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Outline of the talk

1. Whl:] are isospin-breaking and QED corrections relevant?

2. HOW are these effects included in lattice calculations?
3. What has been done for light-meson leptonic decays?

4. Where do we stand and where do we go?



Testing the Standard Model with flavour physics

Unitarity of the CKM matrix <= test the validity of the Standard Model

‘Vud|2 + ‘Vus‘Z T |Vub‘2 =1

Vaud  Vaus Vb in the Standard Model:
VCKM — Vcd Vcs Vcb
Via Vis Vi




First-row CKM unitarity tests (Cabibbo anomaly)

262024 FLAG Review 2024, [arXiv:2411.04268] Vis|  Fres M.Moulson, PoS CKMz2016 (2017)
: = (0.27599(41) | ’
|Vud f oy PDG, PTET 2022 (2022)

Vas| £ (0)] = 0.21654(41)
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nuclear f decay _ Experimental and theoretical control of these quantities
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Vgl is of crucial importance to solve the issue



Lattice QCD inputs
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X fx/frand f{7(0) determined from
Q lattice QCD with sub percent precision!




Some other motivations...

D.Djukanovic et al. [Mainz/CLS], 2411.07969 ETMC, PRL 132 (2024)
oK Exp. Average
T Mainz/CLS 24 - | | | = Xy s [This Work]
311\34(\3)\/7 [%)Ii/?zcgl 24 - 7 — OPE — 1, Refs. [6-7]
HAg V- —— 7 — OPE — 2, Refs. [8-9]
A . Aubin et al. 22 :
== T—latt-disp, Ref. [10]
. Lehner & Meyer 20 . 7 — K v,, Ref. [3]
e BMW 20 ——] Hyperons, Ref. [4]
; o : Mainz/CLS 19 = K3, Ref. [3)]
— L [ W Kjmpm Ref. 3]
: ® + PACS 19 From unitarity — 0" — 0% B-decays, Ref. [14]
A , ETMC 19 —a— n — pev, Ref. [4]
' - : RBC/UKQCD 18 I o ] 7 — XuaVr, Ref. [2]
—O— White Paper 20 I = I 7, Ref. [4] |
Boito et al. 22 021  0.22 0.23 0.24 0.25 0.26
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HVP contribution to muon g-2 Inclusive hadronic decay of 7 lepton


https://inspirehep.net/literature/2847412

SEttiﬂg the SCa le MDC et al., PRD 100 (2019)

Studying radiative corrections to leptonic decays is also relevant as decay rates can
be used to set the scale in lattice calculations:

aM,[o
Rl(aN;gs’e’m) — af,, (aN;gs’e’m)’
M
RZ(aNa gsaeam) — el (aNa gs’e’m)’
GIZV|V aF,
8 M2 aM
m P R;(aN; g;,e,m) = D, (aN; gs, e, m),
aF
Mg+ —aM
R4(aN,gS,e,m) — - K+fa & (aN9gs’e’m)
a T

But... is it convenient?

> it prevents us from being able to predict [V, | (it is a required input)

192

> it assumes that the decay is free from new physics effects



QED and isospin-breaking effects

Current level of precision requires the inclusion of isospin-breaking
corrections due to

o stronqg effect My, — M 0
g effects | ]QCD 7 < O1%)

o electromagnetic effects a # 0

X

F(K — ng) Vus 2 fK
['(m — lvy) V.,ql?

I

> results from yPT currently quoted in the PDG

> fully non-perturbative (i.e. structure dependent)

> can be obtained through first-principle lattice calculations

2
) (1 —I—5RK7T) (K — mlyg) o ‘VuS‘z |fﬂl—<ﬂ(0)‘2 (1 5R§(7T)

V.Cirigliano & H.Neufeld, PLB 700 (201)



2. How: Lattice QCD + QED

A conceptual challenge: how to define QED in a finite periodic box?

