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Introduction

Lattice gauge theory for low energy processes

Framework 
          low energy effective theory 
 
                    QCD + QED  
 
Approximation  
                    QCD  

 
renormalizable QFTs (perturbative in )

“scale setting” = part of renormalization 

α ≡ αem



Renormalization schemes

Perturbative schemes 
 
                                            (+  )

          impractical  
            need RGI’s  for precise definitions/values 
                —> step scaling or faith  
                often gauge fixing 

Hadronic renormalization schemes                          (+  )  
 
          Natural + common practice + theoretically sound  
          —> we only consider those 
 
         hadron masses/           bare  
         properties/            —>                —>  predictions  
            scales                          parameters 

αs ≡ αMS(mZ), m̄j(x GeV ) αem

ΛMS, MRGI
j

αem

g0, m0,i



Hadronic renormalization scheme, scale setting

Renormalization conditions 
 
 

                          (+  )

 (with hadron masses ) define LCP 
 
                                                               

Observable   with dimension  is then predicted as

                      with   

“The” scale:  .

Useful to replace  by theory scales, because of  
— excited state corrections 
— extrapolation to physical point 
— statistical precision

theory scales predicted as above

Mi(g0, {am0,j})
M1(g0, {am0,j})

=
Mexp

i

Mexp
1

, i = 2…Nf + 1 , j = 1…Nf . αem

Mi

am0,j = μj(g0)

𝒪 [𝒪] = d𝒪

𝒪cont = (Mexp
1 )

d𝒪
lim

aM1→0
𝒪̂(aM1) 𝒪̂(aM1) =

𝒪
Md𝒪

1 am0, j=μj(g0)

M1 ≡ 𝒮

M1 𝒮−1 = r0, r1, … , t0, w0



Impact / relevance 0

Predictions for phenomenology do depend on the precision 
of the LCP in general. Scale + other quantities “setting the 
quark masses”.

Often the uncertainty of the scale may be dominant /relevant.

Examples follow 
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Impact / relevance 1

Lambda-parameter      (or )   
 

            recent ALPHA-result:  ,      (most precise result)    [2501.06633]  

 

                                        ,    —> unpleasant 25% in squared error 

                                              
                                               note: FLAG 2024, 2+1:            difference: 
                                                                             2+1+1:           1.3%

                                                The result is very relevant: to be used in the analysis of LHC data etc. 
                                                —>         use a conservative # + err, also for the scale

Λ = ΛMS αs(mz)

Λ = 343.9(8.4) MeV
δΛ
Λ

= 2.4 %

( δΛ
Λ )

2

= . . . + ( δt0
2t0 )

2
δt0
2t0

= 1.3 %

t0 = 0.1447( 6) (0.4%)
t0 = 0.1429(10) (0.7%)



Impact / relevance 2

Light quark masses  

                         

 
 
           

mud =
1
𝒮

× [M2
π]exp × [

mud 𝒮
M2

π
]lat ,

δmud

mud
≈

δ𝒮
𝒮

Figure 2: Mean mass of the two lightest quarks, mud = 1
2(mu + md). The bottom panel

shows results based on sum rules [247, 250, 252] (for more details see Fig. 1).

be completely negligible. Nevertheless, we decided not to add any uncertainty associated
with this e!ect. The main reason is that most recent determinations try to estimate this
uncertainty themselves and found an e!ect smaller than naive power counting estimates
(see Nf = 2 + 1 + 1 section),

Nf = 2 + 1 : ms/mud = 27.42 (12) Refs. [12–14, 19, 22] . (36)

Nf = 2 + 1 + 1 lattice calculations

For Nf = 2+ 1+ 1 there are four results, ETM 21 [7], MILC 17 [20], ETM 14 [8] and
FNAL/MILC 14A [21], all of which satisfy our selection criteria.

All these works have been discussed in the previous FLAG edition [4], except the new
result ETM 21A, that we have already examined. The fit has ω2/dof → 1.7, and the result
shows reasonable agreement with the Nf = 2 + 1 result.

