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Happy 60th Edmo!
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QCD at small x: gluon saturation

high gluon density: multiple eikonal scatterings

high energy: evolution in x via BK/JIMWLK

p: broadening

suppression of single inclusive spectra/away side peak

P,
A systematic formalism for multi-particle production in QCD 1)\ 93
d . o .p d . N . QZ(x,A,by ) ~ A3 (_)
nuclear shadowing/modification factor, azimuthal correlations X
long range rapidity correlations Q% ~1GeV? at

connections to TMD,.... 4
X~ 3 x 10



Probing CGC in high energy collisions

nucleus-nucleus collisions: “dense on dense” significant modeling/QGP

proton-nucleus collisions: “dilute on dense”

DIS: (inclusive/diffractive) much less modeling

structure functions

EIC

to start in ~ 10 years

particle production

angular correlations



CGC at RHIC

Single and double inclusive hadron production in dA collisions
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Double and single inclusive hadron production
in DIS at small x



Inclusive dihadron production in midrapidity: LO

JJM, Yu. Kovchegov
PRD70 (2004) 114017

A B C

need a very large rapidity window

target is treated as a classical color field  A# — 51— pr 5, (2, x)

scatterings of gluons on the target encoded in Wilson lines U (x1),U"(x3)

leading log evolution included °



Inclusive dihadron production in forward rapidity: LO

X1 P
] target: a classical color field
quark, antiquark multiply scatter on the target
q I R e
X2 = e
Ao A—aaX €2Q2(2122)2N05(1 ) : m i et Voo
= — 21 — %
d?p d?q dy, dys (2m)7 b
/d8$L€ip°(x,1_xl)eiq°(x/2_x2) S122117 — S12 — S + 1] with

ipol = - f
{42122[{0(‘:812‘Ql)KO(‘xl’Q"Ql)‘l‘ dlpoe S1 TTV(:El)V (332)

h i I WY
(22 4 23) 227 K1(|9312\Q1)K1(\931'2'|Q1)}

Z12||z172] quadrupole

— 1
8122/1/ = N. Tr V(Xl) VT (Xg) V(Xg/) VT(le)
Only dipoles and quadrupoles contribute: DMXY, PRD 83 (2011) 105005




Toward precision CGC: inclusive DIS
NLO BK/JIMWLK evolution equations

Kovner, Lublinsky, Mulian (2013) list already outdated! many more

Balitsky, Chirilli (2007) papers in the last few months

NLO corrections to structure functions
Beuf, Lappi, Paatelainen (2022)

Beuf (2017)

NLO corrections to SIDIS
Bergabo, JJM (2023, 2024)

Caucal, Ferrand, Salazar (2024)

NLO corrections to dihadron/dijets (+)
Bergabo, JJM (2022, 2023)

Iancu, Mulian (2023)

Caucal, Salazar, Schenke, Stebel, Venugopalan (2023), Caucal, Salazar, Schenke, Venugopalan (2022)

Taels, Altinoluk, Beuf, Marquet (2022), Taels (2023)
Caucal, Salazar, Venugopalan (2021)

Ayala, Hentschinski, JJM, Tejeda-Yeomans (2016,2017),............



Toward precision CGC: exclusive/diffractive DIS

NLO corrections to diffractive structure functions
Beuf, Hanninen, Lappi, Mulian, Mantyssari (2022)

NLO corrections to diffractive dihadron/dijets (+)
Boussarie, Grabovsky, Szymanowski, Wallon (2016)
Iancu, Mueller, Triantafyllopoulos (2021, 2022)

Fucilla, Grabovsky, Li, Szymanowski, Wallon (2023)

NLO corrections to exclusive light/heavy vector meson production (+)
Boussarie, Grabovsky, Ivanov, Szymanowski, Wallon (2016)
Mantyssari, Penttala (2021, 2022)
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One loop corrections - real diagrams

3-parton production: Ayala, Hentschinski, JJM, Tejeda-Yeomans
PLB 761 (2016) 229 and NPB 920 (2017) 232

[ancu, Mulian, JHEP 07 (2023) 121



One loop corrections — virtual diagrams

F. Bergabo and JJM, dihadrons, 2207.03606

P. Taels et al., djjets, 2204.11650
P. Caucal et al., dijets, 2108.06347 13



| Divergences
Ultraviolet

real corrections are UV finite

UV divergences cancel among virtual diagrams

eSoft

soft divergences cancel between real and virtual diagrams

eCollinear

collinear divergences are absorbed into fragmentation functions

«Rapidity
Rapidity divergences are absorbed into JIMWLK evolution of dipoles and quadrupoles

oV A7 X — 51 6 @ JIMWLK + 010 ® Dy /q(2n, 1?) @ Déofq(Zh) + ONLG



Inclusive dihadron production in DIS at small x: back to back limit

P Quadrupole Pi=p—-q
1 K1 =p+
FT?" V(x) VT (x2)V (x5)VT(x)) L=pbT4
g K, —90
P2
for P, ~ |p| ~ |q| one can get large log K—% integrating over radiated gluon

