         R.Frezzotti et al., [2306.05904]
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•             correction to the meson mass 

•             correction to the renormalization of the weak operator                                   
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Tree-level decay amplitude:
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Current calculations have been performed in the electro-quenched approximation (sea quarks electrically neutral). 
 

Work is in progress to compute the remaining diagrams.

RM123 perturbative method: expand lattice path-integral around isosymmetric point
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Non-factorisable QED corrections
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The lepton in a finite volume



Non-factorisable QED corrections
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The lepton in a finite volume

We can select specific components using projectors:



Non-factorisable QED corrections
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without projection with projection
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<latexit sha1_base64="WeO5LXlvxkxV37pzUCiWUODoWZ0="></latexit>

! �non-factAP

AP,0
fP`(t, T )



• Correlators created using sequential propagators  

• Muon momentum                     fixed by energy conservation & injected 
via twisted boundary conditions 

• Photon fields sampled from Gaussian distribution (QEDL) 
 
 
 
 
 

• Sources      :  point (RM123S)  /  Coulomb gauge-fixed wall (RBC-UKQCD) 

• Electromagnetic current: conserved (RM123S) / local (RBC-UKQCD)

Numerical implementation of correlators
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A general comparison of the calculations
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RBC/UKQCD (2023):  BMW scheme with Nf 
=2+1 flavours

Defining the iso-symmetric theory

26

QCD+QED

QCD
<latexit sha1_base64="9xrq1ir3erVnrmW1qA6uoqdf1nE="></latexit>�
m̂QCD

ud , �m̂QCD, m̂QCD
s |g, 0

�

<latexit sha1_base64="QtmWVkU1PYJSLM/8ypZEgLFsCak="></latexit>�
m̂(0)

ud , 0, m̂
(0)
s |g, 0

�
iso-QCD

<latexit sha1_base64="kmw7QietYFNaRCDiHj6zYjIIze0="></latexit>✓
m̂2

⇡+

m̂2
⌦�

,
m̂2

K+

m̂2
⌦�

,
m̂2

K0

m̂2
⌦�

◆

��

=

✓
m2

⇡+

m2
⌦�

,
m2

K+

m2
⌦�

,
m2

K0

m2
⌦�

◆

PDG

<latexit sha1_base64="a2/QfNi/42Uzt7KVfhnOj27UTHw="></latexit> 
M̂2

ud

m̂2
⌦�

,
�M̂2

ud

m̂2
⌦�

,
M̂2

K�

m̂2
⌦�

!

�QCD

=

 
M̂2

ud

m̂2
⌦�

,
�M̂2

ud

m̂2
⌦�

,
M̂2

K�

m̂2
⌦�

!

��

<latexit sha1_base64="UJmR2rJUhHwcDp8W6YxBKXqVhYk="></latexit> 
M̂2

ud

m̂2
⌦�

,
�M̂2

ud

m̂2
⌦�

,
M̂2

K�

m̂2
⌦�

!

�(0)

=

 
M̂2

ud

m̂2
⌦�

, 0,
M̂2

K�

m̂2
⌦�

!

��

BMW mesons:

<latexit sha1_base64="i7/uWg9EOSYDHv+JR6HNyLHpSv0="></latexit>

(m̂�
ud, �m̂

�, m̂�
s |g,↵�)

BMW, PRL 111 (2013) 
BMW, PRL 117 (2016)



RM123S (2019):  "GRS" scheme (electroquenched)

Defining the iso-symmetric theory
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• Strong evidence that          can be computed from 
first principles non-perturbatively on the lattice! 

• RBC-UKQCD error dominated by a large systematic 
uncertainty related to finite-volume effects 

• Errors on  from theoretical inputs can 
become comparable with those from experiments
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QED finite-volume effects
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In finite-volume (massless) QED the photon zero modes require a regularisation 
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using the notation of 
B.Lucini et al., JHEP 1602 (2016)

Hadron masses
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Mass corrections can be obtained from Compton amplitude using Cottingham formula
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Hadron masses
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V. Lubicz et al., PRD 95 (2017) 
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MDC et al., PRD 105 (2022) 
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Next steps…

• We still need to quantitatively answer the question "how large should the volume be?" 

• Working on the derivation of FV effects to all-orders in  

  —> Understand asymptotic behaviour of the  series  

  —> Put bounds on neglected higher orders

1/L
1/L

Analytical

Numerical

• QEDr action implemented in Hadrons 

• Ongoing runs with QEDr action for leptonic decays 

• Working on a numerical comparison between QEDL and QEDr https://github.com/aportelli/Hadrons
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QED  ∞
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X.Feng & L.Jin, PRD 100 (2019)

Separate correlator into short and long distance parts:

Exponentially suppressed   (a) finite-volume effects    (b) contributions of states with higher energy

single-hadron state dominance

• An alternative approach is to compute radiative corrections as a convolution of hadronic 
correlators with infinite-volume QED kernels

<latexit sha1_base64="aRaSa2mSTPr3RfK80iPXD+tQX5M="></latexit>

�O(l) =

Z 1

ts

dt

Z
d3x H(t,x)fQED(t,x) ⇡

Z

L3

d3x HL(ts,x)FQED(ts,x)

<latexit sha1_base64="WuXLo6gqylJz5vtvHmL3r2rECFQ="></latexit>

�O(s) =
1

2

Z ts

�ts

dt

Z
d3x H(t,x)fQED(t,x) ⇡

1

2

Z ts

�ts

dt

Z

L3

d3x HL(t,x)fQED(t,x)

<latexit sha1_base64="WuXLo6gqylJz5vtvHmL3r2rECFQ="></latexit>

�O(s) =
1

2

Z ts

�ts

dt

Z
d3x H(t,x)fQED(t,x) ⇡

1

2

Z ts

�ts

dt

Z

L3

d3x HL(t,x)fQED(t,x)

<latexit sha1_base64="aRaSa2mSTPr3RfK80iPXD+tQX5M="></latexit>

�O(l) =

Z 1

ts

dt

Z
d3x H(t,x)fQED(t,x) ⇡

Z

L3

d3x HL(ts,x)FQED(ts,x)



Infinite volume reconstruction

35

QED  ∞
N.Christ et al., [2304.08026]

Strategy proposed for leptonic decay rates: 

• Logarithmic IR divergences appear 

• but they cancel analytically between diagrams 

• Numerical calculation still ongoing… 

                                          … systematics under control?

from Luchang Jin's talk @ Edinburgh May 30, 2023
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• Two lattice calculations of IB and QED corrections to light-meson leptonic decay rates 

• Work in progress on independent calculation using QED  by a third group 

• Current main challenges: electro-unquenching & finite volume QED effects

∞

K0 ⇡�
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tackle different weak 
processes
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extend calculation to 
heavier mesons
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d(s)

QED∞

?

Hansen,Lupo,Tantalo, PRD 99 (2019)

4.  Where do we stand and where to go?

Other directions…
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