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incoherent cross section vanishes at small momentum transfer. In Sect. II C we develop our

suggestion for estimating the magnitude of the fluctuations of the dipole size. The following

section, Sec. III, provides details on the numerical calculations and discusses our results and

their comparison with HERA data. The last section summarizes our conclusions. Various

appendices collect technical details on the calculation.

II. VECTOR MESON PRODUCTION IN THE DIPOLE MODEL

The amplitude A�⇤p!V p0

T,L (xIP , Q2,�) for di↵ractive vector meson production on a proton

assumes the form [8]

A�⇤p!V p0

T,L (xIP , Q
2,�)

= i

Z
d2r

Z 1

0

dz

4⇡
 ⇤

V (z, r, Q
2)Aqq̄(xIP , Q

2, r,�) T,L(r, z, Q
2). (1)

The subscripts T and L refer to the transverse and longitudinal polarizations of the ex-

changed virtual photon �⇤, xIP = (P � P 0) · q/(P · q) is the fraction of the longitudinal mo-

mentum of the proton involved in the exchange, and the total momentum transfer (squared)

is t = �(P 0 � P )2 with P and P 0 the initial and final proton four-momenta. The photon-

proton scattering is characterized by a total center-of-mass-energy squared W 2 = (P + q)2,

(Q2 = �q2). Finally� = (P 0�P )? is the transverse momentum transfer. The normalisation

of the amplitude is such that the coherent cross section is given by [24]

d��⇤p!V p0

T,L

dt
=

(1 + �2)

16⇡

���A�⇤p!V p
T,L (xIP , Q

2,�)
���
2

. (2)

The factor (1 + �2) in Eq. (2) is discussed in Appendix D together with other phenomeno-

logical corrections.

As indicated in Eq. (1), see also Fig. 1, the �⇤ p scattering proceeds through three steps:

(1) First, the incoming virtual photon fluctuates into a pair of nearly on-shell quark and

antiquark; the transverse size of the pair is r and the quark carries a fraction z of the

photon’s light-cone momentum. At high energy the lifetimes of such fluctuations are much

longer than the interaction time, so that the transverse size and orientation of the color dipole

can be considered frozen during the scattering process [2, 30]. The splitting of the photon

is described by the virtual photon wave function  T,L(r, z, Q2), which can be calculated

perturbatively in QED (see e.g. Refs. [11, 31, 32]). (2) The qq̄ pair scatters elastically on
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FIG. 1. Photo-production of a J/ in the dipole model

the proton, with an amplitude iAqq̄. The factor i here takes into account the fact that the

amplitude is essentially imaginary (that is, with this factor, Aqq̄ is real). (3) Finally the

scattered dipole recombines to form a final state, in the present case the vector meson with

wave function  V (r, z, Q2).

For simplicity, in this paper we shall focus on photo-production, Q2 = 0 and only the

transverse part of the photon wave function contributes. We then simplify the notation and

write the amplitude as

A�p!V p0(xIP ,�) = i

Z
d2r

Z 1

0

dz

4⇡
[ ⇤

V �](r,z) Aqq̄(xIP , r,�). (3)

The overlap factor [ ⇤
V �](r,z) of the wave functions of the photon and the vector meson

is discussed in Appendix B. In the next subsection, we recall briefly the calculation of the

amplitude Aqq̄(xIP , r,�) in the dipole model.

A. The dipole cross section

In this and the next subsection, we consider the scattering of a color dipole of fixed size

on a complex target, such as a proton or a nucleus. We start with the scattering on a proton,

and move to the impact parameter representation, defining (temporarily, see Eq. (38) below)

Aqq̄(xIP , r,�) =

Z
d2b e�ib·�Aqq̄(xIP , r, b). (4)
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At high energy, the scattering amplitude of the dipole is purely imaginary (it is in the

explicit two gluon exchange approximation to be used shortly), so that the S-matrix is real

and Sqq̄ = 1�Aqq̄. In the eikonal approximation the dipole S-matrix is given by the average

of the product of two Wilson lines that represent the propagation of the quark and the

antiquark in the color field of the proton:

Sqq̄(xIP , b, r) =
1

Nc
hTr

⇥
U †(b+ r/2)U(b� r/2)

⇤
i, (5)

the average represented by the angular brackets being made over the color field of the proton

(see e.g. [33]). This average provides the x-dependence of Sqq̄(x, b, r). A simple calculation,

in the two-gluon exchange approximation, allows us to relate Sqq̄(xIP , b, r) to the gluon

density xIPg(xIP ),

Sqq̄(xIP , b, r) = 1� 1

2
�dip(xIP , r)TG(b), (6)

where �dip(xIP , r), the total dipole-proton cross section, is given by [25]

�dip(xIP , r) =
⇡2

3
r2↵S(µ

2) xIPg(xIP , µ
2). (7)

