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QCD at small x: gluon saturation

<latexit sha1_base64="NqYA3/Ag3VWpbJTZWou4KxoYLaM=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VbC20oWy2k3bpZhN3N4US+ju8eFDEqz/Gm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqHVCNgktsGm4EthOFNAoEPgaj25n/OEaleSwfzCRBP6IDyUPOqLGSn3WDkDR63QRVMu2VK27VnYOsEi8nFcjR6JW/uv2YpRFKwwTVuuO5ifEzqgxnAqelbqoxoWxEB9ixVNIItZ/Nj56SM6v0SRgrW9KQufp7IqOR1pMosJ0RNUO97M3E/7xOasJrP+MySQ1KtlgUpoKYmMwSIH2ukBkxsYQyxe2thA2poszYnEo2BG/55VXSuqh6tWrt/rJSv8njKMIJnMI5eHAFdbiDBjSBwRM8wyu8OWPnxXl3PhatBSefOYY/cD5/AJ05kgU=</latexit>

P?

<latexit sha1_base64="E0ZBVMtcFDejLvGjCbrVjAug8P4=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzeDRXBVEpHqsqALlxXsBZpQJtNJO3QyCTMTsYRsfBU3LhRx62O4822ctllo6w8DH/85hzPnDxLOlHacb6u0srq2vlHerGxt7+zu2fsHbRWnktAWiXksuwFWlDNBW5ppTruJpDgKOO0E4+tpvfNApWKxuNeThPoRHgoWMoK1sfr2kRdKTLLMC0Lk5vkcHvO8b1edmjMTWga3gCoUavbtL28QkzSiQhOOleq5TqL9DEvNCKd5xUsVTTAZ4yHtGRQ4osrPZgfk6NQ4AxTG0jyh0cz9PZHhSKlJFJjOCOuRWqxNzf9qvVSHV37GRJJqKsh8UZhypGM0TQMNmKRE84kBTCQzf0VkhE0i2mRWMSG4iycvQ/u85tZr9buLauOmiKMMx3ACZ+DCJTTgFprQAgI5PMMrvFlP1ov1bn3MW0tWMXMIf2R9/gDv6Zan</latexit>

1

x
no

n-
pe

rt
ur

ba
tiv

e

high gluon density: multiple eikonal scatterings 

high energy: evolution in x via BK/JIMWLK

pt broadening 
suppression of single inclusive spectra/away side peak
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x ⇠ 3⇥ 10�4

A systematic formalism for multi-particle production in QCD 
nuclear shadowing/modification factor, azimuthal correlations 
long range rapidity correlations  
connections to TMD,….
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Probing CGC in high energy collisions 

nucleus-nucleus collisions: “dense on dense” 

proton-nucleus collisions: “dilute on dense” 

DIS: (inclusive/diffractive)

structure functions

particle production

angular correlations

significant modeling/QGP 

much less modeling 

EIC 
to start in ~ 10 years 
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Double and single inclusive hadron production  
in DIS at small x 
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Toward precision CGC: inclusive DIS 
NLO BK/JIMWLK evolution equations 

Kovner, Lublinsky, Mulian (2013) 

Balitsky, Chirilli (2007)

NLO corrections to structure functions 
Beuf, Lappi, Paatelainen (2022) 

Beuf (2017)

NLO corrections to SIDIS 
Bergabo, JJM (2023, 2024) 

Caucal, Ferrand, Salazar (2024)

NLO corrections to dihadron/dijets (+) 
Bergabo, JJM (2022, 2023) 

Iancu, Mulian (2023) 

Caucal, Salazar, Schenke, Stebel, Venugopalan (2023), Caucal, Salazar, Schenke, Venugopalan (2022) 

Taels, Altinoluk, Beuf, Marquet (2022), Taels (2023) 

Caucal, Salazar, Venugopalan (2021) 

Ayala, Hentschinski, JJM, Tejeda-Yeomans (2016,2017),…………

list already outdated! many more 
papers in the last few months 
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Toward precision CGC: exclusive/diffractive DIS 

NLO corrections to diffractive structure functions 
Beuf, Hanninen, Lappi, Mulian, Mantyssari (2022) 

……………………..

