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hus, the task is, not so much to see what no one has yet seen; but to think what
nobody has yet thought, about that which everybody sees,” E. Schrodinger.
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We have a theory in which infinite factors appear when we try to solve
the equations. These infinite factors are swept into a renormalization
procedure. The result is a theory which is not based on strict mathematics,
but is rather a set of working rules.

Many people are happy with this situation because it has a limited
amount of success. But this is not good enough. Physics must be based on
strict mathematics. One can conclude that the fundamental ideas of the
existing theory are wrong. A new mathematical basis is needed.



The rules of analysis

Physicist often omit limit operations. The element infinity is treated as a regular number.

1) Limitoperations are generally non-commutative

X

. - x

2) Limit of a sum is inequivalent to the sum of limits

limg 00 f(2) +limg 00 g(2) 7 limg o0 (f(2) + g(2))

3) Limit of a division is inequivalent to the divided limits

A f(x) . e Flz)
hmx_*oo g(x) 7& B s g(x)

4) oo ¢ R :infinity does not belong to R

(hme—>0 i)* # hme—)() (i)* - liIne—>0 i

"“Make no apologies for maRing excursions into other fields, because the separation of fields is merely
a human convenience, and an unnatural. Nature is not interested in our separations, and mamny of
the interesting phenomena bridge the gaps between fields, R, P. Feynman.




Mathematical well-known secrets

=1 B 1
=0 2

1) Interchange of integration and limit is generally not allowed.
For example, taking f,(z) = nze™" :

1 1

1 .
/ dr lim f,(z) = 0 lim / dr fn(xz) = lim (—50_”2
JO 0

n—oo n—oo n—oo

In fact, according to Fatou’s lemma:

fdx i ses fula) < livmg, sqp fdx fi(x)
2) Interchange of limit and differentiation is generally not allowed.

d < — d

" n=0 n=0

3) Interchange of integration and summation generally not allowed.

[ 4> 5@ # 3 [ aw

n=>0 n=(0

# Does all these rules affect the calculation of physical observables?



Scattering a la LSZ

Scattering amplitudes are defined as the overlap between the initial and final states

Incoming Outgoing

Our current computation approach is essentially based on the LSZ reduction formula:

m

. je~PiTi( 2 2 ie'%Yi (9% 4+ m?
— /I I |Vd.'r,-“ , E/(; +m')] I I dx; ‘(;/i J)
J ; (2m)*/2V Z; (27)3/2,/Z;

i=1

(Q To(x1) - d(2n) 91) - - () |2)

The underlying assumption: the incoming and outgoing states are fully on shell states.
P1s- -3 Pn) = [P1) © [P2) ® ... ® pn) = al(p1) ...a"(pn) [0)
41,5 gm) = 101) ® |g2) ® ... ® |gm) = a¥(q1) ... aT(gm) [0)

VZi = |llpa)ll = v/ (pilps) VZj = llla; (k)]

Mathematically, these states must belong to a separable Hilbert space (=complete normed space). g



Higher dimensional entanglement

A more exotic type of states are partially off-shell and cannot be represented as a simple
factorized form. Their fundamental definition involves convolution

B(k)) = / dp £(k,p) h(®)) v (k = ))

Two separable photons

y (mm)

Biphoton
@ AN, [ YAVAVAVAVAVAVAVAVAVAVAVAVAV
Advances in high-dimensional
quantum entanglement, M
. Erhard, M Krenn, A Zeilinger
.”\/\/\/\/\/\/\/\/\/\/\/\/\/ AVAVAVAVAVAVAVAVAVAVAVAVAV
|¥(k,p)) = [v(k)) [v(p))

|®(k))
Left: a separable state of two photons - can be normalized by introducing

1 Metric
spaces
factor of Z for each photon. Right: an entangled (convoluted) biphoton state -
no consistent Z can be introduced as soon as it evolves

Dealing with these states is outside of the scope of LSZ theorem




The Schrodinger equation

The Schrodinger equation (postulated in 1925) is the operatorial differential equation
that governs the wave dynamics of a quantum mechanical system,

d v ¥
Z (1) = i [9()

The formal solution, as long as the Hamiltonian involves no time dependence,
is given in the form of evolution operator:

(1)) = U(t, to) |¥(to)) , U (t, to) = e~ (%)

For time dependent Hamiltonians it is customary to use the solution

t
U(t t()) = T(?Xp [—i/ dt, f](f’)]

Loy

In the expanded form (Dyson series):

t t t’
Ut, o) = 1 — i/ dt' H(t") — / dt’' H(t") / dt"H(t") + ...
to to to




How do we solve it?