Nf = 2 + 1 + 1 : ms/mud = 27.227 (81) Refs. [7, 8, 20, 21], (37)

43

Figure 1: MS mass of the strange quark (at 2 GeV scale) in MeV. The upper two panels show
the lattice results listed in Tabs. 7 and 8, while the bottom panel collects sum rule results [247–
251]. Diamonds and squares represent results based on perturbative and nonperturbative
renormalization, respectively. The black squares and the grey bands represent our averages
(32) and (34). The significance of the colours is explained in Sec. 2.

4.1.2 Lattice determinations of ms/mud

The lattice results for ms/mud are summarized in Tab. 9. In the ratio ms/mud, one of the
sources of systematic error—the uncertainties in the renormalization factors—drops out.
This is especially important for the recent determination by the CLQCD collaboration,
since their error budget for the individual quark masses was dominated by the systematic
associated with the renormalization. Also, other systematic e!ects (like the e!ect of the
scale setting) are reduced in these ratios. This might explain that despite the discrepancies
that are present in the individual quark mass determinations, the ratios show an overall
very good agreement.

Nf = 2 + 1 lattice calculations

CLQCD 23 [10], discussed already, is the only new result for this section. The other
works contributing to this average are ALPHA 19, RBC/UKQCD 14B, which replaces
RBC/UKQCD 12 (see Sec. 4.1.1), and the results of MILC 09A and BMW 10A, 10B.

The results show very good agreement with a ω2/dof = 0.14. The final uncertainty
(→ 0.5%) is smaller than the ones of the quark masses themselves. At this level of precision,
the uncertainties in the electromagnetic and strong isospin-breaking corrections might not

42

Spread partially due to scales?
not investigated by FLAG
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mud ms

ETM 21A [7] A ↭ ↭ ↭ ↭ → 3.636(66)(+60
→57) 98.7(2.4)(+4.0

→3.2)
HPQCD 18† [17] A ↭ ↭ ↭ ↭ → 94.49(96)
FNAL/MILC/TUMQCD 18 [9] A ↭ ↭ ↭ ↭ → 3.404(14)(21) 92.52(40)(56)
HPQCD 14A ↑ [18] A ↭ ↭ ↭ → → 93.7(8)
ETM 14↑ [8] A → ↭ ↭ ↭ → 3.70(13)(11) 99.6(3.6)(2.3)

† Bare-quark masses are renormalized nonperturbatively in the RI-SMOM scheme at scales µ ↑ 2–5 GeV
for di!erent lattice spacings and translated to the MS scheme. Perturbative running is then used to run
all results to a reference scale µ = 3 GeV.

↑ As explained in the text, ms is obtained by combining the results mc(5GeV;Nf = 4) = 0.8905(56) GeV
and (mc/ms)(Nf = 4) = 11.652(65), determined on the same data set. A subsequent scale and scheme
conversion, performed by the authors, leads to the value 93.6(8). In the table, we have converted this
to ms(2GeV;Nf = 4), which makes a very small change.

Table 8: Nf = 2 + 1 + 1 lattice results for the masses mud and ms (MeV).

51

relevant at the level of these errors (2+1+1) 



Impact / relevance 2

Heavy quark masses  

b-quark, approximately, HQET-inspired:

                         

 
 
           

mb = mexp
B + 𝒮 × [ mb − mB

𝒮 ]
lat

,
δmb

mb
≈

1
10

δ𝒮
𝒮

1/10 suppression —> not very relevant 

anyway, different problems for b-quarks 

but some very small uncertainties are 
cited: 

We have included a 100% correlation on the statistical errors of ETM 16B and Gambino 17,
since the same ensembles are used in both. While FNAL/MILC/TUM 18 and HPQCD
21 also use the same MILC HISQ ensembles, the statistical error in the HPQCD 21
analysis is negligible, so we do not include a correlation between them. The average has
ω2/dof = 0.02.

The above translates to the RGI average

Nf = 2 + 1 + 1 : MRGI
b

= 6.938(23)m(45)! GeV Refs. [9, 34–37] . (64)

Results formb(mb) are shown in Fig. 7 together with the FLAG averages corresponding
to Nf = 2 + 1 and 2 + 1 + 1 quark flavours.