Sudakov double logs in dijets production in DIS at small x:

Taylor expansion of Wilson lines around “center of mass” coordinate = =)  Weizsacker-Williams field

CGC calculations contain Sudakov double logs, but with the wrong sign! (+) |log PiAbﬂ ’

impose a kinematic constraint on life time of gluon radiation Taels, Altinoluk, Beuf, Marquet, JHEP 10 (2022) 184

(the usual strong ordering in + momenta is not sufficient) Caucal, Salazar, Schenke, Venugopalan, JHEP 11 (2022) 169

15



C(A9)

Dihadron/dijets kinematics at EIC
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Zheng, Aschenauer,Lee,Xiao, arXiv:1403.2413

SIDIS a better process (?)
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Fig courtesy of Xiaoxuan Chu

larger kinematic phase space than dihadrons

Sudakov effect can be avoided
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SIDIS at small x: NLO corrections

F. Bergabo, JJM, JHEP 01 (2023) 095, and arXiv:2401.06259

Caucal, Ferrand, Salazar, arXiv:2401.01934

Forward rapidity
p
LO: l ki
integrate over final state antiquark
| — ky
iA !
do P/A=a(py1) X e?()? N, 5 6 iPXy/
Epdi = 25 dzo 6(1 — 21 — 29) (27 22) /d X [S117 — S12 — S19 + 1] P11

$ 42129 K0 (|x12|Q1) Ko (|x1/2|Q1) + (27 + 23) xiallx1al Ky (|x12]@Q1) K1 (|x172|Q1) ¢
17

X12 * X192




NLO corrections to SIDIS: some of the contributions are

doi,; €?¢?Q? /121 dz (1 —z—z1)(z + 21)
0

< <1

Epdy; (278 Z(l=—z—21)+ (1 +(1—2—21)%) (z+21)° + (2 4+ 21)"

X - X117 izl‘l'z X a s
/dSXKl(|X12|Q1z)K1(\X1/2|Q1z)NCCF (117 — S1g — Sorr + 1] 2 2 AL oF 7P

dO.T 62 2@2 21 dZ o
dngyl = 2(277)6 /O 7(1 — Zl)(Z% + (1 — Z1)2) [z% + (21 — Z)Q} /d6X K1 (|x12|Q1) K1 (|x1/2|Q1 )P *11
X12 * X1/2 d?x5 1
N, S11r — S19 — So17 + 1
CF [ 11 12 21/ T ] ‘X12HX1’2‘ (271.)2 X?)l

X35 * X35

2 2

- 3 K1 =21(—21)Q
with AP =222 and a (L= 21) )
X3iX3; L=101—-2z—21)(2+21)Q

18



SIDIS at small x: NLO corrections

all quadrupole contributions cancel: dipoles only at leading N
cancelation of UV/soft divergences

rapidity/collinear divergences renormalize the dipoles/fragmentation functions

o1 AKX — 51 6 @ IIMWLK + 01,0 ® Dy /q(zn, 12) + gk

2
EIC will have a reasonably large window in Q? where Q% >> pf,h so that as log (sz ) ~ 1
t,h

CGC contains no Sudakov double logs in SIDIS unlike dihadron production (wrong sign)

2
avold large Sudakov logs: Pf,h ~ Q? sothat log (sz ) ~ ()
t,h

19



SIDIS at small x: including Sudakov double logs

Altinoluk, JJM, Marquet, arXiv:2406.08277

taking the high Q* is tricky! Qf =z:1(1 -2,)Q® — 0 inside the Bessel functions

introduce the delta function

Q*/4 _ _ _
7 Ko (|x12]1Q1) K1) (|x172|Q1) = /O dQ* (Q°)"K0,1)(|x12|Q)K(0,1)(|x1/2|Q) § [Q% — 21(1 — 21)Q7]

) 5(21 — 5(z1 — 2 5
I e L L Ty

cross section becomes

do—z*oﬁ__jiffz(ghWh)X 7'('62 1 / d2X11’ Z.pZ X0 ~( ) D ( )_|_
— & < LT\ r. X117/ <
2p;, dun, . 0?2 2 (27)? g\, X11 h/q\~h
a,Cr =2 dz 14 (1 — 2)? Zh L dz ) d*xs
(] L) - [ Lnsa-ponen)| [ S
2 0 z 1 —=2 1 —=z 0 Z | Jixs|p>1 X3

_ozsC'F 1=2n 45 [1 + (1 — 2)2} " (3) d?xs _ Zh
d A / - D
2772 /0 2 1 —2 / =32 / X3 h/q(l—z)




SIDIS at small x: including Sudakov double logs

to get Sudakov logs one must introduce a kinematic constraint

needed for self-consistency of evolution equations (avoid negative cross sections)

at small x we require k" < z¢1", this is sufficient at LL accuracy

at NLO accuracy we also need to impose a condition on lifetimes of fluctuations

introduce a cutoff on - component of momenta k= > z;1~ with z;zf ~ 1

Sudakov single logs will be sensitive to the details of this cutoft
Altinoluk, JJM, Marquet, Yu, in progress