The basic idea is to regard the operatorial differential equation as finite dimensional matrix
version with bounded elements.

Integration of both sides following iterative procedure is based on Picard—Lindelof theorem,

~

4
Ut to) =1 - i/ dt' H(t') U(¥, to)
to

t  of
[ i/ dt' H{t') |1 — i/ a" H"U" to)|l= ... =S _wu.. (t. ¢
, , : >0l tn(t, to)

0 0

Requirements for applicability:

1) Finite (closed interval) time evolution.
2) Evolution according to a bounded function / finite dimensional Hamiltonian.

# Can the iterative method be justified for asymptotic times / unbounded Hamiltonians?



The “verification”

By applying the derivative “term by term” it follows that

dU (t, to) d ‘&%, = dit, (1)
—J;ng()un(t) - n=0

dt dt
d t = d t " t’ 2 2 2
) — — (1/ dt'H(f’)) — = (/ dt'H(t')/ dt”H(f”)) + ... = —iH@)U(t, tp)
dt to dt to to

Where we applied two types of exchanges:

d
2\

Jod >

o0

d <~ . d o .
BTy Up(t —Un(l T 4 r’ = >
pri) S i, (t) — E dtu (1) % (/I" dz' O(x )) O(z)

Requirements:

1) Uniform convergence of the infinite series.
2) Each term must be differentiable by itself.

In QFT calculations the series is asymptotically convergent and these conditions may be invalid:

t ; t! >
/dt'H(t') / dt"H(t")|¢)) = oo |[¢)
Jito Jito

9



Continuous but non-differentiable behaviour

Weierstrass function Takagi function Devil’s staircase

Devil's Staircase

0 01 02 03 04 05 06 07 08 09 1

The ‘monsters of analysis’ cannot be Taylor approximated and fail the current oniiats
assumptions of the standard formalism of QM / QFT. Difreniable
Non-smooth behavior is the true nature of the quantum phenomena. T

10



The principle of unitarity

In classical mechanics, the preservation of the evolving phase space is
described by Liouville’s theorem:

“As the systems contained in a region of phase space evolve according to clas

mechanics, the volume occupied remains constant.” /
D, CJ

The quantum analogue of this principle is the Born principle - T s e S

“The evolution of the wave function is such that its norm is preserved at any given
time”

S pi(t1) = 3, pita) = 100%

No unitarity — illogical interpretation. 11



The ‘unitarity conception’

The Dyson series after replacing the iterative integration by the productive one:

l’
Ukt =1 — i/ dt' H(t / dt/ dt" H(t') H(t") +
Lo to )

Applying the adjoint operator “term by term”:
;

t f t t/
Ut(t, tg) = 1 + z(/ dt'H(t’)) = (/ dt’H(t’)/ dt”H(t”)) + ...
to to to

Rewriting under the assumption of (naive) applying the conjugation:

t 5 t i " ¢ t ; Y
</ dt’H(t’)) :/ dt' H(t") (/ dt’/ dt”H(t')H(t”)) = / dt’/ dt" H(t")H(t")
to to to to to to

So, as it seems,
Ult,to) = 1 + z‘/ dt’ H(t / dt’ df”H t"YH(') +
to

to to

Finally, by taking products we arrive at:

t t'
Ut(t,to)U(t, k) = 1 + (/ dt' H ) / dt’/ dt" Ht") H(t") — / dt'/ dt" Ht"YH(t') +
to to to to to



Applying the Fubini’s theorem for interchanging the order of integrations:

t 3/ t t
/ dt’ / d" Ht"YH(t) = / dt’ / dt" H(t") H(t")
to to to o

After adding integrals:

t A t t t
/ dt’/ dt" H(t') H(¢t") + / dt’/ dt" H(t') H{t") = (/ dt’H(t’))
to to to t’ to

So, at least allegedly, U is a unitary operator,

2

Ul(t, to) U(t, to) = 1

t"s : t"a

{”"'2 ' : '
to Lt to t

\J
A\

b
~
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The underlying assumptions

1) Exact self-adjoint: ott) = O)
(3] 51 i
2) / dt O, (t) + / dt Oy(t) = / dt (@1(1‘) +(§2(t)>
Jtg Lo J iy
3) Additivity: / " aow) + / a o) - / o)

A sufficient condition to ensures the validity of the unitarity argument:

2

t t’ 2
/ dt’ / dt” ”H(t")H(t') |u)” < oC
to to Yy

In QFT this is condition is often not satisfied.