The scale µ2 in the gluon density will be specified later (see Eq. (41) in the next sec-

tion). TG(b) is the average transverse density profile of the proton, normalized such that
R
d2bTG(b) = 1. For a spherical proton, which has been assumed in writing Eq. (6), the av-

erage profile depends only on b = |b|. Simlarly �dip in Eq. (7) is averaged over the orientation

of the dipole and depends only on r = |r|. In writing Eqs. (5) and (6), we have assumed

that the total gluon density is smoothly distributed in the transverse plane according to

the function TG(b). A more elaborate treatment will be presented at the end of the next

subsection. At this point, we note that the total cross section is equal to the imaginary part

of the forward qq̄ scattering amplitude, that is (omitting to indicate the xIP dependence to

simplify the notation)

�dip(r) = Aqq̄(r,� = 0) =

Z
d2bAqq̄(r, b) = 2

Z
d2b [1� Sqq̄(r, b)] , (8)

where the last equality involves the standard eikonal expression of the total cross section in

terms of the S-matrix. This suggests the identification [24]

Aqq̄(b) = 2 [1� Sqq̄(r, b)] ⌘
d�qq̄

d2b
. (9)
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consider the scattering of a dipole on a nucleus [34], leaving for the moment the description of

the proton untouched. At the end of this subsection, we shall discuss analogous fluctuations

for the proton, considered as a composite object made of valence quarks.

Consider a nucleus made of A nucleons. The density profile, that is the density in

the transverse plane (after integration of the three dimensional nucleon density over the

longitudinal coordinate) is given by the convolution of the nucleon density with the gluon

density in the proton, i.e.,

T̂A(b) =
AX

i=1

TG(bi � b) =

Z
d2x ⇢̂(x)TG(x� b), (14)

where bi denotes the location of nucleon i and b is the impact parameter of the dipole

(defined at this point at mid distance between the quark and the antiquark, see Eq. (5)).

T̂A(b) is a one-body operator in the nucleon variables, and ⇢̂(x) denotes the nucleon density

operator in the transverse plane:

⇢̂(x) =
AX

i=1

�(x� bi). (15)

The matrix element h 0|T̂A(b)| 0i = hT̂A(b)i is easily evaluated in terms of the average

density h⇢̂(x)i = h 0|⇢̂(x)| 0i, hT̂A(b)i =
R
d2x h⇢̂(x)iTG(x � b). Note that

R
d2b T̂A(b) =

A.

The expressions (6) and (9) giving the cross section at a given impact parameter in the

weak field limit generalize into
d�qq̄

d2b
= �dip(r)T̂A(b), (16)

which is now an operator in the nucleon variables. This operator is diagonal in the basis

of states |b1, · · · , bAi, where the bi’s are the positions of the individual nucleons, frozen

during the collision process: these states can be considered as di↵raction eigenstates [18].

The elastic amplitude is obtained by taking the average of this cross section in the ground

state wave function, which amounts to average over the distribution of the positions bi. At

a given momentum transfer �, the coherent di↵ractive cross section of a dipole on a nucleus

is then proportional to

Z
d2b d2b0e�i�·(b�b0)

⌧
d�qq̄

d2b

�⌧
d�qq̄

d2b0

�
= h⌃qq̄(�)i2, (17)

8
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Diffraction  on a composite target (nucleon, nucleus) b
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Given the filling of the orbitals, we can calculate
Nx, Ny, Nz. The frequencies !x,!y,!z are then deter-
mined by the two conditions (Refer to Bohr and Mot-
telson)

!x!y!z = !
3
0 , (97)

and

Nx!x = Ny!y = Nz!z. (98)

The first one expresses the conservation of the volume
when the nucleus gets deformed. The second expresses
the isotropy of the velocity distribution in the equilib-
rium state.

In the case of 8Be, the two orbitals (000) and (001)
are occupied by four nucleons each. We have then

Nx = Ny = 1, Nz = 2,
!x

!z
= 2 = e�, � = 0.69. (99)

The asymmetric filling of the first excited level of the
oscillator (out of the three degenerate orbitals (100),
(010) and (001), only the last one is occupied) is at the
origin of the deformation of the intrinsic state and of the
clustering of the density into two alpha particles which
is clearly visible in Fig. 10. This clustering is therefore
not due here to specific interactions which would favor
the formation of alpha particles within the nucleus.

The (normalized) wave functions that we need are
those corresponding to the ground state and the first
excited state of the one-dimensional operator. These are
given respectively by

'0(x) =
↵
1/2

⇡1/4
e�↵2x2/2

,

'1(x) =
↵
1/2

(4⇡)1/4
e�↵2x2/2 2↵x. (100)

The density of the nucleus in the intrinsic frame is then
given by

1

4
⇢Be(x, y, z) =

↵z↵
2
x

⇡3/2
e�↵2

x(x
2+y2)e�↵2

zz
2 �

1 + 2↵2
zz

2
�
.