> need to circumvent Gauss' law: no charged states in a periodic box
> finite-volume effects can be sizeable and power-like

> logarithmic infrared divergences arise when studying decays

Problems well studied. Different lattice QED formulations proposed and used.

RM123 approach: G.M.de Divitiis et al. [RM123], PRD 87 (2013)

' <O> — D@Oe_siso—AS — <O>iSO _I_ <AS O>iSO _I_ j “iSO” _ { ;nu —
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Charged states in a finite box

Gauss law: only zero net charge is allowed in a finite volume with periodic boundary conditions

Q:/dSXjQ(t,X):/ d°x V- E(t,x) =0

p.b.c. p.b.c.
Possible solutions:

QEDL QEDC*
eeeee O
0 X 060 oo oo
oo o0 Q‘ ----- Q‘ ......
e reer

Qs = (2Z° +n)r/L

Q4 =2m{Z*/L,Z/T}

infinite-volume
reconstruction

remove spatial zero-mode employ C* boundary

of the photon field conditions use massive photon 772y

A.S.Kronfeld & U.-J.Wiese, NPB 357 (1991) M.G.Endres et al., [1507.08916] X.Feng & L.Jin, PRD 100 (2019)

M.Hayakawa & S.Uno, PTP 120 (2008) o
B.Lucini et al., JHEP 02 (2016) N.Christ et al., [2304.08026] 10



Charged states in a finite box

QED, QEDc>

O 0 0 00

O 0O 0 00 ;

® @& <X 0 O §

O 0 0 00 z

O 0 0 00
Qf = (2Z° +n)r/L

finite-volume photon

non-local

power-like finite-volume effects

UV / IR mixing dedicated ensembles

local

oo-volume photon

exponential finite-volume effects

two IR requlators

observable-dependent
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QEDF regUla rizatiOn Z.Davoudi et al., PRD g9 (2019)

MDC, PoS LATTICE2023 (2024) [2401.07666]

Special case of "IR-improvement’ MDC et al., [2501.07936]
0009 o-0-0-0-@ 00060
0000 eco0o0o0o0 eoenee
o000 — oo0dDeoe — 00 O
EE EX EE XX oo Qoo
0009 o0 000 0 0 0 o
®k=0

The spatial zero mode is not removed but redistributed over the neighbouring modes on 3

shell of radius |p| = Qf\r\ (r € Z°)

1 —dx.0 | Oz p2  OMY
ké + k2 | n(p?) kg + p?

QEDL:  DY¥(kok) = 6" 550 = QEDy: DL (ko,k) = 6"

12



can provide IB corrections for several hadronic observables:

hadron masses & quark masses

HVP contribution to muon g-2

leptonic & semileptonic weak decay rates
inclusive hadronic 7 decays

CP violation parameters

As hadronic uncertainties decrease, such corrections become more and more relevant!

13



Weak decays — some recent works

leptonic decays real photon emission virtual phqton emission
leptonic decays leptonic decays

N.Carrasco et al., PRD g1 (2015) G.M.de Divitiis et al., [1908.10160] G.Gagliardi et al., Phys. Rev. D 105 (2022)
V.Lubicz et al., PRD gg (2017) C.Kane et al., [1907.00279 & 2110.13196] R.Frezzotti et al., [2306.07228]
N.Tantalo et al., [1612.0019gv2] R.Frezzotti et al., PRD 103 (2021)
D.Giusti et al., PRL 120 (2018) A.Desiderio et al., PRD 102 (2021)
MDC et al., PRD 100 (2019) D.Giusti et al., [2302.01298]
MDC et al., PRD 105 (2022) R.Frezzotti et al., [2306.05904] R.Abbott et al., PRD 102 (2020)
P.Boyle, MDC et al., JHEP 02 (2023) Z.Bai et al., PRL 115 (2015)
N.Christ et al., [2304.08026] C.Sachrajda et al., [1910.07342] N.Christ et al., PRD 106 (2022)
N.Christ et al., PRD 108 (2023) N.Chnst & X.Feng, EP) Web Conf. 175 (2018)
R.Frezzotti et al., [2402.03262] N.Christ et al., [2402.08915] Y.Cai & Z.Davoudi, [1812.1015]