Failure of one of the above conditions means that U is not an exact unitary operator.
14



Failing the Fubini’s theorem

Integration over infinity may well yield something finite (without regularization).
Exchanging the ordering of integrations is allowed only if the condition of absolute

convergence applies,

/d-r(/dyf(:v-,y)> =/dy(/d:vf(:v7y)) it [ [y s <oo

Violation of the condition will result in inequivalent values:

2 1 2 .9 1 Dipgllal i 1
/ (/ :cy({:v y) dy) dr = L / (/ y(2 Qy's) da:) dy = ¢
0 o EE495)2 20 0 ¢ &gy 9

0o OO :172_,12 - 00 ro0 2,2
/ / 2—‘/22(1:1:dy = — / / r‘—y“d-ydw = ok
1 1 (2% +y%) 4 i Ji (eFp?) 4

Checkout: "Fubini Counterexample (full version)” @ Dr Payam (youtube).

Dr Peyam e
@drpeyam
150K subscribers

15




The unitary solution
The solution for the Schrodinger equation is given by a unitarized version of U:

P(t, to) = N(t, to) U(t, to)

With the self-adjoint normalization operator: See “On the exact solution for
the Schrodinger equation,”
N(t, to) \/UT L(t, to) U-1(t, o) hep-ph/2402.18499.

Note that unitarity is manifest (“no need for an argument”):
Pl(t, to) P(t, to) = Ul(t, to) UT1(t, to) U™ (t, to) Uty to) = 1

Main claim: believing that N (t,to) = 1is a wrong oversimplification.

16



The inverse of U

The inverse of U to second perturbative order reads
t t - t " t' A
U™t tp) = i—i—-i/ dt' H(t') — (/ (lf'H(t’)) +/ dz"H(t')/ dt" H(t") +
to to to to
Then

U~1(t, to) U(t, to)

1 — i (Y dt’ H(+ .t /A / L ar H( 4 b i i\
:1—zft dt' H(t") +zft dth)—(f dtH( )) (fodtH(t)>
— ft dt' H ft dt" H(t") + ft dt' H ft dt" Hi¢t") = 1.

Identical cancellation of terms without any assumption required!

U1 £ Ut

17



The new perturbative expansion

The expansion for N reads

s pt : T T2
N(t.t0)=i+i/df’ﬁ()—i( dt' H(t )—f( dt' H(t )—-(/de( ))
2 to 2 t 8 to
sl [/ LI R I 1 f
= / dt' H(t") +_—/ dt'H(t )/ dt"H(t") -(/ H(t") / dt" H(t ”)) + ...
to 2 to to 2

g

Then,

2

. R i t . i t . i 1 t . - 3 i2
P(t,tg) = 1— -/ dt' H(t') — = (/ dt’H(t’)) + = (/ dt’H(t’)) — - (/ dt' H(t ))
2 to 2 to 8 to 8 to
12 s P 18 L s 1 s
— _I/ dt’H(t')l - —/ dt’H(t')/ dt"H(t") + = / dt'H( t)/ d"H(t") | + ...
4 to 2 to to 2 o

Reduce to Dyson series under the assumption of finite dimensional Hilbert space.

18



When does N become non-trivial?
1) Generalized functions

Introducing delta function to Dyson series leads to indeterminate expansion.
/ dr' §(z' — a)O(z’ —a) — Indeterminate
J0
The unitarity argument fails due to “no additivity” and “no Fubini”:
t'=T t t t t' t t
/ dt's(t —T) + / dt' s(t' —T) » / dt' s(t' —T) / dt'o(t' = T) / dt"s(t" - T) » dt's(t' = T) / dt"s(t" —T)
t Jt'=T Jto Jt!

Jto Jto Jto Jto

"Sur l'impossibilité de la
multiplication des distributions,"

2) Infinitely dimensional operators L. Schwartz

Dealing with the operators . p

3) Asymptotic time evolution
Studying the case t-t, = o as in the definition of the S-matrix

-~

lim U(t,te) lim Uf(ti,to) # lim  U(tr.to) Ul(t1, o)

t1—tg—0o0 t1—tp—oc t1—tpg—0oc 19



Why we care about infinite dimensions?