(101)

Note that ↵z↵
2
x = ↵

3
0. Note also that the spatial integral

of the density is independent of the value of �, and that
the last term, proportional to z

2 contributes to half of
the total integral.

In order to fix the parameter of the model, we take
the commonly used phenomenological value

~!0 = 40A�1/3 MeV. (102)

The parameters ↵i are then (in fm�1)

↵0 = 0.695, ↵x = 0.780, ↵z = 0.552. (103)

Fig. 10 Caption

4.2 The di↵ractive cross section

The physical process that we want to discuss is depicted
in Fig. 11. The virtual photon splits into a qq̄ pair that
subsequently interact with the nucleus and as a result
of this interaction turns into a vector meson. The am-
plitude for the process can be shown to be proportional
to the di↵erential cross section for the scattering of the
qq̄ dipole on a nucleus at impact parameter b. In the
weak field limit, the latter is given by

d�qq̄

d2b
= �dipT̂A(b), (104)

where T̂A(b) is the following one-body operator

T̂A(b) =
AX

i=1

TG(b� b̂i) =

Z
d2x ⇢̂(x)TG(x� b), (105)

where ⇢̂(x) =
PA

i=1 �(x� b̂i) is the density operator in
the transverse plane, and where TG(b) is the nucleon
form factor given by

TG(b) =
1

2⇡BG
e�b2/(2BG)

,

TG(�) =

Z
d2b e�i�·b

TG(b) = e�
1
2BG�2

. (106)

The numerical value used for BG is BG = 4GeV�2 =
0.156fm2.

In the formula above, �dip is the total dipole-nucleon
cross section given approximately by

�dip(r) =
⇡
2

3
r
2
↵s(µ

2)xg(x, µ2). (107)

In our estimate we use

↵s = 0.3, r
2 = 0.04 fm2

, xg(x, µ2) = 0.3, (108)
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Fig. 11 Photo-production of a vector meson

so that the average dipole-nucleon cross section is �dip '
0.12mb.

The operator T̂A(b) is diagonal in the basis of states
|b1, · · · , bAi, where the bi’s are the positions of the in-
dividual nucleons, frozen during the collision process,
and playing the role of “di↵raction eigenstates”. The
elastic (or coherent) amplitude for the dipole-nucleus
scattering is obtained by taking the average of this cross
section in the ground state wave function.

At a given momentum transfer�, the coherent di↵rac-
tive cross section of a dipole on a nucleus is proportional
to the square of the elastic amplitude, that is
Z

d2b d2b0e�i�·(b�b0)

⌧
d�qq̄
d2b

�⌧
d�qq̄
d2b0

�
= h⌃qq̄(�)i2,

(109)

where

⌃qq̄(�) ⌘
Z

d2b e�i�·b d�qq̄
d2b

= �dip TG(�) ⇢̂(�),

⇢̂(�) =

Z
d2b e�i�·b

⇢̂(b), (110)

and the angular brakets denote average over the ground
state wave function.

Similar considerations apply to the total di↵ractive
cross section. The elastic amplitude assumes that only
the ground state of the nucleus contributes as an inter-
mediate state. By relaxing this assumption and allowing
for all possible intermediate states | ni, one obtains the
total di↵ractive cross section asZ

d2b d2b0e�i�·(b�b0)
�
2
dip

X

n

���h n|T̂A(b)| 0i
���
2

= h⌃2
qq̄(�)i. (111)

By combining with Eq. (109), one finds that the inco-
herent cross section (in the weak field limit) is propor-
tional to

h⌃2
qq̄(�)i � h⌃qq̄(�)i2. (112)

This expression is, to withing multiplicative factors,
the Fourier transform of the density-density correlation
function of the nucleus:

h⌃2
qq̄(�)i � h⌃qq̄(�)i2 = �

2
dip TG(�)S(�), (113)

where S(�) is given in Eq. (26). In this equation, the
angular brackets denote the average over the ground
state of the nucleus.

4.2.1 Thickness function

Our goal now is to calculate S(�), following the same
steps as in the previous examples. We first determine
the thickness function for an arbitrary orientation of
the nucleus. We want to orient the nucleus in an ar-
bitrary direction, specified by the two angles ✓ and �

that determine the orientation of the symmetry axis.
We have chosen as symmetry axis the z-axis of the in-
trinsic frame. Let us call ⇢̄ the rotated density. We have

⇢̄(✓,�;x, y, z) = ⇢(R�1r), (114)

where R(✓,�) is the rotation that brings the symmetry
axis in the direction specified by the angles ✓ and �.
That is r̄ = R(✓,�)r.

The thickness function is then obtained by integrat-
ing the density over z.