NLO corrections to diffractive dihadron/dijets (+) 
Boussarie, Grabovsky, Szymanowski, Wallon (2016) 

Iancu, Mueller, Triantafyllopoulos (2021, 2022) 

Fucilla, Grabovsky, Li, Szymanowski, Wallon (2023) 

…………………….

NLO corrections to exclusive light/heavy vector meson production (+) 
Boussarie, Grabovsky, Ivanov, Szymanowski, Wallon (2016) 

Mantyssari, Penttala (2021, 2022) 

……………………



Iancu, Mulian, JHEP 07 (2023) 121
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Divergences
•Ultraviolet 

real corrections are UV finite 
UV divergences cancel among virtual diagrams

•Soft 
soft divergences cancel between real and virtual diagrams

•Collinear 
collinear divergences are absorbed into fragmentation functions 

•Rapidity 
Rapidity divergences are absorbed into JIMWLK evolution of dipoles and quadrupoles

<latexit sha1_base64="S4UJ6n8hKxcmN/WeBvSXkFvTnnc="></latexit>
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Inclusive dihadron production in DIS at small x: back to back limit
<latexit sha1_base64="e9CdbM+EqarfJqDCVlRoABjR9DI="></latexit>
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P? ⇠ |p| ⇠ |q| one can get large                integrating over radiated gluon
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Sudakov double logs in dijets production in DIS at small x:

Taylor expansion of Wilson lines around “center of mass” coordinate
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Quadrupole

Weizsacker-Williams field

CGC calculations contain Sudakov double logs, but with the wrong sign!
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impose a kinematic constraint on life time of gluon radiation  
(the usual strong ordering in + momenta is not sufficient)

Taels, Altinoluk, Beuf, Marquet, JHEP 10 (2022) 184 

Caucal, Salazar, Schenke, Venugopalan, JHEP 11 (2022) 169 

……….



Dihadron/dijets kinematics at EIC 

Fig courtesy of Xiaoxuan ChuZheng, Aschenauer,Lee,Xiao, arXiv:1403.2413

SIDIS a better process (?) 
larger kinematic phase space than dihadrons 
Sudakov effect can be avoided  
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SIDIS at small x: NLO corrections 
F. Bergabo, JJM, JHEP 01 (2023) 095, and arXiv:2401.06259 

Caucal, Ferrand, Salazar, arXiv:2401.01934
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LO:  
integrate over final state antiquark

Forward rapidity
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NLO corrections to SIDIS: some of the contributions are

<latexit sha1_base64="i/mCePgtHfoCDJ9hmCGWqbIUvGI="></latexit>

Q2
1 ⌘ z1(1� z1)Q

2



19

SIDIS at small x: NLO corrections

all quadrupole contributions cancel: dipoles only at leading Nc  

cancelation of UV/soft divergences 

rapidity/collinear divergences renormalize the dipoles/fragmentation functions

<latexit sha1_base64="NJGWKfXh7tbTk/4bcOtNiHwbALk="></latexit>
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CGC contains no Sudakov double logs in SIDIS unlike dihadron production (wrong sign)  

EIC will have a reasonably large window in         where                         so that
<latexit sha1_base64="6XDfImAEhz1lF32WXGdOBJsGPQI=">AAACA3icbVDLSgMxFL1TX3V8jbrTTbAILqTMdFFdlYIgLluwD2hrzaSZNjTzIMkIw1DoRj/FjQtF3PoT7vwA/8O0daGtB0LOPeeG3HvciDOpbPvTyCwtr6yuZdfNjc2t7R1rd68uw1gQWiMhD0XTxZJyFtCaYorTZiQo9l1OG+7wYuI37qiQLAyuVRLRjo/7AfMYwUpLXesgbbueWb0poFIJRd1UoVM0GOnSHHWtnJ23p0CLxPkhubKTPBjF269K1/po90IS+zRQhGMpW44dqU6KhWKE05HZjiWNMBniPm1pGmCfyk463WGEjrXSQ14o9AkUmqq/X6TYlzLxXd3pYzWQ895E/M9rxco776QsiGJFAzL7yIs5UiGaBIJ6TFCieKIJJoLpWREZYIGJ0rGZOgRnfuVFUi/knWK+WNVpXI5hiiwcwhGcgANnUIYrqEANCIzhEZ7hxbg3noxX423WmjFmN+zDHxjv3y8wmLI=</latexit>

