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Happy 60th birthday Edmond!
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Dilute-dense scattering within CGC and Eikonal approximation

High energy scattering within the CGC relies on two pillars:

== dense target is represented by strong semiclassical gluon field A% (z) = O (1/g) at weak coupling g

== keeping only the leading power terms in the high energy limit

High energy limit can be achieved by boosting the target along x AL (1) — <
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(i) Background field is Lorentz contracted

In the Eikonal limit the background field
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A ()
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() Background field is independent of x  due to Lorentz time dilation

— n
(QA (517+a X)) are resumed to all orders which leads to Wilson lines along x™

(i) Only the largest component of the background field is accounted for during the interaction

= no p* transfer from the target

== N0 transverse motion within the target

—_— Af(zT,z7,x) = A (27x) o< O(xT)
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Next-to-Eikonal corrections to the CGC

Next-to-Eikonal (NEik) corrections are O(1/ v,) at the level of the boosted background field.

1. Interactions with the suppressed components of background field (transverse component)

2. Finite longitudinal width of the target — transverse motion of the parton in the medium
3. x~ dependence of the background field beyond infinite Lorentz dilation

NEIk corrections to quark and gluon propagators in a gluon background have been computed with applications to Altinoluk et al. (2014-2025)
¢ forward parton-nucleus scattering at NEik (both dilute and dense limits)
¢ DIS dijet production at NEik (both dilute and dense limits)

An extra source of NEik corrections: Altinoluk et al. (2023)
¢interaction between the projectile parton and the target occurs via t-channel quark exchange

¢ application to quark-gluon dijet production in DIS

see also
quark and gluon helicity evolutions & single and/or double spin asymmetries Kovchegov et al. (2016-2025)
NEik corrections to quark and gluon propagators in high energy OPE formalism Chirilli (2018-2021)
subeikonal corrections via allowing longitudinal momentum exchange between projectile and target Jalilian-Marian (2017-2020)
formulation of inclusive DIS and exclusive Compton scattering that interpolates between small and moderate x Boussarie et al. (2020-2023)
NEik corrections in the CGC via an effective Hamiltonian approach Li (2023-2024)
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Power counting for quark background field

Under a boost of the target of parameter y, along the “-” direction, a current associated with the target should behave as
J (%) J(2) oc (m)°, TT(2) o< ()™
<) XVt <) XA\M) <) X A\t

The quark background field of the target can be split into good and bad components as

U(z) = 0O (2) + U (2) with ()= L w(z), ¥H(2) =1 g2

Then the components of quark background current reads
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T(2)y " (z) = U (2) 7~ 0H(z).

Under a boost of the target, the projections \I/(_) (z) and \IJ(+) (z), should scale as

U (2) o ()7, U (2) o (34) 7>

\p(—)(z)
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Forward jet/hadron production at Eikonal order

Frequent observable used to test the compatibility of saturation phenomena with the high energy pA data:
“single inclusive hadron/jet production in the forward rapidity region”

Dumitru, Hayashigaki, Jalilian-Marian (2005)
At LO the state-of-the-art calculation framework for forward production in pA collisions:

Projectile proton is treated within collinear factorization
(an assembly of partons with zero intrinsic transverse momenta )

X1

Perturbative corrections to projectile wave function via DGLAP evolution

Target is defined via strong color fields - transfer of transverse

momentum from target to projectile (CGC like treatment)
doPA—a+X

dk+d2kL O</prfq(XpaNQ)/eikL(XO_X1)<d(XOaX1)>

F(x2, k) o _/ dzt d?zy e™oPa® —keZL(p |ty Fi™ U([oc ]z) Fe U([ZC g)] PA)

Gy (2 7

> ©

U([()Cz]): gauge staples connecting the points (07,0 )

= O |
. . O | > + |
and (z™, z,) to ensure gauge invariance (0+,0,) (07, 0¢)

[yt [yl
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Gauge links and correlation limit of CGC

The Wilson line operator

+00
U(—o0, +00; x) = Pexp[ig/ dx AT (xT, x)]

— OO

Derivative of the Wilson line operator

0'U(x) = ig/dX+U(—OO,X+,X)Fi_(X+,X)U(X+,—|—OO;X)

o' UT(x) = —ig/dX+U(—|—OO,X+,X)Fi(X+,X)U(X+,—OO,X)

How do we get derivatives of Wilson lines?