Figure 7: The b-quark mass for Nf = 2+1 and 2+1+1 flavours. The updated PDG value
from Ref. [274] is reported for comparison.
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mb(mb) mb/mc

HPQCD 21 [34] 2+1+1 A ↭ → ↭ → ↫ 4.209(21)++ 4.586(12)→→

FNAL/MILC/TUM 18 [9] 2+1+1 A ↭ → ↭ → ↫ 4.201(12)(1)(8)(1) 4.578(5)(6)(0)(1)
Gambino 17 [37] 2+1+1 A → ↭ → ↭ ↫ 4.26(18)
ETM 16B [36] 2+1+1 A → ↭ → ↭ ↫ 4.26(3)(10)+ 4.42(3)(8)
HPQCD 14B [35] 2+1+1 A ↭ ↭ ↭ ↭ ↫ 4.196(0)(23)†

Petreczky19 [31] 2+1 A ↭ ↭ ↭ ↭ ↫ 4.188(37) 4.586(43)
Maezawa 16 [230] 2+1 A ↭ ↭ ↭ ↭ ↫ 4.184(89) 4.528(57)
HPQCD 13B [270] 2+1 A ↭ → → → ↫ 4.166(43)
HPQCD 10 [15] 2+1 A ↭ ↭ ↭ → ↫ 4.164(23) 4.51(4)

ETM 13B [73] 2 A → ↭ → ↭ ↫ 4.31(9)(8)
ALPHA 13C [271] 2 A ↭ ↭ ↭ ↭ ↫ 4.21(11)
ETM 11A [272] 2 A → ↭ → ↭ ↫ 4.29(14)

PDG [225] 4.18+0.02
↑0.03

++ We quote the four-flavour result. For Nf = 5, the value is 4.202(21).
→→ The ratio is quoted in the MS scheme for µ = 3 GeV because of the di!erent charges of the bottom

and charm quarks.
† Only two pion points are used for chiral extrapolation.

Table 15: Lattice results for the MS bottom-quark mass mb(mb) in GeV, together with the
systematic error ratings for each. Available results for the quark-mass ratio mb/mc are also
reported.

flavours of HISQ quarks are used on MILC ensembles with lattice spacings from about 0.09
to 0.03 fm. Ensembles with physical- and unphysical-mass sea-quarks are used. Quenched
QED is used to obtain the dominant O(ω) e!ect. The ratio of bottom- to charm-quark
masses is computed in a completely nonperturbative formulation, and the b-quark mass is
extracted using the value of mc(3 GeV) from HPQCD 20A. Since EM e!ects are included,
the QED renormalization scale enters the ratio which is quoted for 3 GeV and Nf = 4.
The total error on the new result is more than two times smaller than for HPQCD 14A,
but is only slightly smaller compared to the NRQCD result reported in HPQCD 14B.
The inclusion of QED shifts the ratio mb/mc up slightly from the pure QCD value by
about one standard deviation, and the value of mb(mb) is consistent, within errors, to
the other pure QCD results entering our average. Therefore, we quote a single average.
Cuto! e!ects are significant in that work, and are the dominant source of uncertainty in
the ratio mb/mc. It is di”cult to estimate the value of ε(amin) from the data present in
the publication, but the authors provided extra information about their analysis with the
result that ε(amin) ↑ 3. Therefore, we do not inflate the errors of that computation. The
work rates green stars for all FLAG criteria except for the continuum limit (see Tab. 15)
where less than three ensembles at the physical b-quark mass were used in the a ↓ 0
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Impact / relevance 3.1

muon g-2:   
 
S. Kuberski, Santa Fe workshop 2023 : 
           

ahvp
μ

S���� ������������

Scale enters via muon mass in K̃(t). Determine the scale dependence via

@(a
hvp
µ )

i

@⇤
=

⇣
↵

⇡

⌘
2

1X

0

dt

✓
@

@⇤

eK(t)

◆
W

i
(t; t0; t1) + eK(t)

✓
@

@⇤
W

i
(t; t0; t1)

◆�
G(t)

Using a parametrization of the R-ratio, the Mainz group estimated
�ahvp,⇤µ

ahvpµ
⇡ 1.8

�⇤

⇤
[Della Morte et al., ����.�����] ! What about the windows?