The average over � then yields

hTA(✓, r)i =
C0

2
e

b1+b2
2 r2

⇥
(2a0 + a1r

2)I0((b1 � b2)r
2
/2)

+a1r
2
I1((b1 � b2)r

2
/2)

⇤
(115)

Now we note that

b1 � b2 =
↵
2
x(↵

2
x � ↵

2
z) sin

2
✓

↵2
z cos

2✓ + ↵2
x sin

2
✓

b1 + b2

2
= �↵

2
x

2


2↵2

z + (↵2
x � ↵

2
z) sin

2
✓

↵2
z cos

2✓ + ↵2
x sin

2
✓

�

C0a0 =
4↵2

x↵z

⇡

2↵2
z cos

2
✓ + ↵

2
x sin

2
✓

(↵2
z cos

2✓ + ↵2
x sin

2
✓)3/2

C0

2
a1 =

4↵3
z↵

6
x sin

2
✓

⇡(↵2
z cos

2✓ + ↵2
x sin

2
✓)5/2

(116)

These formulae simplify for ✓ = ⇡/2. We have in
this case [JP: Perhaps we could show only the
formulae for ✓ = ⇡/2]

C0 =
4↵z

⇡↵3
x

, a0 = ↵
4
x, a1 = 2↵4

x↵
2
z (117)

We get then

hTA(⇡/2, r)i =
4↵x↵z

⇡
e�(↵2

x+↵2
y)r

2/2

⇥
(1 + ↵

2
zr

2)I0((↵
2
x � ↵

2
y)r

2
/2) + ↵

2
zr

2
I1((↵

2
x � ↵

2
y)r

2
/2)

⇤

(118)

4.2.2 Fourier transform

The Fourier transform (for a given ✓, but after averag-
ing over �) read

Ground state expectation value of a 
(local) one-body operator

h⌃qq̄(�)i = �dip

Z
d2b e�i�·b h 0|T̂A(b)| 0i

<latexit sha1_base64="UnKw9Pjkaaw6bGy53lZ7W9zHN5U="></latexit>



These are normalized to unity:
R
d2x ⇢(1)(x) = 1,

R
d2x d2y ⇢(2)(x,y) = 1. Note also that

h⇢̂(x)i = A⇢(1)(x). The density-density correlation function reads1

S(x,y) = h⇢̂(x)⇢̂(y)i � h⇢̂(x)ih⇢̂(y)i = A⇢(1)(x)�(x� y)

+A(A� 1)⇢(2)(x,y)� A⇢(1)(x)A⇢(1)(y). (24)

In the absence of correlations between the particles, ⇢(2)(x,y) = ⇢(1)(x)⇢(1)(y) and

S(x, y) = A⇢(1)(x)�(x� y)� A⇢(1)(x)⇢(1)(y). (25)

The first term represents the local fluctuation of the density. This is the source of the

fluctuations responsible for the incoherent scattering. The last term in the formula above

just ensures that
R
d2x S(x,y) = 0, an equality which holds when the total number of

nucleons does not fluctuate.

We now return to the evaluation of the fluctuation of the nucleus profile T̂A(b), and note

that
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where, in the second line, we have assumed uncorrelated nucleons (hence the approximate

equal sign). In Fourier space, Eq. (26) yields
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Z
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At small � the integration over the impact parameters becomes free, and the integral goes

to zero. This implies that the fluctuations related to the random locations of the sources of

the gluon field (here the nucleons) vanish. This simple relation of the fluctuation of the cross

section to the density-density correlation function holds strictly in the dilute regime, where

the cross section is given by Eq. (16), but should provide a reasonable approximation even

in the dense regime2. It explains the suppression of the geometrical fluctuations observed

in the incoherent cross section at small momentum transfer (see the discussion at the end

1 We use a standard notation, S(x,y), for the correlation function (see e.g. [35] for a discussion of this object

in the context of Glauber Monte Carlo simulations). This should not be confused with the S-matrix.
2 Note for instance that, for the relevant values of parameters, the expansion in �dip appears to converge

rapidly, as indicated in Appendix A.
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so that the average dipole-nucleon cross section is �dip '
0.12mb.

The operator T̂A(b) is diagonal in the basis of states
|b1, · · · , bAi, where the bi’s are the positions of the in-
dividual nucleons, frozen during the collision process,
and playing the role of “di↵raction eigenstates”. The
elastic (or coherent) amplitude for the dipole-nucleus
scattering is obtained by taking the average of this cross
section in the ground state wave function.

At a given momentum transfer�, the coherent di↵rac-
tive cross section of a dipole on a nucleus is proportional
to the square of the elastic amplitude, that is
Z
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and the angular brakets denote average over the ground
state wave function.