rare FCNC decays semileptonic decays hadronic decays

Vy

£+




Leptonic decays of pseudoscalar mesons

Can be studied in an effective Fermi theory with the W-boson

integrated out and the local interaction described by

G
Her = —=V o (@71 = 5) @] [Ze " (1 = 75) £]

\/§ d142

In the PDG convention, the tree-level decay rate takes the form

G4 m2\ 2
Fgee — —Fm% (1 ; ) mp fPO}
ST m% [

with the non-perturbative dynamic encoded in the decay constant

Z0(0]G2 vov5 q1| P, 0)(©) = 1mpo JP,o

15



Leptonic decay rate at O(a)

o The decay constant fp, becomes an ambiguous and unphysical quantity

o IR divergences appear in intermediate steps of the calculation F. Bloch & A. Nordsieck, PR 52 (1937) 54
I'( P, lim @%
(Pp2) AIR—>0{ @i§’<
IR finite IR divergent IR divergent

o UV divergences: need to include QED corrections to the renormalization of the weak Hamiltonian

W-reg M
G ( ( W) A.Sirlin, NPB 196 (1982)
Heg = 7}; Vqtqz (1 + CYC% In (]]\\4/4—5/)) [q2 ")/'u(]_ — ")/5 g1 ] [1/3 fy ]_ — 75) g] E.Braaten & C.S.Li, PRD 42 (1990)
’ o/ M perturbative @ 2 loops in QCD+QED
reg _ ZW S %% S
Or = (Mw) ( L s (1), aem) O (k) non-perturbative in lattice QCD+QED

MDC et al., PRD 100 (2019)
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Leptonic decay rate

at O(a)

Defining the isospin symmetric world

R

-~
~.--.__-_-|"

FLAG 2024 now incluc

¢

see talk by A.Ramos

® The full QCD+QED theory is unambiguously defined
after matching a set of observables to the real world

M;

LA

D M4

- N _2

= | (

M? 2 iy
g,e¢,ﬁ1¢) — (A—;> : e (g)

® The definition of QCD or isoQCD requires a prescription,

i.e. some renormalization conditions to fix the bare
parameters of the action

5 QCD

= (g

QCD’ 0, thCD) M QCD _ (mSC?D’ 5mQCD7 mEQCD’ )

o = (9,0, i ?) = (7, 0,m”, ..

es a discussion on this to

Fdinburgh consensus") is

hic where a reference scheme

hroposed. -



Leptonic decay rate at O(a)
The RM123+Soton approach

F(P”):Aggo{ @i% " @Z§P<

IR finite IR divergent IR divergent

/

F. Bloch & A. Nordsieck, PR 52 (1937)
N. Carrasco et al., PRD g1 (2015)

D. Giusti et al., PRL 120 (2018)

MDC et al., PRD 100 (2019)

P.Boyle, MDC et al., JHEP 02 (2023)
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Leptonic decag rate at O (a) F. Bloch & A. Nordsieck, PR 52 (1937)

The RM123+Soton approach

L(Pe) :A};Igo< @% -

IR finite IR finite

+ lim

AIR—>O

N. Carrasco et al., PRD g1 (2015)

D. Giusti et al., PRL 120 (2018)

MDC et al., PRD 100 (2019)

P.Boyle, MDC et al., JHEP 02 (2023)

@+ i { @5+ @ |
(@3 - @< )

IR finite
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Leptonic decay rate at O(a)
The RM123+Soton approach