SIDIS at small x: including Sudakov double logs

1—2zp 1—2zp Zf Zf
longitudinal factorization / dz = / dz + / dz |1 — 0(kin.const.)| + / dz0(kin.const.)
0 2 0 0

add and subtract the kinematic constraint ® (kin.const.) = © (Zf k- z)

Zfd i k2 ] Zfd k2 QZ
/0 ;Z _1—@<ZfQ2 z)_ :/0 ?Z@(Z—Zf@>:@(Q2—k2)ln<F>

and dipoles satisfy constrained JIMWLK evolution

o
;_ — dULO (Zf) by Dh/q(zha Qz) T dONLO—rap—finite +
d<pp, dyn
L P
2D (Z ) d?x 11/ . Py,
e h/q\~h 11 P Xy~ /
Q? Zh / (27)? o “q(, %)

asCr " 42k ik-x ) Q°
X{ 7_‘_2 / F(G 11—1)1H(E



Sudakov double logs in SIDIS

usin
8 /Q2 dzk [ ik 1] | Q2 ) /qu/ dT [J ( ) 1]1 Q‘Xll"
€ 1 — n{-— | =4am — T)— 1|In
k> k> ) r P T
T 1
— — — 1n2 QQX%l//Cg —I— O( >
2 ( ) \/Q‘Xn/\
we get d v A—h(pPn,yn)X
9LO+NLO — dONLO—rap— fimit
d?py, dyp, . P
7T€2 Dh/Q(ZhaQZ) d2X11’ i Ph .y S
| e oV axq(r,x110)e” sud (X117)
Q2 Zh / 27T 2
with ( )

o, C
Ssud(Xll’) = 27TF 1I12 (QQX%P/C(Q))




Quark TMD Marquet, Xiao, Yuan 0906.1454

2N,
27r)0

X12 * X1/9

dQ° Q% K1 (|x12|Q) K1 (|x1/2|Q)

rq(z,p) = ( /d6X e P> [811, — S1o — Syrg + 1]

x12|[x172| Jo

can be rewritten as

(2, D) /d2k N k, /d2 Pxcrr Siorp—ikgxiy | [ L s /OO 1Q? | =2 P p_|
ralr — X X 17 ;e g ™11 _ - —
AP 9\ 874 a, PR e 42 k2 Q2+ (k, —p)? Q2+ p?

W_/ %_/

dipole gluon TMD momentum dependent splitting function

24



Scale

N (A — o)

A2
Q?

- Q

virtual diagrams Q?

non-cancelation of log 2 contributions
{

log cancel among virtual diagrams

_ P_t

real diagrams

A_QCD

25



Summary

(QOCD at high energy
dense hadron/nucleus: gluon saturation, strong color fields - CGC
strong hints from RHIC, LHC,...
to be probed precisely at EIC
toward precision: NLO, beyond-eikonal corrections, ...
deep connections to TMD, Sudakov physics, ...

missing a unified approach to large and small x!

26



EIC

kinematics of inclusive dihadron production
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Fig. courtesy of Xiaoxuan Chu

transition region: from large x to small x



divergences
* Ultraviolet:

Real corrections are UV finite

UV divergences cancel among virtual corrections k — o0 or X3 — Xj
(ng; -+ dJll)UV = ()
(d(T@, -+ d(TlQ)UV =0

(dUg + doo + doyay + dU14(2))UV = 0




divergences
* Soft: k' -0 (x3 = oc AND z— 0)

Soft divergences cancel between real and virtual corrections

((i()'l_l —+ Ozo_s‘)).sof[, — (—).

((i()’l_g dcrié) dcri? ot — 0
(dos_3 + dosa_4 + (.13(73_4)80]0[ — 0
(do1_3 + dc71_4)80f[ — 0

(dos_3 + d(72_4)80fL — 0

(dos + (1(77)8013[/ — 0

(d(Tll —+ d(TE}R ot — 0

2




divergences

o 3o o 1 2
» Rapidity: z — 0, but finite k, / dz / ! dZ
0
rapidity divergences are absorbed into JIMWLK evolution of dipoles and quadrupoles

dogLo - 2e*g?Q*N2(2122)°
dPpd2qdy: y2 (2m)10

*f dz
5(1 — 21 — Zg)/ ? /leXKO(‘X]_z‘Ql)KO(‘lez!|Q1)
0
e'ip-X1’1 e?:q-xm'z{ (Alz —I— A22; — 512’) 8132311523 —|— (51!21’ —I— 522! — 521!) 81!32182!3

+ (512 + A1y — A21:) S399/1/ 813 + (Amr + Ayyr — A12*’) S32/2191/3

— (Allf + A22* + 512 + Alfz’) S109/17 — (512 + sz’ — 512' — AZI’) S125119

— (All’ Agor — Ajor — Agys ) S11/ S22 — 2A12 (S13S23 — S12) — 2A119/ (S1/382/3 — S1/2) }

JIMWLK evolution of quadrupoles

JIMWLK evolution of dipoles (x1 — x3)%(x2 — x3)*