Q2 >> p2
t,h

<latexit sha1_base64="kiVCCIYmZkZDTXJlzYskigE1T9A=">AAAB8XicbVDLSgMxFL1TX3V8VV240EW0CK7KTBfVZUEQly3YB7a1ZNJMG5rJDElGKENB/IZuXCji1r9x53f4A6ZTF9p64HIP59yQe48Xcaa043xamaXlldW17Lq9sbm1vZPb3aurMJaE1kjIQ9n0sKKcCVrTTHPajCTFgcdpwxteTv3GPZWKheJGjyLaCXBfMJ8RrI10m7Q9367eFdG4m8s7BScFWiTuD8mXj7+cydHjQaWb+2j3QhIHVGjCsVIt14l0J8FSM8Lp2G7HikaYDHGftgwVOKCqk6Qbj9GpUXrID6UpoVGq/n6R4ECpUeCZyQDrgZr3puJ/XivW/kUnYSKKNRVk9pEfc6RDND0f9ZikRPORIZhIZnZFZIAlJtqEZJsQ3PmTF0m9WHBLhVLVpHH1ACmycAgncAYunEMZrqECNSAgYALP8GIp68l6td5moxlr1mEf/sB6/wZCwpNd</latexit>

Q2

<latexit sha1_base64="lx1FIqvRm4inaAqzZN6D/mRSXG8="></latexit>

↵s log

 
Q2

p2
t,h

!
⇠ 1

avoid large Sudakov logs:                          so that  
<latexit sha1_base64="HEeIlgHeQJFPA4gNwhruVMrb2Mw=">AAACBHicbZBNS8MwHMbT+TbrW9XjLsEheJDRDpkeB4J43MC9wNqVNEu3sKQtSSqMUtCLX8WLB0W8+iG8+W3MXg66+UDgx/P8Q/J/goRRqWz72yisrW9sbhW3zZ3dvf0D6/CoLeNUYNLCMYtFN0CSMBqRlqKKkW4iCOIBI51gfD3NO/dESBpHd2qSEI+jYURDipHSlm+VMjcIzcTPFDyHo7xfha6kHDb7VTP3rbJdsWeCq+AsoAwWavjWlzuIccpJpDBDUvYcO1FehoSimJHcdFNJEoTHaEh6GiPEifSy2RI5PNXOAIax0CdScOb+vpEhLuWEB3qSIzWSy9nU/C/rpSq88jIaJakiEZ4/FKYMqhhOG4EDKghWbKIBYUH1XyEeIYGw0r2ZugRneeVVaFcrTq1Sa16U6zcP8zqKoAROwBlwwCWog1vQAC2AwSN4Bq/gzXgyXox342M+WjAWFR6DPzI+fwANtZbd</latexit>

p2
t,h ⇠ Q2

<latexit sha1_base64="s/oYrWhbi8+1EJp82qGQ2ROKMzo="></latexit>

log

 
Q2

p2
t,h

!
' 0



SIDIS at small x: including Sudakov double logs

taking the high       is tricky!                                           inside the Bessel functions   
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Altinoluk, JJM, Marquet, arXiv:2406.08277

cross section becomes



SIDIS at small x: including Sudakov double logs

to get Sudakov logs one must introduce a kinematic constraint  
needed for self-consistency of evolution equations (avoid negative cross sections)

at small x we require                  , this is sufficient at LL accuracy 
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Sudakov single logs will be sensitive to the details of this cutoff 
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Altinoluk, JJM, Marquet, Yu, in progress