My rough estimates for �(ahvp,⇤µ )
i
⇤

(ahvpµ )i�⇤
at m

phys
⇡ :

�a
hvp
µ �(a

hvp
µ )

SD
�(a

hvp
µ )

ID
�(a

hvp
µ )

LD

1.8 0.0 0.5 2.7

Need a highly precise scale setting for precision in a
hvp
µ .

�� / ��
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 continued 
 
light-quark connected contribution 
           
 
compilation by 
S. Kuberski

ahvp
μ

620 640 660 680
ahvp,l

µ · 1010

FNAL/HPQCD/MILC 24

Mainz/CLS 24

RBC/UKQCD 24

Aubin et al. 22

Lehner, Meyer 20

BMW 20

Mainz/CLS 19

FNAL/HPQCD/MILC 19

PACS 19

ETMC 19

RBC/UKQCD 18

Benton et al. 24/CMD-3

Benton et al. 24/KNT

Boito et al. 22/DHMZ

staggered

Wilson

twisted mass

domain wall



400 420
(ahvp

µ )LD,l · 1010

FNAL/HPQCD/MILC 24

Mainz/CLS 24

RBC/UKQCD 24

Benton et al. 24 (CMD-3)

Benton et al. 24 (KNT19)

staggered Wilson domain wall

fixed 
(to BMW20 
value)

w0

fπmΩ

mΩ

Impact / relevance 3.3

 continued: light-quark connected contribution, long distance window 

           
compilation by 
S. Kuberski  
 
 
 
 
 
 
 
 
 
 
correlation to  
 
be aware of continuum + finite volume extrapolations

no LD in BMW 2024;  
I’m sure they want to help clarify the situation and still publish their updated LD contribution 

ahvp
μ

t0, w0



Impact / relevance 4

Baryon matrix elements

Quantites of interest (nucleon): Weak charges, gA, gS , gT . Form factors, electromagnetic, GE , GM , axial,
GA, GP̃ , GP , . . . Moments of unpolarised, helicity and transversity PDFs, g q

A,S,T , →x↑q,!q,ωq, . . . Quasi- and
pseudo-PDFs.

Dimensionless quantities, that, generally, have a fairly mild dependence on the light quark mass.

Uncertainties at a few percent or higher. The signal to noise problem and excited state

contamination are the main di!culties, . . .

Exceptions: [CalLat][1805.12130] gA 1%, [1912.08321] 0.74%, aim for 0.2%. Don’t need scale

to < 1%.

Sigma term ωωN = 1
2(mu +md)→N|uū + dd̄ |N↑ ↓ m2

ω [MeV]. High precision not required.

Radii →r2↑ = ↔ 6
G

dG
dQ2

∣∣∣
Q2=0

[fm
2
], →r2

E ↑p→n
diverges as m2

ω ↗ 0.

Proton →r2
E ↑1/2,p: tension between muonic hydrogen and some ep scattering results ↘ 5%. If want

→r2
E ↑1/2,p with ↘ 1%, need scale with better precision. Currently, [Mainz][2309.06590] →r2

E ↑1/2,p with 2%.

Baryon matrix elements 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Finite temperature physics 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Decay constants 
 
      Regensburg / Münster computation of     [2405.04506]   
 

fDs

Scale setting

Statistics

Systematics

Contributions to (¢fDs)
2

Collaboration Ref. Nf pu
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fD fDs fDs/fD

ETM 21B [453] 2+1+1 C ↭ ↭ ↭ ↭ ↫ 210.1(2.4) 248.9(2.0) 1.1838(115)

FNAL/MILC 17 →→ [20] 2+1+1 A ↭ ↭ ↭ ↭ ↫ 212.1(0.6) 249.9(0.5) 1.1782(16)

FNAL/MILC 14A↑↑ [21] 2+1+1 A ↭ ↭ ↭ ↭ ↫ 212.6(0.4)
(
+1.0
↓1.2

)
249.0(0.3)

(
+1.1
↓1.5

)
1.1745(10)

(
+29
↓32

)

ETM 14E [43] 2+1+1 A ↭ → → ↭ ↫ 207.4(3.8) 247.2(4.1) 1.192(22)