['(Pyo) = Lli_)n;@< @Z{% — @-Q } + lim

on the lattice

m~—0

F. Bloch & A. Nordsieck, PR 52 (1937)
N. Carrasco et al., PRD g1 (2015)

D. Giusti et al., PRL 120 (2018)

MDC et al., PRD 100 (2019)

P.Boyle, MDC et al., JHEP 02 (2023)

(@ + @}

in perturbation theory

+ng0{@[§’<_@.§<}

on the lattice
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Leptonic decag rate at O (a) F. Bloch & A. Nordsieck, PR 52 (1937)

N. Carrasco et al., PRD g1 (2015)

D. Giusti et al., PRL 120 (2018)

The RM123+Soton approach MDC et al., PRD 100 (z010)
P.Boyle, MDC et al., JHEP 02 (2023)

o I o - o o )
g ) |
F(Pm):rnm<@i§z_@.ﬁz}+nm @.iz+@.£:<w

| L—oo | M —0 )
\_ - o on thi lattici - - - in Eejyrbziion thje_orgjj J

+  lim { @i% — @-« }
L— o0
on the lattice

enough for Ky2 and p2 relevant for Kez> and e

e . . & decays of heavier mesons
leading finite-volume scaling well studied
. _ G.M. de Divitiis et al., [1908.10160]  C. Kane et al., [1907.00279 & 2110.13196]
V.Lubicz et al., PRD g5 (2017) N.Tentalo et al, [1612.00199v2] R. Frezzotti et al., PRD 103 (2021) D. Giusti et al., [2302.01298]
MDC et al., PRD 105 (2022)

A. Desiderio et al., PRD 102 (2021) R.Frezzotti et al., [2306.05904]

18



S

Leptonic decay rate at O(«) i | @{SEi o)

Virtual decay rate onthelatiice "}

2 2\ 2 oA ) 02
D(Pyy) = T (1 + 6Rp) » rg;ee:%mg(l mﬁ) mplfeol’ » ORp = ( p_SmP )
Apo mpo 2o

PDG convention
e O0Ap from the correction to the (bare) matrix element M (pe) = U r, pe; ve, s, pu| Ow | P, 0)
e OMp correction to the meson mass

e O0Z correction to the renormalization of the weak operator Oy MDC et al., PRD 100 (2019)
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From correlators to matrix elements

Our goal: How we realise it:

20



From correlators to matrix elements

| < r )
e f -1

How we realise it: @ :@<
L /) J/u

/
@.@ O|AO t)‘O)T — P,OAP,() {e—mp,ot . e—mp’o(T—t)}
2mp0
Zp
2mp0

20



IB corrections to the decay amplitude M. Diviis et l. (V3] PRO 87 (2o

RM123 perturbative method: expand lattice path-integral around isosymmetric point o = my — mgq =0
q1 o+ q1 o+ d1 o+ q1 o+ a1 o+
q2 Ve q2 Ve q2 vt q2 Ve q2 Ve
q1 o+ q1 o+
Pt P
q2 Ve q2 Ve
q1 Q o+ q1 Q o+ q1 O O o+ o Q A 7 Q AN 7 Q s
P+O D/ P+O D/ P+O D/ P+O n// P+O D/ P+O n/
0 . ¢ . ¢ v g2 . g2 . g2 B

Current calculations have been performed in the electro-quenched approximation (sea quarks electrically neutral).
Work is in progress to compute the remaining diagrams.

21



IB corrections to the decay amplitude M. Diviis et l. (V3] PRO 87 (2o

RM123 perturbative method: expand lattice path-integral around isosymmetric point o = my — mgq =0