Similar considerations apply to the total di↵ractive
cross section. The elastic amplitude assumes that only
the ground state of the nucleus contributes as an inter-
mediate state. By relaxing this assumption and allowing
for all possible intermediate states | ni, one obtains the
total di↵ractive cross section asZ

d2b d2b0e�i�·(b�b0)
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By combining with Eq. (109), one finds that the inco-
herent cross section (in the weak field limit) is propor-
tional to

h⌃2
qq̄(�)i � h⌃qq̄(�)i2. (112)

This expression is, to withing multiplicative factors,
the Fourier transform of the density-density correlation
function of the nucleus:

h⌃2
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2
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where S(�) is given in Eq. (26). In this equation, the
angular brackets denote the average over the ground
state of the nucleus.

4.2.1 Thickness function

Our goal now is to calculate S(�), following the same
steps as in the previous examples. We first determine
the thickness function for an arbitrary orientation of
the nucleus. We want to orient the nucleus in an ar-
bitrary direction, specified by the two angles ✓ and �

that determine the orientation of the symmetry axis.
We have chosen as symmetry axis the z-axis of the in-
trinsic frame. Let us call ⇢̄ the rotated density. We have

⇢̄(✓,�;x, y, z) = ⇢(R�1r), (114)

where R(✓,�) is the rotation that brings the symmetry
axis in the direction specified by the angles ✓ and �.
That is r̄ = R(✓,�)r.

The thickness function is then obtained by integrat-
ing the density over z.

The average over � then yields
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These formulae simplify for ✓ = ⇡/2. We have in
this case [JP: Perhaps we could show only the
formulae for ✓ = ⇡/2]
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4.2.2 Fourier transform

The Fourier transform (for a given ✓, but after averag-
ing over �) read
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so that the average dipole-nucleon cross section is �dip '
0.12mb.

The operator T̂A(b) is diagonal in the basis of states
|b1, · · · , bAi, where the bi’s are the positions of the in-
dividual nucleons, frozen during the collision process,
and playing the role of “di↵raction eigenstates”. The
elastic (or coherent) amplitude for the dipole-nucleus
scattering is obtained by taking the average of this cross
section in the ground state wave function.

At a given momentum transfer�, the coherent di↵rac-
tive cross section of a dipole on a nucleus is proportional
to the square of the elastic amplitude, that is
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and the angular brakets denote average over the ground
state wave function.

Similar considerations apply to the total di↵ractive
cross section. The elastic amplitude assumes that only
the ground state of the nucleus contributes as an inter-
mediate state. By relaxing this assumption and allowing
for all possible intermediate states | ni, one obtains the
total di↵ractive cross section asZ
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axis in the direction specified by the angles ✓ and �.
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4.2.2 Fourier transform

The Fourier transform (for a given ✓, but after averag-
ing over �) read

Incoherent  cross section

Gives access to the density-density correlation function
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and the angular brakets denote average over the ground state wave function. .

Similar considerations apply to the total di↵ractive cross section. The elastic amplitude

assumes that only the ground state of the nucleus contributes as an intermediate state. By

relaxing this assumption and allowing for all possible intermediate states |↵i, one obtains

the total di↵ractive cross section as
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By combining with Eq. (7), one finds that the incoherent cross section (in the weak field

limit) is proportional to

h⌃2
qq̄
(�)i � h⌃qq̄(�)i2. (10)

We shall now relate this quantity to the density-density correlation function of the nucleus.

Since the profile of the nucleon enters in the Fourier transform as a multiplicative factor,

we shall ignore it temporarily in the following discussion, so that T̂A(b) 7! ⇢̂(x). The formula

(10) for the incoherent di↵ractive cross section can then be read as the Fourier transform of

the density-density correlation function of the nucleus, S(x,y),
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The angular brackets denote the average over the ground state of the nucleus, and in the
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The third line of Eq. (12) shows that in the absence of correlations, i.e. when ⇢
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(1)(x)⇢(1)(y), we have simply (we ignore here the angular correlations which will be dealt
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To handle angular correlations, we return to the expression (12) of S(x,y) and write
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As we shall see, it is easier to perform the Fourier transform before the angle average.
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To handle angular correlations, we return to the expression (12) of S(x,y) and write

S(x,y) = Ah⇢(1)(x)i�(x� y) + A(A � 1)h⇢(2)(x,y)i � A
2h⇢(1)(x)ih⇢(1)(y)i (22)

whose Fourier transform reads

S(�) = A + A(A � 1)h⇢(2)(�,��)i � A
2h⇢(1)(�)ih⇢(1)(��)i. (23)

As we shall see, it is easier to perform the Fourier transform before the angle average.
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and
Z

d2b1 · · · d2bA |hb1, · · · , bA| 0i|2
AX

i,j=1

�(x� bi)�(y � bj) = A⇢
(1)(x) + A(A � 1)⇢(2)(x,y).