Once truncating the dimension one can no longer recover the translation and scale
invariance that are required for full generality. Moreover, the uncertainty relation,

@, p] = ikl
cannot be fulfilled. On finite spaces one can trace both side:
tr ([&,p]) = ihtr (1)
Since on finite dimensions the trace is cyclic operation, for any 4 and B:

tr[A,B] =tr (AB) —tr (BA) =0 e

Quantum Mechanics

That leads to inconsistent:

0 = ih dim (H)

Therefore, at least one of the operators must belong to an infinitely dimensional space. #°



Solving Schrodinger via P

By realizing that singular Hamiltonian can be treated as a complex deformation

H(t) = H(t) —id(t) lim S = Pu. (-1—) + iwd(x)
e—0 1 — 1€ xr
The resulting equations

dU (t, to)
dt

» _,-( () — zj(t)) (¢, to)

(U\/A'r(f. t()) .
dt o

—i [”Fl(z‘). N(t, t(-,)] + N(t, to) J(2)

Then,

= N(t, to) (=i (At) - iT () U(t, 1))
+ (—i [H(t).A (t, fu)] + N(t, tu)j(f)) U(t, to) = —iH(t) P(t, to)

(@

21




Examples

22



The non-Hermitian skin effect (NHSE)

Let us describe a lattice of finite size { with unequal amplitudes for jumping to each side,

1-1
B [(fi — 7i)ajaiq + (4 + ’h‘)“fﬂ"i]

i=1

A = zl:lEafa,- +
This Hamiltonian is non-Hermitian, g* # H. Due to no explicit time dependence,
U(t,to) = exp(—i(H —iJ)At)
In which unitarity is decaying. According to the definition N'(tt)) = exp(JAt), Then:
P(t,tg) = exp(TAt) exp(—i(H —iJ)At) = exp(—iHAt)

Note that intuitively we know that in the long run the particle should reach the end of
the lattice, which is respected only in the new approach.

=Yy . : .
--C(:‘yl — 9
1 1

23



The free particle

The Hamiltonian is given by

The domain is
H|y) = E ) |E| < o0
The Hilbert space for 1-dim unbounded momentum space is the extended real set,

H =R =RU{—00, oo}

Which is smaller than the entire Hilbert space by the cover of the space

~

DH)=RCH
C = H\D(H) = {—o0, o}
On the residual space “C” Stone theorem is inapplicable and N is non-trivial

\/[exp (—iAt ﬁ)] = [exp (—iAt ﬁ)] B lW(p € C)) # 1|Y(p e C)) 24



Hermitian vs self-adjoint

The definitions below coincide only on finite dimensional spaces.
The self-adjoint operator:

(el O" ) = (¢l O 1) D(O") = D(O) o Geres

for any |¢), |¢p) € H,then O = O.

The Hermitian operator:

(@l O [9) = (p| O )
But D(O) C D(OM).
Any self-adjoint operator is Hermitian, but an Hermitian operator is not necessarily self-adjoint.

The typical textbook example is the momentum operator:
(ol D [¥) = (ol B |¥)
Since D(p) c D(p'), at the operator level p £ p.

25



The ‘ad-hoc’ normalization method

By using the Dyson expansion

0/(0,—o0) ™) = (i- /dll';n_ e57) (e3 IH,,,: |e ) (5]
4 .‘7

s <'_|H11|£| 3 )( 3 '[{"'fll e
/(III'?77'2>(1;:—LI —ie2)(E,-, —1-_—n1) erl | le

The last term creates a problem,

<e—(k)| U(0, —o0) |e_(k)> =100

Unitary time evolution implies isometry (norm preserving). Restoring the norm involves
ad-hoc truncation of this term and reintroduction via the normalization condition,

H% |6_(l€)>t:0H = H|€_(k)>t:—ooH

Then U0, —0) |e™ (k)) = P(0, —oc0) |e (k))

1
iz

NSV VL
~J )
o~J
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How to normalize an entangled state?

As long as the state is pure or mixed, the action of N is equivalent to the rescaling

hp(t)) — %"“”“”

£ ron( e

Now let us take an initially normalized entangled state:

B(k)) = / dp () 16(0)) [0k — p))

The normalization of the evolved state is currently assumed to be fixed by:

A A

U(o0,0) |®(K)) — Z, ZwU(w,O) |®(K))

The prescription above can reproduce only the self-energy contributions of each
participating component but not the exchange contributions.