q1 o+ q1 o+ q1 o+
p+@ < p+@ < p+® <
¢ vt 9 v ¢ Ve

0.01 : . : . : : : . : . :
0.01 e O self energy (2b)+(2c) ] e e A
i - 0.00 } ;
0.00 éoeeeeeeeeee [0 exchange (2a) . '::-.,..
0 .0 0% . —0.01} "u ®ee
~ ™ U - " ®e
= 001 eeaa’ézﬂunuu 000‘:":“30@ O J (2a)+(2b)+(2¢) ~ ., "‘--. kaon
O -0.02 699 Huxg""‘}";gﬁﬂﬂﬂ _ "a 'oooo
~ i eeé‘e@eQ ""055355““ . —0.03 .'._ °'.....
= -003 L D20.48 o0 VYV - "u, *ee.,
N—’ o SQ ®
oy = "33&1“ _ —0.04 L ®eces
O i N ° SR ) s, "u,
o -0.04 | MT ~ 255 MeV "33;—.6 — ~0.05} 77 “n
= “.‘.(".’ o o ..I.
-0.05 [ D00 _ —0.06 } l-.
- MK~535 MeV i ",
[ - ~0.07} BabblLL
—0.06 | 1 1 1 I 1 1 1 1 I 1 | || | I 1 1 | 1 I || | 1 | '
0 10 20 30 40 50 . . , . . . . l | . |
t/a —0.08 4 § 12 16 20 24 28 32 36 40 44 48

t/a

MDC et al., PRD 100 (2019) P.Boyle, MDC et al., JHEP 02 (2023)



IB corrections to the decay amplitude M. Diviis et l. (V3] PRO 87 (2o

RM123 perturbative method: expand lattice path-integral around isosymmetric point o = my — mgq =0

q1 q1

as s
PT pPr
Q2 VE QQ Vﬁ
0.12 ; ; ' : ; .
Che(te = 12) ¥ CR(te=28) Chy(te = 12) ¢ Cf(te=28)
0.012 ———————F—— — , — OF,(te = 16) 5t =32) CK (t, = 16) ¢ CK(t,=32)
' l 0.10 f Cpe(te = 20) B CR(te = 36) CK,(t, = 20) ¢® CK(t,=36)
: : Che(te =24) B Cp(te=40) CK,(t, = 24) ¢® CK(t,=40)
I | | i
_0.009 | o | _ 0.08}
+ | aaa () M
g | ' bion
O™ i QOOEEEEEEEEBHBEEEEEBEEBEBEEBEBEEBEEEEB | 0-06 -.II...............IIIIII.-.
~ 0.006 L eaaﬂ : K : ala a" l...
~~ ]
* gﬂ : ! |3 [ 0.04 ‘“;ﬁl
=1 o . -
o l | 00000000000 ggettitbitg, v |
I% I @ : M ~ 310 MeV : T ° 99,9999*- !z;
T . ;
0.003 |- p30.48 | - 002 kaon o
-@E | M ~ 550 MeV | - !,
i | | - 0.00 | gT
1 1 1 1 | 1 1 1 | | 1 1 1 1 | 1 1 1 1 | 1 1 1 1
0.000 |
0] 10 20 30 40 50
—0.02 ' ' ' . ' : ' : ' ' 4
t/ a 20 4 8 12 16 20 24 28 32 36 40 44 48

t/a

MDC et al., PRD 100 (2019) P.Boyle, MDC et al., JHEP 02 (2023)



Non-factorisable QED corrections

The lepton in a finite volume
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Non-factorisable QED corrections

The lepton in a finite volume

< T e
—
100 I I T T T T T
*  [Si(t, —pe|0)13
Lo o [Silt, —P(‘O)Pu(p,)]w )
. *[Sut —POPu-po)is |
\*' '3,
k'\ “«(
R N 4
POE \.\ ‘/r:.
. \.\* “/f. . o
®. . S o Al s
101 i ®e
0 =7/T . |
0O 3 6 9 12 15 18 21 24 27 30 33 36 39 42 45 48 51 54 57 60 63

t/a

_ _ _tE, Ur(
\\@/EA/\\@ = S0pe) = Z {_e 200 | 2

P¢)Vr(Pe) L elf0T o —(T—1) Ee Ur(—Pe)Ur(—Pe) « 1
1 — e~ TE¢pifT

We can select specific components using projectors:

