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This was done for 12C(α,γ)16O, 
but what about 3α?

• This was the main motivation 
behind RMP 89,035007 (2017) 
article on 12C(α,γ)16O
• Following Gialanella et al. (2001), 

but with much more data

• Although there is certainly room 
for improvement here

• Roughly Gaussian PDF

• Very computationally challenging

1σ uncertainty bands for roughly 
Gaussian PDF



Motivation Highlight: Black Hole Mass Gap

• Farmer et al. (2020), Mehta et al. (2022)

Link to LIGO



Motivation Highlight: White Dwarf Seismology
• Chidester et al. (2022,2023)

σ



Helium burning, a simple process

1. Two helium nuclei fuse to 
form a very short lived 8Be 
ground state (t1/2 ≈ 0.01 fs)

<αα>

2. A helium nuclei fuses with 
8Be to form 12C

<α8Be>

3. Stable 12C then fuses with a 
helium nuclei to form 16O

<α12C>

Shen et al. (2021)



α+α 8Be + α 12C

or

α+α+α 12C

Sequential (2 body)?

Simultaneous (3 body)?



α+α 8Be + α 12C

or

α+α+α 12C

Sequential (2 body)?

Simultaneous (3 body)?

At normal helium 
temperatures this 
mechanism dominates
(Hoyle state)

At lower temperatures, 
this may contribute 
substantially



A brief summary of past calculations

• Still sequential, but with the inclusion of a non-
resonant (direct) part at low temperatures

• Nomoto --- ???

• Langanke --- potential model for α+α, direct 
capture for 8Be(α,γ)12C

NACRE (1999)



8Be(α,γ)12C, DC

α+α, DC

Nomoto et al. (1985)



• First 3 body calculations? 

• Extremely large low temperature 
enhancement!

• Seems to be incorrect, but it 
brought attention to the topic



State of the art for the 3α rate

• Nguyen, Nunes, Thompson and Brown, PRL 109 
141101 (2012) and Nguyen, Nunes and Thompson 
PRC 87, 054615 (2013)

• Hyperspherical Harmonic R-matrix (HHR) ---
calculable R-matrix

• Continuum Discretized Coupled Channels (CDCC) 
--- problem with dealing with scattering of 
charged particles

• 3 body Breit-Wigner, BW(3B) --- Numerical issues 
with the calculations

• NACRE --- Purely sequential approximation 



But how important is the simultaneous 
channel really?

• This diagram makes it look like it is quite 
important, but how the direct part, maybe 
even the 2 body part, of the cross section 
could be calculated very differently

• It would be very useful to see these 
calculations decomposed into their 2 and 3 
body contributions



• Propagate model uncertainties through the 
full 3 body formalism

• Probably can’t be done because of long 
computation times and accessibility?

• Part 2 body, party 3 body

• Calculate some more limited sensitivity study 
of the 3 body direct part using the full model to 
give something like upper and lower limits for 
the low temperature region

• Calculate the higher temperature region using 
usual 2 body formalism

Uncertainty estimation strategies

2 body

3 body



Where can some R-matrix fits and 
calculations be useful?

• 12C(α,γ)16O

• Cross section is the result of broad 
resonances and subthreshold states

• We can at least measure the energy 
dependence of the cross section 
directly

• Current data gives a pretty good 
constraint on the interference 
between resonances

• Two body type reaction dominates at 
all energies

• 3α

• α+α and 8Be(α,γ)12C are often 
dominated by narrow resonances

• We can only measure the level 
properties of the Hoyle state, but we 
can do this very well

• No information on how the Hoyle 
state interferes with direct part of the 
cross section

• Some higher energy 12C(γ,α)α data

• 3 body reaction plays a role off 
resonance 



<αα>
• Surprisingly, not very many direct measurements!

• Classic measurement, Γc.m.= 6.8(17) eV, ER,c.m. = 92.12(5) keV



• More complicated 
than one might think 

• One would naïvely 
expect one peak for 
the nuclear resonance

• Three peak structure is 
attributed to the 
effects of orbital 
electrons

<αα>

Benn et al. (1966)



<αα>

• Really only one other measurement 



<αα>

• Much high resolution and statistics than 
Benn et al. (1966)

• Uncertainties due to atomic effects 
dominate and are harder to quantify

• Γc.m.= 5.57(25) eV, ER,c.m. = 92.04(7) keV

Wüstenbecker (1992)



• An alternative approach 
obtaining the width, higher 
energy αα scattering (fit 
“ghost” peak)

• Lends itself well to a 
phenomenological R-matrix 
analysis

• Only two data sets

• Haydenburg and Temmer
(1956)

• Tombrello and Senhouse (1963)

<αα>

Ghost peak of ground state at 
184 keV!

Gray, without GS
Red, with GS

Actual 
resonance 
at 94 keV



• Tombrello and 
Senhouse (1963)

• Quite a good 
description of the 
experimental data

• R-matrix code 
AZURE2

<αα>
Fit to αα scattering differential 

cross section data directly



What is BRICK?
• BRICK is a Python package that 

serves as an interface to AZURE2 and 
readily permits the MCMC sampling 
of R-matrix parameters.

• https://pypi.org/project/brick-james/

• Written by Daniel Odell while a 
postdoc at Ohio University with 
Daniel Phillips

• https://bandframework.github.io/

Uncertainties on the fit 
parameters, but more importantly 
the cross section and reaction 
rates are easily accessible.

https://pypi.org/project/brick-james/


α+α formation cross section



<αα>
BRICK uncertainty analysis

• MCMC sampler

• Γc.m. = 5.87 eV

• Uncertainty

• Stats --- 0.077 eV

• Other uncertainty contributions
• Model (channel radius) --- 0.179 eV

• Level energy --- 0.045 eV

• Γc.m. = 5.87(20) eV



8Be(α,γ)12C

• Not a lot of higher energy data, 
but there is more than there 
used to be

• 12C(γ,α0)8Be from HIγS at TUNL



• See also recent analysis of 12C(α,α’), 14C(p,t)12C 
and 12C(p,p’) data

• R-matrix work by Kevin Li at University of Oslo on 
inelastic and transfer data also shows promise

<α8Be>



External capture calculations

Langanke et al. (1986)



The simplest strategy

• Parameterize the 
temperature dependance 
of the 3 body rate 
calculation

• Estimate some uncertainty 
range

• What’s the underlying 
probability distribution?

• Hard to quantify 

??
?



Summary
• Still a ways to go

• R-matrix fit of αα ground state ghost data to 
determine the Γc.m.for the 8Be ground state is about 
done
• Γc.m. was obtained that is consistent with that of the 

direct low energy analyses 

• R-matrix fit for α+8Be has started but only for the 
recent HIγS data so far

• Just starting to look at how to handle the 3 body 
part
• I would like to see 3 body calculations (which include 

everything) decomposed into 2 body and 3 body parts

• Daniel Phillips (OU), Carl Brune (OU) and Filomena 
Nunes (FRIB@MSU), Michael Wiescher (ND) and Frank 
Timmes (ASU) for very useful discussions! In the works

This, but 
for 3α
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