A

0(00,0) [B(K)) — \/TT=1(00,0)07-(c0,0) (00, 0) |®(k))

27



Dijet production in DIS at NLO

Out of ~20 diagrams involved in NLO calculation one involves the asymptotic time
evolution of entangled quark anti-quark pair.

k—lg

Dijet impact factor in DIS at next-to-leading
order in the Color Glass Condensate,
P. Caucal, E Salazar, R. Venugopalan.

v
One-Loop Corrections to Dihadron Production in
DIS at Small x, E Bergabo, ]. Jalilian-Marian.
Iy —q e ¥,
—p— Iy p,o
V3

The computation requires analytical continuation. IMWLK is not apparent unless
combining together with both the instantaneous and conjugate contribution.

Article

Observation of quantum entanglement with
top quarks at the ATLAS detector

Received: 14 November 2023
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(k) = [ dp (k) la()) [k — ) a5




oo’ s dz 2 co,—o' Z 7
'\ 000" (. i) = / —2(—2)(2423)*26°" QKo(Qvaray) ( - —g) (1 o _g)

q

X {[(1 It zg) (1 g ?):I ei(P_L+29(kl+p_l.))'1'zyK0(_iAV3fr$y)
q

Zg Zq Zg ifgkl'r.ty
= 1-2 +2 9 B Jo | Tzy, 122 Py, Avs
29 225 22423 “q

2 5
z z z 4k ) . &
+o | L2 -2 4 9 | l“y.7® Tzy; 1—- 2 )P, Ays
29 2z 2923 ' Zq

+ (9 ¢ q),

with

Q¥ = (2g — 29) (27 + 29) Q°.
P_I_ — qu_L — qu_]_,

AZ.=(1-2) (1 P2
Ve ( z,,)( +zq) =

d2l_L 2l - K| ety
- ST A=
JO(TJ_ A i ) / (27[) l_2L [(l_L s K_L)2 s AR uc]

d’l; (—i)lL x K, elrme
(27) 83 (1L — K1)% — A% —if] 29

j@(r.l., KJ.a A) — /



NLO cross sections: Uvs P

The difference between U and P emerges when computing the gluon exchange with shockwave
prior to the gluon emission.

U: no structural relation,
P: subtraction term

The simple normalization (as an overall prefactor) will fail to generate the term:
N(0,00) = [dpdi f(k,p,1) la(p = 1)) [a(k —p+1)) (a(p)| @(k - p)|

e Based on U: leads to extremely complicated integrals,

) ) 0 R t ) ¢| H |7) G| H |i
<q>(k)|U(o,—oc)—1|<1>(k)>}gz ~ /_ dt’H(t’)/_ dt"H(t") ~ (éilflgi(%}ilé)

e Based on P:

0
(@ (k)| P(0, —o0) —i|<b(k))‘g2 ~ .;-‘ /_ ()

Y (kA5 G A L)
2(Ex — E;)(E; — E;)




A sloppy trick

As discussed in Tuomas talk:

a(Myx® — M2) (Mx* — M?) e 8(Myx? — M3)
(M2 — M? + i5) (M2 — M2 + i5) (W M2 + i5)(M? — M2 — i5) * (MR — M2 — i5)(MZ — M2 — i)
- - . L - ] — C.C.
(Note: sign of i5 essential) 2mi | (My® — M2 — i8)(Mx”* — M2 — i) (Mx* — M2 — i§)
Where is the cheat?

1) Omitting the limit operation.
2) Using a common regulator for all the denominators.
3) Rewriting the sum of limits as a limit of sum.

More rigorously,

1 xr 1 : 1
(M2Z—MZ—48)(M2—MZ2—io) ' lims, —0 3737, 1Ms,—0 MZ—MZ 15,

Simplification via Sokhotski theorem

lime—o 5= = Pv. (}17)) —imo(f(z)) 31



1)

2)

3)

Summary

The current treatment of QFT is based on ‘conception of unitarity' - a low level of
mathematical rigorousness. A manifestly unitary and non-linear formalism is proposed.

The new perturbative expansion shows that JIMWLK is the universal high energy limit of
quantum behavior.

Main implications - quantum chaos, entangled states, and non-perturbative physics.
Experimental tests to appear.

HAPPY BIRTHDAY EDMOND!
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