. va(pe) —

+ Pu(—py) =

Pu(pe) = 1ut(—Pe)ut(—pe) + vs(Pe)Ts(Pe) Y [vr(Pe)0r(Pe)]

Put—py) = {us(—Pe)is(—Pe) + vs(Pe)0s(Pe)} " [tr (—Pe)r (—Po)]
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Non-factorisable QED corrections

kaon l{ th:12 {Itfzz(; | tg=l28 I} t;=36
bt =16 t; = 24 ty =32 vt =40
[ REERR
+++++++{+*+*{*{*****}} I”*}I
+’**+ ,
]
et
:,frffff, ¢t f} 11[ '.l.::j:
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". . 5non—factAP fPE
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@.@ ~~>".

(¢, T)
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0.10
0.08 |
0.06 |
0.04 *te0ss EEREEREN) N 1.!}*}{11
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0.00 f [l
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Numerical implementation of correlators

CPO

1AV

s AFVH

®=1® ®;

Correlators created using sequential propagators

Muon momentum p¢ x {1, 1,1} fixed by energy conservation & injected
via twisted boundary conditions

Photon fields sampled from Gaussian distribution (QED)

Sources (&) : point (RM123S) / Coulomb gauge-fixed wall (RBC-UKQCD)

Electromagnetic current: conserved (RMi123S) / local (RBC-UKQCD)

24



A general comparison of the calculations

RBC/UKQCD RM123+Soton

extrapolation needed

physical masses | v/ phusical point simulations

recovered in the continuum

Twisted Mass

chiral symmetry |  at finite lattice spacing

fermionic action Domain Wall

v/ continuum limit (3)

continuum limit single lattice spacing
v/ multiple volumes
QED,

electro-quenching
GRS ™

infinite volume limit single volume
QED prescription QED.
sea effects electro-quenching

IB scheme BMW (2!

2l BMW, PRL 11 (2013); BMW, PRL 117 (2016)

[b] Gasser, Rusetsky & Scimemi, EPJC 32 (2003); RMi23, PRD 87 (2013)

25



Defining the iso-symmetric theory
RBC/UKQCD (2023): BMW scheme with N¢=2+1 flavours

QCD+QED (mi+ M2, M2, ) B (m% Mier Mo )
A gb A Qb N Qb Qb A 2 Y, A 2 % A 2 T 2 Y 2 Y 2
m. ;,,om?.m o
( ud? » 11%s ‘97 ) mQ— mQ— mQ— o® mQ— mQ_ mQ_ PDG
~ro ~ro 2 “ro T2 T2
QCD Mud A‘]\4ud MKX _ Mud A‘]\4u01 MKX
ud s Ibg g, O-QCD o-qb
. r2 T2 N2 T2 12
ISO'QCD ( Mud A‘]\4ud MKX ) _ ( Mud 0 MKX )
~2 23 3 =5 — | =2 Y 23
T T T T T
(1 0,1 g,0) e e /o " o

1
. 2 2 2 2 _
BMW mesons: M2, = 5 (Mg, + M5, Mg, =

BMW, PRL 11 (2013)
BMW, PRL 117 (2016)
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DEfining the iSO'SUmmEtriC theorg Gasser, Rusetsky & Scimemi, EPJC 32 (2003)

RM123, PRD 87 (2013)

RM123S (2019): "GRS" scheme (electroquenched)

QCD+QED Pl i M, ik, ke [k i b, mik,
(m® , 6m?, me m?lg, a®) 2’ 2’ 2’ T2 2’ 2’ 2 T2

T 70y T ‘I o? U ™ T ™ PDG
Q(;BD o a?P = of m'; (MS, 2 GeV)QCP = m'; (MS, 2 GeV)?
(™ B D, P g0, 0 f={u.d.s.c)
iSO-QCD a(o) — a¢ m?(M_S, 2 GGV)(()) — m?(M_S, 2 GGV)¢
(mg‘g,o,mg()),mgongo,o) f={ud,s,c}