(14)

The third line of Eq. (12) shows that in the absence of correlations, i.e. when ⇢
(2)(x,y) =

⇢
(1)(x)⇢(1)(y), we have simply (we ignore here the angular correlations which will be dealt

with shortly)

S(x,y) = A⇢
(1)(x)�(x� y)� A⇢

(1)(x)⇢(1)(y). (15)

Note that, from their definition, the n-point functions are normalized thus
Z

d2x⇢
(1)(x) = 1 =

Z
d2x

Z
d2y ⇢

(2)(x,y), ⇢
(1)(x) =

Z
d2y⇢

(2)(x,y). (16)

Note the important property
Z

d2xS(x,y) = 0. (17)

The following quantity (pair correlation function) is sometimes useful

A(A � 1)⇢(2)(x,y) = g(x,y)A2
⇢
(1)(x)⇢(1)(y) (18)

that is

g(x,y) =

✓
1� 1

A

◆
⇢
(2)(x, y)

⇢(1)(x)⇢(1)(y)
. (19)

In Fourier space, Eq. (317) the correlation function becomes

S(�) = h⇢̂(�)⇢̂(��)i � h⇢̂(�)ih⇢̂(��). (20)

This vanishes for �! 0, because of (17). In the absence of correlations, we have simply

S(�) = A

h
1�

��⇢̃(1)(�)
��2
i
. (21)

To handle angular correlations, we return to the expression (12) of S(x,y) and write

S(x,y) = Ah⇢(1)(x)i�(x� y) + A(A � 1)h⇢(2)(x,y)i � A
2h⇢(1)(x)ih⇢(1)(y)i (22)

whose Fourier transform reads

S(�) = A + A(A � 1)h⇢(2)(�,��)i � A
2h⇢(1)(�)ih⇢(1)(��)i. (23)

As we shall see, it is easier to perform the Fourier transform before the angle average.

4

Local density fluctuation



Fluctuations



Fluctuations

‣ short interaction time, frozen configurations of positions 

‣event by event measurements -> probe one configuration at a time 

‣configurations fluctuate from event to event 

‣ interactions are local -> fluctuations are controlled by the density-

density correlation function (and higher n-point functions)



Diffractive production of vector mesons

P(b1, · · · , bA) = |hb1, · · · bA| 0i|2
<latexit sha1_base64="hlxRMeWInR5JHZSWhz9+p45vO8o="></latexit>

Sampling made from a model wave 
function of the proton 

(M. Traini and JPB)

For a review see Heikki Mäntysaari, Rep. 
Prog. Phys. 83 (2020) 082201

Sampling of the density, 
proton with three
valence quarks 
(event-by event)



Initial states 
in heavy ion collisions



"GLAUBER" INITIAL FLUCTUATIONS
5Flow assisted imaging of the initial condition

Final Particle flow
ε2

ε3
ε4

Initial condition

Hydro-response

volume,  size    and shape Radial Flow Harmonic Flow 

Nch

Multiplicity

Advantage of High energy: 
⇒Large multiplicity and boost invariance
⇒approx. linear response in each event

arXiv:1206.1905

(from J. JIA, Talk BNL, 2023)

The initial energy density (in the transverse plane) is not smooth

Typical distribution of 
"participants" in a Glauber 

calculation at some finite impact 
parameter

There are potentially many sources of fluctuations. The dominant ones seem to 
be those associated to the nucleon positions at the instant of the collision. 

Hence the connection to nuclear structure.  
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Fig. I. Transverse energy differential cross section do/dE-v in 
- 0.1 < ~l < 2.9 for 200 GeV per nucleon ~-'S-AI Ag, Pt W, Pb, and 
U collisions; Er is defined as EE, sin 0 where El= (p2+m'-)~/2, 
except for baryons where Ei = (p-" + m -" ) ~/~- - m, The geometrical 
parametrization of the Er differential cross section for the 32S-U 
collisions is shown as an example. A fit of  the same quality is also 
obtained for the other targets. 

Table 1 
The transverse energy differential cross section da/dET in 
- 0.1 < rha b < 2.9 for 200 GeV per nucleon 328-A1 collisions. 

E~ Bin do/dEv Error 
[GeV] half-width [mb /GeV]  [mb/GeV]  

[GeV] 