Dijet momentum imbalance k = k; + K,
Relative momentum P = (z,k; — z,Kk,)

in coordinate space: b = (z,;x; + z,X,) conjugate to k

r = (X; — X,) conjugate to P

Dominguez, Marquet, Xiao, Yuan (2011)

Average over the target state (pal---|pa) > (o)
is replaced with CGC averaging <pA\pA> 2

Weizsacker-Williams TMD
Fi (o, ki) o [ dzTd?z eboPaz tikez (4 [Fi=(2) Ul Fim(—2) U]

In the small-x limit:

F (xa, ke) — [ d*z efktz<tr{[an(g)] Ut(—2) [0/ U(—2 ]Uf(g)}>

Taylor expand the Wilson lines in the correlation limit = U(x,) = U(b + z,r) =~ U(b) + z,r'd'U(b) + O(r*) == get access to TMDs
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Quark TMDs from back-to-back dijet production in DIS

Gluon TMDs are dominant in the eikonal CGC. Altinoluk, Armesto, Beuf (2023)
Beyond eikonal accuracy quark background field is included in the CGC ===

quark: p ;x quark: Py ¥
y*: q, A . o b./
#, > P, ’
gluon: p,,v,1,, a3y A %
gluon: p,,v, 4, a5y
¥Y(z2) ¥(z)

doT, L—4192

In the back-to-back limit, the cross section  (2m)°(2p7)(2p3) = 276(py +p3 —q") (47)° aemasCres Hr, o (P, 2, Q)T (k)

dpy d*p1dpy d*P2 | core tim.
with the hard factors ~ Hz = 4?;’23&-2_2;)2 and Hr==2 { d TP'Z )+P(21+_(21)2_m?;m2 Gt %;j)g;j b T Qz][liff?l - Z)2m2]}
target averaged color operator T(k) = /bb/ e~ (b= /Z+,Z/+ <‘I’(Z'+ab’)W_U}(ﬂLOOaZ’+;b')UF(+OO»Z+;b)‘P(Z+,b)>
unpolarized quark TMD fi(z, k) = (Qi)g/laeik'b » e~ o ( Py, | U (2" b) /] (400, 27 b)Ur(+00,0;0)¥(0,0)| Prar)
CGC average <> quantum 0y — Jip (Plor|O1Prar) _ . Liar| O Prar) » (k) = (2m _) 9z = 0, k)
expectation value in target state Ploy=Prar (Plor|Prar)  Play=Prar 2P, (21)3 6(P' 0, — Pigy) 6@ (P 1ap —Pray) P
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Quark TMDs from back-to-back dijet production in forward pA collisions

Various channels contribute to dijet production via t-channel quark exchange with the target Altinoluk, Beuf, Blanco, Mulani (2024)

Wm g:p1, Vs A, ar; o g:p1, Vs A1, ars @
i:D
p, by 2 Wbz ggm 9:4q [, A asy
giq, A a;y g:q, 11, A\ as;y “00000C > > q:pa; T
w Vb w

q:p2; T2

q:p2; T2

Y

g — g£¢g channel

DOOOOOO0OY : pis ¥ Ay ans s

g — qq channel g — qq channel

) 1, @ W
q:p1; 21 “q3y > > q1:p1; 21 q:493Y > > q2 - p2; T2
Wy @z v, b; 2
> q2 1 P25 T2 = qi:p1; 21

q:p2; T2 ]

v,b;w
q:49;Y = % > q:p1;a
B, a;z q4:q;Yy

q:p2; T2

SEO0000000TT0" o1 pis s A v S560000000T00" 02 s . X 05 o N
D D
v, by 2 Wby oz p bz
g — g8 channel  «ov — - GOOOOO0" 2o v dnaxiza 4505y —— . BOTOOO™ 9191 1 M. o 0y : o v. Doy
Wby w V', bes w w