In practice, the renormalization condition on the strong coupling g"*(MS, 2 GeV) = g5 (MS, 2 GeV)

is neglected in the "electroquenched approximation”
27



Results for 0 Rz

m 0Rg, = —0.0112(21)
& 6Ry. = —0.0126(14)
® SRy = —0.0086(13)(39)vol

YPT (2011) |

RM123S (2019) |

RBC-UKQCD (2023) |
(w/o FVE) F

—0.016 —-0.012 —-0.008 —0.004 0
5RK7T

P(K — eyg)

V. Cirigliano et al., PLB 700 (201)
MDC et al., PRD 100 (2019)
P.Boyle, MDC et al., JHEP 02 (2023)

Vusz fK ’
- 1+ 0Rk~
F(W%KW)OCVud2< >(+RK)

I

* Strong evidence that d Rx . can be computed from
first principles non-perturbatively on the lattice!

e RBC-UKQCD error dominated by a large systematic
uncertainty related to finite-volume effects

* Errorson |V |/|V ,

become comparable wi

from theoretical inputs can
th those from experiments
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QED finite-volume effects

In finite-volume (massless) QED the photon zero modes require a reqularisation

a3k \ [ dko G(ko,k)
’ DM (ko, k) = 6"
(L3Z / )/27rk3+k2 (Ko, k)

M. Hayakawa & S. Uno, PTP 120 (2008) l QEDL

43k dko G(ko, k)
— ’ D%Y (ko, k) = 61"
(32 | & )/M§+k2 1 (ko )

k-0

1

ki + k|2
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QED finite-volume effects

Hadron masses

Mass corrections can be obtained from Compton amplitude using Cottingham formula

e’ MM (—ik|, k)

Amp(L) =mp(L) —mp(0c0) = Ay B Z1p(0)

using the notation of

B.Lucini et al., JHEP 1602 (2016)

M (—ilk|. k) =
. ~ (~ilkl k) = =

- M([k])
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QED finite-volume effects

Hadron masses

using the notation of
B.Lucini et al., JHEP 1602 (2016)

Mass corrections can be obtained from Compton amplitude using Cottingham formula

Amp(L) = mp (L) — mp(oc) = 7o LI apn(cig i) = 22 4 M)
62 . / OO g /41 C_1_ ,
AmP(L) = T 62(9) 24;_)2(10;) - Cq (8) ./2\:_;02) | C()(H) MLgO) | ;: (21;4)+g (Z —|_£2()9')j\/l(£+ )(O)
=0
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QED finite-volume effects

Hadron masses

using the notation of
B.Lucini et al., JHEP 1602 (2016)

Mass corrections can be obtained from Compton amplitude using Cottingham formula

Amp(L) = mp (L) — mp(oc) = 7o LI apn(cig i) = 22 4 M)
62 1 / OO g /41 C_1_ ,
AmP(L) = T 62(9) Z47f2(2) - Cq (0) ./2\:_;02) | C()(H) MLgO) | Z (21;4)_% (Z —|_£2()9')j\/l(£+ )(O)

universal terms fixed by Ward identities
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QED finite-volume effects

Hadron masses

using the notation of
B.Lucini et al., JHEP 1602 (2016)

Mass corrections can be obtained from Compton amplitude using Cottingham formula

Amp(L) = mp (L) — mp(oc) = 7o LI apn(cig i) = 22 4 M)
62 1 / OO g /41 C_1_ ;

universal terms fixed by Ward identities structure + multi-particle dependence
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QED finite-volume effects e the nottion of

B.Lucini et al., JHEP 1602 (2016)
Hadron masses

e? [ Z1p(0) M(0) M(0) = (2m) e 4(0)
A L — 0 | | I (E—I_Q)
mp(l) = oo |20 T Fal®) 5 +al0) =5 ;% A gy )
LOh . aeeen =TT et T
0.5_—