ETM 13F [356] 2+1+1 C → → → ↭ ↫ 202(8) 242(8) 1.199(25)

FNAL/MILC 13 [454] 2+1+1 C ↭ ↭ ↭ ↭ ↫ 212.3(0.3)(1.0) 248.7(0.2)(1.0) 1.1714(10)(25)

FNAL/MILC 12B [455] 2+1+1 C ↭ ↭ ↭ ↭ ↫ 209.2(3.0)(3.6) 246.4(0.5)(3.6) 1.175(16)(11)

RQCD/ALPHA 24 [456] 2+1 P ↭ ↭ ↭ ↭ ↫ 208.4(0.7)(0.7)(1.1) 246.8(0.6)(0.6)(1.0) 1.1842(21)(22)(19)

ALPHA 23 [28] 2+1 A ↭ → ↭ ↭ ↫ 211.3(1.9)(0.6) 247.0(1.9)(0.7) 1.177(15)(5)

ωQCD 20A†† [457] 2+1 A ↬ ↭ ↭ ↭ ↫ 213(5) 249(7) 1.16(3)

RBC/UKQCD 18A↭→ [76] 2+1 P ↭ ↭ ↭ ↭ ↫ 1.1740(51)
(
+68
↓68

)

RBC/UKQCD 17 [61] 2+1 A ↭ ↭ → ↭ ↫ 208.7(2.8)
(
+2.1
↓1.8

)
246.4(1.3)

(
+1.3
↓1.9

)
1.1667(77)

(
+57
↓43

)

ωQCD 14†↭ [29] 2+1 A → → → ↭ ↫ 254(2)(4)

HPQCD 12A [59] 2+1 A → → → ↭ ↫ 208.3(1.0)(3.3) 246.0(0.7)(3.5) 1.187(4)(12)

FNAL/MILC 11 [60] 2+1 A → → → → ↫ 218.9(11.3) 260.1(10.8) 1.188(25)

PACS-CS 11 [458] 2+1 A ↬ ↭ ↬ → ↫ 226(6)(1)(5) 257(2)(1)(5) 1.14(3)

HPQCD 10A [62] 2+1 A ↭ → ↭ ↭ ↫ 213(4)↑ 248.0(2.5)

HPQCD/UKQCD 07 [46] 2+1 A → → → ↭ ↫ 207(4) 241 (3) 1.164(11)

FNAL/MILC 05 [459] 2+1 A → → ↬ → ↫ 201(3)(17) 249(3)(16) 1.24(1)(7)

↑ This result is obtained by using the central value for fDs/fD from HPQCD/UKQCD 07 and increasing the
error to account for the e!ects from the change in the physical value of r1.
↑↑ At ε = 5.8, mω,minL = 3.2 but this lattice spacing is not used in the final cont./chiral extrapolations.
→→ Update of FNAL/MILC 14A. The ratio quoted is fDs/fD+ = 1.1749(16). In order to compare with
results from other collaborations, we rescale the number by the ratio of central values for fD+ and fD. We
use the same rescaling in FNAL/MILC 14A. At the finest lattice spacing the finite-volume criterium would
produce an empty green circle, however, as checked by the authors, results would not significantly change by
excluding this ensemble, which instead sharpens the continuum limit extrapolation.
⊜→ Update of RBC/UKQCD 17.
†⊜ Two values of sea pion masses.
†† Four valence pion masses between 208 MeV and 114 MeV have been used at one value of the sea pion
mass of 139 MeV.

Table 28: Decay constants of the D and Ds mesons (in MeV) and their ratio.

A second new computation with Nf = 2 + 1 has been performed by the RQCD-
ALPHA Collaboration [456] on a set of 49 gauge ensembles generated again within the
CLS e!ort. For this reason statistical errors between ALPHA 23 and RQCD/ALPHA 24
will be treated as 100% correlated when performing averages. Notice, however, that since
RQCD/ALPHA 24 was not yet published in a journal by the FLAG deadline, it is not
being considered in the averages for this review. In RQCD/ALPHA 24 nonperturbatively

105

should also be  
relevant here:
(2+1+1)



Impact / relevance 6

Decay constants 
 
      note    presently not as precise  
      (heavy quark problem) 
 

fB, fBs



Impact / relevance: summary

relevance depends on the quantity 

       both on its precision and on its sensitivity to scales

       very relevant for g-2 (in fact a bit worrying) 
               — reduced by new BMW: very long distance from  
                   phenomenology

        25% of error squared in new 

        dominant in some decay constant computations

αs(mZ)



Figure 51: Results for gradient flow scales.