Tolga Altinoluk (NCBJ) Quark TMDs from NEik back-to-back dijets 8/17




g — 2¢g channel

&

incoming gluon —=— 4-momenta ¢, polarization A, color a

= q:p2; T

produced gluon —— 4-momenta p,, polarization 4, color a,
produced quark —=— 4-momenta p,, helicity A

q P25 T2
g:p1, U, AL, a1 T

g:q, s A asy

Y

Wm g:p1, Vs A1, ar; o
p, by z ‘ wib;z
g:q, i, A\, a;y q:p2; To 9:q, 1 A aszy W)
w

Y

V.bi;w

DOOOOO00Y = pr. vs A, ar s

Total scattering amplitude for this channel == Mg—gq,t0t. = Mgorgg, 1 + Mgogg 2 + Mgigq,3,

The first mechanism, S-matrix element reads

LT

2 T2
Sy—sgq,1 = lim hm / / / / dz" / dw™

yT——00 901 ,332 —00 ,X1,X2 Ty ,332 _H _
X 6’&33‘1-191 62:132 pQ —’Lyq 2p1 €>\1 pl

p 144 BA pp BI a’bib
X |:GO,F (’U), y)] oa [GF (55'1, w) Eik} wiby [GF (Z, ’IU) Eik. } bab VM le

— IA, © \4b _
X (P, h)y™ {SF(va z) Eﬂf(—zg)t 2}04 B’Yp\:[jg (2),
2
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Before-to-after gluon propagator

ity (k)

d3k1 s
GHY BA :/ 6 k—l— —ix- k1/ iy-ko i
“k’/ H . . o
[ g + kk+ + nk+ Z+Z+k’1 k’z] /e‘zz’(kl_k2)/ ei= K=K 1y (2t yt, 2)
1 Z z

Before-to-inside gluon propagator

v BI A3k 9(k+) ik —izk
Gr (2, 9) | gy :/(27r)3 By eV e
y kj ntg” 5 kJ —A
[ g9 + g i ( k+‘7 —n'n <k+)2) (Dxa+zk”)]UA(w+,y+,X)-

Inside-to-after quark propagator

B Okt
Sr(z,9) :/(2753 2(k+)

IA q
Eik.

UF (:13+

. J«F v
y+,Y) (;é—|—m) [1 —7,/72]{1 D ] e_za:-k ezy-k.
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g — 2g channel: back-to-back limit (I)

Scattering amplitude can be obtained from the S-matrix element Sg—gq = (2Q+)(277) 0 (pl + pz — q+) tMyggq-

_|_

2
) — y ablb 2 d + d k]_
Moo =6 s // ) |

it k1? (kg —q)?4m?
2q+ 2pf 2p; G—ZZ (p2+ki1—q) e—izr(pl—kl)

The scattering amplitude for the first mechanism in
general kinematics

X ﬂ(p% h) Z/{F(_H)O A ) " Z/{A( +;Z1)525 Z/{A(_H)O w+'z)a1b1 7l7+7_ \IJ(Z)
o pl ‘|‘ , ‘|‘ ’ pl .
ng\eil{g ( q __kl)‘FgZ (q __k1>_g]( +q _klz)}
p2 p2 pl q

Back-to-back limit: perform the change of variables (z,z;) — (b,r) and (p;, p,) = (P, K) with back-to-back limit k << P or equivalently r << b
e Taylor expand the Wilson line structure around r = 0 and keep only the first non-trivial term

» 1 and K dependence remains in the phase and integrated trivially

9 Lt e w7 is before the medium and is integrated
2

Aqb2b tg ab1b + to the ed fth di
M 1 = (1_z)(2q+>2f L . dz up to the edge of the medium
2