11.5 2.3 3.14×  10 +l 4.22X 10 +° 
16.1 2.3 3.90×  10 +l 4 .47×  10 +° 
20.6 2.3 2.65×  10 +j 4 .64×  10 +° 
25.2 2.3 2.85×  10 +~ 4.32×  10 +° 
29.8 2.3 2.58×  10 +~ 4 .14×  10 +° 
34.4 2.3 2.56X 10 +~ 3.53×  10 +° 
39.0 2.3 2.32×  10 + ~ 3.09×  10 +° 
43.6 2.3 1.43X 10 +' 2 .53×  10+° 
48.2 2.3 1.45×  10 +~ 2.14×  10 +° 
52.8 2.3 1.13×  10 +n 2.12×  10 +° 
57.4 2.3 9.06×  10 +° 1.76×  10 +o 
61.9 2.3 7.77×  10 +° 1.41×  10 +° 
66.5 2.3 7.94×  10 +° 1.66X 10 +° 
71.7 2.3 3.81×  10 +° 1.06X 10 +° 
75.7 2.3 1.89×  10 +° 6.78×  10- 
80.3 2.3 6.26X 10 -1 2 .27×10  ~ 
84.9 2.3 2.34X 10- '  2 .00×  10 -~ 
89.5 2.3 4 .77×  10--" 2 .77×  10 -z 
94.1 2.3 2.74×  10 -2 2.19×  10 -2 

n i z e d  i n d e p e n d e n t l y  b y  t h e  r e l a t i o n  b e t w e e n  t h e i r  Ev 
a n d  t h e i r  m u l t i p l i c i t y .  I n  t h i s  r e g i o n  t h e  n o n - t a r g e t  
b a c k g r o u n d  is  e l i m i n a t e d  w i t h  a n  e f f i c i e n c y  c l o s e  to  
100%.  B e t w e e n  6 a n d  15 G e V  (Ex) t h e s e  c u t s  b r i n g  
t h e  n o n - t a r g e t  c o n t r i b u t i o n  f r o m  ( t y p i c a l l y )  9 0 %  t o  
2 0 % ,  w h i l s t  t h e  e f f i c i e n c y  fo r  t h e  g o o d  e v e n t s  is  
> / 9 5 % .  T h e  r e m a i n i n g  c o n t a m i n a t i o n  o f  n o n - t a r g e t  
i n t e r a c t i o n s  is  r e m o v e d  b y  s u b t r a c t i n g  t h e  s p e c t r a  
o b t a i n e d  w i t h  n o  t a r g e t ,  u n d e r  t h e  s a m e  e x p e r i m e n -  
t a l  c o n d i t i o n s .  

T h e  t h i c k n e s s e s  ( i n  m i l l i m e t r e s )  o f  t h e  d i s k  t a r g e t s  
u s e d  we re :  1.0 ( A I ) ;  0 .3  ( A g ) ;  0 . 2  ( W ) ;  0 . 2 5  ( P t ) ;  
0 . 2  ( P b ) ;  0 . 3 2  ( U ) .  A s  i n  ref .  [ 2 ] ,  s y s t e m a t i c  s t u d i e s  
w e r e  m a d e  w i t h  r e s p e c t  t o  p o s s i b l e  s e c o n d a r y  i n t e r -  
a c t i o n s  s h o w i n g  t h a t  t h e  a b o v e  d i s k  t a r g e t s  w e r e  t h i n  
e n o u g h  f o r  t h e  c o n t a m i n a t i o n  f r o m  m u l t i p l e  i n t e r -  
a c t i o n s  to  b e  l e s s  t h a n  t h e  s t a t i s t i c a l  e r r o r s .  

T h e  ET  d i f f e r e n t i a l  c r o s s  s e c t i o n s  i n  t h e  p s e u d o r -  
a p i d i t y  r a n g e  - 0.1 < q <  2 .9  a r e  p r e s e n t e d  in  fig. 1 a n d  
i n  t a b l e s  1 - 6  as  a f u n c t i o n  of El- f o r  t h e  v a r i o u s  t a r g e t  

Table 2 
The transverse energy differential cross section d<y/dET in 
- 0. t < q~,,b < 2.9 for 200 GeV per nucleon 32S-Ag collisions. 

E~ Bin da/dET Error 
[GeV ] half-width [mb /GeV ] [ mb /GeV ] 

[GeV] 

91.8 4.6 7.86X 10 +° 5.39X 10 -~ 
100.9 4.6 7.29X 10 +° 2.59X 10- '  
110.1 4.6 6.40X 10 +° 3.72X lO-t  
119.3 4.6 5.56X 10 +° 2.44X 10 
128.5 4.6 5.54X 10 +° 2.28X 10 n 
137.6 4.6 4.52 X 10 +~ 2.07 X 1 O- ' 
146.8 4.6 3.66X 10 +° 1.83X10 ~ 
156.0 4.6 3.12X 10 +° 1.59X 10 I 
165.2 4.6 2.01X 10 +° 9.22X 10 : 
174.3 4.6 1.07X 10 +~ 3.69X 10 2 
183.5 4.6 5.48X10 ~ 2.54X10 2 
192.7 4.6 2.44×  10-~ 1.19X 10 -2 
201.9 4,6 7.41X 10 -~- 7.07X 10 3 
211.0 4.6 2 .72×10  --~ 4 .28×  10 3 
220.2 4.6 3.34×  10 -3 1.67×  10 3 
227.1 2.3 2 .29×10  3 2.29)<10 3 

2 9 7  

Shape of nuclei matters 

S-nucleus collisions 
200 GeV per nucleon 

HELIOS collaboration,  
(CERN SPS) 

Phys. Lett. B 214 (1988) 295

The tail of the transverse 
energy distribution depends 

on the orientation of the 
Uranium nucleus 

2

n Emergent phenomena of many-body quantum system 
n clustering, halo, skin, bubble…
n quadrupole/octupole/hexdecopole deformations
n Nontrivial evaluation with N and Z.