They obtain for the ratios (r0/r1)cont = 1.5092(39) and (w0/r1)cont = 0.5619(21) in
the continuum. They crosscheck their determination of the scale r1 using the hadronic
quantities fK , fω from HPQCD 09B [122] and the experimental value of Mε, and find
good agreement.

BMW 12A [115] is the work in which w0 was introduced. Simulations with 2HEX
smeared Wilson fermions and two-level stout-smeared rooted staggered fermions are done.
The Wilson flow with clover E(t) is used, and a test of the Symanzik flow is carried out.
They take the results with Wilson fermions as their central value, because those “do not
rely on the ‘rooting’ of the fermion determinant”. Staggered fermion results agree within
uncertainties.

11.5.2 Potential scales

We now turn to a review of the calculations of the potential scales r0 and r1. The results
are compiled in Tab. 78 and shown in Fig. 52. With the exception of TUMQCD 22 [118],
the most recent calculations date back to 2014, and we discuss them in the order that
they appear in the table and the figure.

Asmussen 23 [1081] perform a computation of the potential at five lattice spacings
down to a = 0.04 fm on CLS ensembles. The ground-state level is extracted from a GEVP,
starting from smeared Wilson loops with di!erent levels of smearing. The results are thus
far only available as a conference proceedings. The final result for r0 originates from a
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are performed, where there is a preselection of the direction εr/r and direction-dependent
discretization e!ects are assumed to be su”ciently reduced by the use of the tree-level
improved rI [702]. The final results come from a Bayesian model average.

ETM 14 [8] uses Nf = 2 + 1 + 1 Wilson twisted-mass fermions at maximal twist
(i.e., automatic O(a)-improved), three lattice spacings and pion masses reaching down

293

FLAG 2024: 1

GF scales 

 

       agreement could be better —> stretching of errors of averages 
 
        2+1+1:                                     2+1+1:    

        2+1:                                         2+1:        

χ2/dof = 3.3 χ2/dof = 2.6

χ2/dof = 1.1 χ2/dof = 1.5



Figure 51: Results for gradient flow scales.
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Figure 51: Results for gradient flow scales.
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is set from the ! 2S-1S and 1P-1S splittings computed with NRQCD by HPQCD [1084].

Figure 52: Results for potential scales.

11.5.3 Ratios of scales

It is convenient in many cases to also have ratios of scales at hand. In addition to
translating from one scale to another, the ratios provide important crosschecks between
di”erent determinations. Results on ratios provided by the collaborations are compiled
in Tab. 79 and Fig. 53. The details of the computations were already discussed in the
previous sections.

Collaboration Ref. Nf pu
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→
t0/w0 r0/r1 r1/w0

TUMQCD 22 [118] 2+1+1 A ↭ ↭ ↭ 1.4968(69)
ETM 21 [45] 2+1+1 A ↭ ↭ ↭ 0.82930(65)
HPQCD 13A [42] 2+1+1 A ↭ → ↭ 0.835(8) 1.789(26)
HotQCD 14 [117] 2+1 A ↭ ↭ ↭ 1.7797(67)
HotQCD 11 [713] 2+1 A ↭ ↭ ↭ 1.508(5)
RBC/UKQCD 10A [119] 2+1 A → → → 1.462(32)#

RBC/Bielefeld 07 [1083] 2+1 A ↭ ↭ ↭ 1.4636(60)
Aubin 04 [121] 2+1 A → → → 1.474(7)(18)
#This value is obtained from r1/r0 = 0.684(15)(0)(0).

Table 79: Results for dimensionless ratios of scales.
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This workshop

Discuss status again and the way forward 
 
      updates (a number of computations are quite old)

       discuss the challenges  
 
             excited states 
             continuum extrapolations

       (iso)QCD definition and relevance

        … 
 