* since background fields vanish outside the

—ib-(k— b
X be k=) 1 (+00, w5 b)aypy Ua (2T, w5 b)pyp Up(+00, 25 b) P2 medium, take @ — oo in Wilson lines
o1 1 . .
< (P2, h) €} &5 |[7=—=9"P' + Zg"P’ — g'P' |4y W(=F s b) + @ integral = L." phase
— 2 2

o L™ phase can be approximated by 1 at NEik accuracy
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g — g¢g channel: back-to-back limit (1)

I,
.4 4b2bom=0 2 < 1 Rt —ip-(k—q)
Mg ga1 =9 (2¢™) P2 /_L+ dz /be
In the back-to-back and massless limits one gets i
X
o o . P! .le 1ei] B
X U(pa, h) €5 €, [gw = + g — - q PZ] Aty
Color structure can be simplified using Fierz identities:
= i Un (+00, ~00; b)eg | [t 17| U (+00, 2F; b) W (=F; b))
1 1 (2
. . . . m—= . 2 —1b- —
Back-to-back masses production amplitude for 1st mechanism ZMSQ_%QJ R 247) P / ) dz" / e~ k=) 14, (400, —00; b) g [, t9 | Up (400, 21 b)
—L b
2
X U(pe2, h) €} ey, L ~ Zgzgpl + ¢'PI — ngle] VAT B (2T b)
9:q A a;y mi > V/jéggg‘mm q:py; T - : o R
L _ 1 1 1 -
, e 0 1 1 [2 (k) P - iMP2Dm=0 _ 2 2 /eZb'(kQ) Up (400, —00: b) g t°€ % Up(+00,27: b
M = Sy [ 4 [P ) o [P 21— Maevies =2 e pr alt Jeo 17177 U |
2

X Yy Ty Us (00, —00; b) g 1 € Up(+00, 2T b) U(2T, b)
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< (g, h) ek & [~2PIY + (1= 2)Ply [ 4797w )
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g — gg channel: back-to-back production cross section

sum of three mechanisms

I,

o b2bom=0 ¢ o L 1 [T e , (1) _pl API A 9P 2 bl ijal

IM " ot = 59 20 PZ/wd’Z /be ib-(k=a) 74, (400, —00; b)pq b5 g0 = €A x1 ( 2P ylyly +2(2 — 2)PY 4 — 22Py +2— Py 7)
. _ hi2) =&l &l <22Pl lyind 4 (1 — 22)P! 4iqlad — 2Py l)
(Go, ) [ hg_}qur bg_}gq] o™ Up(+00, 27 b)T (2 b) g—gq = EX € VY'Y +( )P" 'y P9

partonic cross section in the back-to-back and massless limits:

doo?Dy =Y b2b, m=0
I — (2%) 278 (p] +p5 — " S‘S‘S‘ M
o /\/\1 h aa1

2 2 + 2
>: with P d°k dgq d“P dz
(27)? (2m)2qt (27)? (27)22(1 — 2)

(after some simplifications) cross section takes a factorized form:

7;b2b, m=0 % %
0g—gq 4 + + + + 1+ —i(b—=b')-(k— +

N 2 | N\ /

Hard factors
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CGC averaged color structures

X) =
+0g — /(ST 1w ~— 741 1+ 1 4 + (oeb) (400, b)
X MA(+OO,—OO;b’)ba Z/[A(—I—OO,—OO;b)ba> |
oot (+00,b’)
. @
X) =
(o0, b) . (+00.b)
Ct9 = <@(z’+;b’) Nt Z/{I:L(—I—oo,z’Jr;b’) Up(+o0o,zT:b) t° (21, b)
X Z/{A(z’+, —00; b ) g Ua (2T, —oo,b)ca> .
(—o0,b’) E C (400, b’)
” ®
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Relation to the quark TMDs

: () _ —ik-(b—b’) < (...)>
The color structure appear in the form of TV (k) = /bb/ e / C —» target averaging in the spirit of CGC
| 2t 2T
various color structures
Dominguez ,Marquet, Xiao, Yuan (2011)
f @ . O L 1 < ,ar|@|PtCL’I“> . . . /— _ () /
rom (O) to quantum expectation value  (O) = p D) with the normalization (P |Pir) = 2P, (21)38(P/. — P )6 (P,,. — Par).