Collective shape of atomic nuclei

Shape coexistence

β2-landscape

β4-landscape

PRC 89, 054320 (2014)

PRC 89, 054320 (2014)

NB. Analogous 
finding in electron 

scattering  



Heavy ion collisions 
and nuclear structure

Low-energy structure of nuclei affects outcome of high-
energy collisions between nuclei

Observations made at colliders impact our knowledge of 
nuclear structure

Numerous evidences for the influence of 
"intrinsic" nuclear shapes, e.g Ru/Zr ratios 

The large sensitivity to initial configurations of nucleons allows for a 
precise determination of  deformation parameters, neutron skin, etc 

This raises the question of why (and how) fine details of 
nuclear structure survive the complexity of a nucleus-nucleus 
collision at high energy?

4440



Connection to             
nuclear structure



Is deformation "real" ? 
Can it be observed ?

• But  �   cannot be the ground state of the nuclear Hamiltonian since the 
ground state carries zero angular momentum  

<latexit sha1_base64="HPkmZcDiBrCDZGD3fdTM4hGvWxs="></latexit>

�

<latexit sha1_base64="oFdN4ix0iCyXuVuzvdDXgulQKco="></latexit>

Q = r2P2(cos ✓)

<latexit sha1_base64="nk36wn6Rd4EzlI4OGfZYwo1VFlU="></latexit>h J=0|Q| J=0i = 0

• Way out:  �  is to be considered as an "intrinsic" state, function 
of intrinsic coordinates. The full wave function contains a factor 
that describe the collective rotation of the system.

<latexit sha1_base64="HPkmZcDiBrCDZGD3fdTM4hGvWxs="></latexit>

�

• A deformed nucleus is characterised (for example) by a non vanishing 
quadrupole moment of  the one-body density

<latexit sha1_base64="hc12yLUEU6iG0KniKTbVnRzX8xM="></latexit>

⇢(~r) =
Z

d3r2 · · · d3rN |�(~r,~r2, · · · ,~rN)|2
<latexit sha1_base64="CmVok8UXYU2qOp0dXPXOQqJhdac="></latexit>

hQi =
Z

d3r ⇢(~r) Q(~r) , 0

where
<latexit sha1_base64="N/mjGKGmuiTQ2AditA219SKRtKU="></latexit>

�(~r1,~r2, · · · ,~rN) is the "deformed" independent particle wave function. 

[Some analogy with a 
diatomic molecule] 

• This remains a model though, or at best 
an approximation.



Conceptual issues 

• In the intrinsic state the nucleons are essentially uncorrelated (mean field 
picture), but the average potential has some "orientation" 

<latexit sha1_base64="bHdKsWMkW81Y+eAbVTFmAPgyhkM="></latexit>

P⌦(r1, r2, · · · , rN) =
����int
⌦ (r1, r2, · · · , rN)

���2

• Averaging over the collective wave function generates specific angular 
correlations (of all orders) 

<latexit sha1_base64="3I/wF0F/Ra+L7wsOFMQl6Rl0+AI="></latexit>

P(r1, r2, · · · , rN) =
Z

d⌦
4⇡

����int
⌦ (r1, r2, · · · , rN)

���2 NB. This average projects 
onto a spherical state

= | 0(r1, · · · rA)|2
<latexit sha1_base64="EDaJayVK4AGrK4wNtUCSAZJUAso="></latexit>

• Measurements (diffraction, HI collisions) involve "snapshots" (event-by-
event) of the configurations of positions, i.e. they probe the exact 
distribution 

• Characterization of the correlation functions without referring to an intrinsic 
state is work in progress  [ with Giulinao Giacalone]

| 0(r1, · · · rA)|2
<latexit sha1_base64="Ev9auWOzTW+y9wkdfErEcY6a67M="></latexit>



(Mäntysaari, PRL, 2023)

Example of a prediction at the EIC



Why is that interesting ?
Heavy ion collisions may offer us the possibility to capture 
the shapes of deformed nuclei in a more direct way than any 
other previous experiment.  

Not only does one "see" the deformed shapes, but the 
values of deformation parameters can be determined with 
surprisingly high precision. 

The sensitivity of observables (in diffraction and heavy ion 
collisions) to the exact locations of the nucleons at the 
instant of the collision (i.e. event-by-event) is intriguing…and 
challenging (e.g. for description of initial states).