1 = QEDg [65]

§ I
= I
~ I I QEDL
----- QED,
—0.5-
—-1.0+




V. Lubicz et al., PRD g5 (2017)

QED finite-volume effects \ Tontlo et o, [rzomggye

MDC et al., PRD 105 (2022)
Leptonic decays MDC et oL, [2310.13358]

MDC et al., [2501.07936]

3 My mw L - mpl my L 1 ca—2(ca(vy) — By(v
AY(L):Z%—KLlog (mW)+210g( ZT )—2A1(Vg) log 2]; - log 4; 1| + =2 (3(22 1(ve))

1 [(1+ r?)Q Co — 4r§cz(w)_

mpl | 1 — 7“21
1 [ Fa(0) dmmp[(1 +re)?cr —4rjci(ve)] | 8a[(1+17)cr — 2ci(ve)]
| (mpL)? | fp 1 — 7“21 | (1— 7“21)

| Co Cél) -+ Co(Vg) Céz)

1 [327%c (24 77)
3272 [ p , OF %"

(mpL)3 [ (14177)3 (2) _ P
Lo Ce frmE(l—rf) [V AT

0T _

* Collinear divergent terms as |[v| — 1 and v || k

v :@: [en) mrass

e Dependence on the direction v due to rotational symmetry breaking




Next steps...

Analytical

* We still need to quantitatively answer the question "how large should the volume be?”

* Working on the derivation of FV effects to all-orders in 1/L

—> Understand asymptotic behaviour of the 1/L series

—> Put bounds on neglected higher orders

Numerical

® QEDr action implemented in Hadrons

® Ongoing runs with QEDr action for leptonic decays

Hadrons

* Working on a numerical comparison between QEDL and QEDr hitps://github.com/aportelli/Hadrons
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Infinite volume reconstruction X Feng & Lin, PRD 100 (2016)
QEDoo

* An alternative approach is to compute radiative corrections as a convolution of hadronic
correlators with infinite-volume QED kernels

AQO = /dt/dSX H(t,x) forp(t,Xx) = AOB) + AOW

Separate correlator into short and long distance parts:

1 [t
() ~ * 3 L
AOB) 5 /_ts dt/,;sd x H"(t,x)fqep (¢, %) 0 ts o0

single-hadron state dominance

A0 & [tk HE(tx) Faen(tex
L3

Exponentially suppressed (a) finite-volume effects  (b) contributions of states with higher energy
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Infinite volume reconstruction

QED
14 14 14
Tt w x 7wt x // 7wt T /
EN-N y
+ + A
¢ s %u*
A B C
14 14
T x / T // 7
:—%H/‘/L\\ . > Y )
SN 7
D E
= Diagram A:

K.p,0

HO (4 . %) = / G (O T{JIW(0) JE (b, W + %) JEM (£, )} | (D))
» Diagram B and D:
Hup(x) = Hid(xe. X) = (0IT{4(0)J5" (x)}|m(0))
» Diagram C and E (f; = 130 MeV):

HO = HY6,, = (0]JY(0)m(0)) = —imnfrly.

from Luchang Jin's talk @ Edinburgh May 30, 2023

N.Christ et al., [2304.08026]

Strategy proposed for leptonic decay rates:

* Logarithmic IR divergences appear
* but they cancel analytically between diagrams

® Numerical calculation still ongoing...
... systematics under control?
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4. Where do we stand and where to go?

* Two lattice calculations of IB and QED corrections to light-meson leptonic decay rates
* Work in progress on independent calculation using QED__ by a third group

* Current main challenges: electro-unquenching & finite volume QED effects

Other directions...

c ax
+ K0 T
D5
d(s) Ve

extend calculation to tackle different weak develop and apply
heavier mesons processes new techniques
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