A

any local operator obeys  O(x) = e Pud(z — a)e @ Fu with IA’ﬂ being the momentum operator

Matrix element of non-local operator:  (Ply,|O1(21) . .. On(24)|Prar) = <Ptar!em “BuOy (w1 —a)...Op(zn — a)e ™ Fu| Py
H(Prar)n=(Prar)ul (P! 101 (21 — a. .. Op(zn — a)| Pray)

ex. C7 —< (2'T, by _Z/llli(—koo,z’+;b')Z/{F(+oo,z+;b)\If(z+,b)>

—1k-Ab
then TF(k)= lim S / <P{W@(Az+;Ab)y‘U%(+oo,Az - Ab)Up (400, 0; 0)T(0, 0)\PW>
Pt/a'r_>Pta7” Ab 2Ptar Azt
compare with the unpolarized quark TMD ;" (x, k) kb _W+Pm7“ Ptar@(ZjL,b)%UI:L(JrOO 21 b)Up(+00,0;0)¥ (0 0)\Ptar>
- / 27T)3
N B (27T)3 N B . / e_zk.(b_b)/ C() k _ ( () < — O k
T7(k) = P (x=0,k).  can be generalized to - o (k) P fa k)
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Factorized cross section

do b2b, m=0 CK? 1
using these relations g — gg channel: dQIz;QQ]q? T 0 2 { 9—9q fre (x=0,k—q)+ Hg_>gq f+Dg (x =0,k — Q)}

with W being the centre of mass energy of the parton-target scattering W?2 = (q -+ Ptar) ~ 2q+P -

tar

associated quark TMDs f+g X k 27T / 7’kb/ —x Pz (ZJF, _Oo;b)c’az/{A(Oa _OO;O)ca]

< (Pra [0 5) U . Bl (00,0:0)00,0)| Par )

;‘Dg / teb / _ZXPtM (007 — OCQ; b)baZ/{A(OO, — O3 O)ba}

X <PtCLT \Ij( " b) Z/{T( 7b)Z/IF(OO>OvO)\IJ(070) Pta"“>
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Factorized cross section

the other channels are also computed

d b2b,m:_0 9
a0l O 1 [55- e 77 +0 +0(, _
dzk CZ2].:)1d225 _27_‘_ W2 |:quf—>qflq_f2 f (X — O? k — q) + qu%qfqué f (X — 07 k — q):|

b2b, m=0 2

Pk 2P dz 27 W2

[ﬂ f(x=0k—q)+H," f_g(X:O,k—q)}

q—9g9g q—499

b2b,m:O 9
daqf%qfl Ay Qg 1 {_‘FD

PP dz  2r W2 | taranar,

+0(y 2T =t (v —
Fx =0k =)+ Hy Ly g FTHx =0,k q)

full list of the quark TMDs and associated hard factors can be found in arXiv: 2412.08485 [hep-ph]
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Summary and outlook

We studied the dijet production in forward pA at NEik accuracy -l  contributions from incoming parton scattering on the target via a
t-channel quark exchange

Scattering amplitudes and production cross sections are computed for channels: g—>2q9, q—>qq, q—>gg and g—>qq +(qg< q)

For all channels, the back-to-back cross sections are obtained in a factorized form:

on going work — Altinoluk, Beuf, Blanco, Mulani

back-to-back dijet production in forward pA at NEik accuracy in a pure gluon —p  POssibility of recovering non-zero value of momentum
background field fraction X in twist 2 gluon TMDs from NEik corrections

on going work — Altinoluk, Armesto, Beuf, Favrel

contributions both from gluon and quark background fields
photon + jet production in forward pA collisions at NEik accuracy — probe both gluon and quark TMDs of the target

at Eik order no need to for expansion to probe dipole gluon
TMD, is it true at NEik order?
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