SIDIS at small x: including Sudakov double logs

longitudinal factorization 

add and subtract the kinematic constraint 

and dipoles satisfy constrained JIMWLK evolution

<latexit sha1_base64="ErSEFfaeiG5j0mlEiu6Z72lGLE8="></latexit>

⇥(kin.const.) = ⇥

✓
zf

k2

Q2
� z

◆

<latexit sha1_base64="8taO1maJjzR8oXI13hNhA7pn2E4="></latexit>Z zf

0

dz

z


1�⇥

✓
zf

k2

Q2
� z

◆�
=

Z zf

0

dz

z
⇥

✓
z� zf

k2

Q2

◆
= ⇥

�
Q2 � k2

�
ln

✓
Q2

k2

◆

<latexit sha1_base64="oygV87HUH8q/UlgbYkmbhbilxAo="></latexit>

d��
⇤
A!h(ph,yh)X

LO+NLO

d2ph dyh

�����
LP

= d�LO(zf )⌦Dh/q(zh, Q
2) + d�NLO�rap�finite +

⇡e2

Q2

Dh/q(zh)

zh

Z
d2x110

(2⇡)2
e�i

ph
zh

·x110 xq̃(x,x110)

⇥
(
↵sCF

⇡2

Z
Q

2

d2k

k2

�
eik·x101 � 1

�
ln

✓
Q2

k2

◆)

<latexit sha1_base64="uCwdGIAnUKTzWqse20XM9aVwBfs="></latexit>Z 1�zh

0
dz =

Z 1�zh

zf

dz +

Z zf

0
dz [1� ✓(kin.const.)] +

Z zf

0
dz✓(kin.const.)



Sudakov double logs in SIDIS
using

<latexit sha1_base64="1r4XBIEnR53aEALuNZpFhJjg5PY="></latexit>

d��
⇤
A!h(ph,yh)X

LO+NLO

d2ph dyh

�����
LP

= d�NLO�rap�finite

+
⇡e2

Q2

Dh/q(zh, Q
2)

zh

Z
d2x110

(2⇡)2
e�i

ph
zh

·x110 xq̃(x,x110) e
�Ssud(x110 )

with
<latexit sha1_base64="euyCI/TG25NzhMlYsjr50mfEuME="></latexit>

Ssud(x110) ⌘
↵sCF

2⇡
ln2

�
Q2x2

110/c
2
0

�

we get

<latexit sha1_base64="u0j6hJYxioha/iNJlBH+uenU7Lo="></latexit>Z Q2

d2k

k2

⇥
e
�ik·x110 � 1

⇤
ln

✓
Q

2

k2

◆
= 4⇡

Z Q|x110 |

0

d⌧

⌧
[J0(⌧)� 1] ln

✓
Q|x110 |

⌧

◆

= �⇡

2
ln2

�
Q

2x2
110/c

2
0

�
+O

✓
1p

Q|x110 |

◆
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Quark TMD
<latexit sha1_base64="/Q0YnuOazLvY2efR/4t06O9XefQ="></latexit>

xq(x,p) =
2Nc

(2⇡)6

Z
d6x e�ip·x110 [S110 � S12 � S102 + 1]

x12 · x102

|x12||x102|

Z 1

0
dQ̄2Q̄2 K1(|x12|Q̄)K1(|x102|Q̄)

can be rewritten as

dipole gluon TMD momentum dependent splitting function

<latexit sha1_base64="bdE3q/J4jSqlMZ9b6Db64BHR4MA="></latexit> { <latexit sha1_base64="bdE3q/J4jSqlMZ9b6Db64BHR4MA="></latexit> {

Marquet, Xiao, Yuan 0906.1454

<latexit sha1_base64="d3lHqmKkht+ga+eWw7zKxlmBWI8="></latexit>

xq(x,p) =

Z
d2kg

 
Nc

8⇡4

k2
g

↵s

Z
d2x1 d

2x10 S110 e
�ikg·x110

! 
1

4⇡2

↵s

k2
g

Z 1

0
dQ̄2

����
kg � p

Q̄2 + (kg � p)2
+

p

Q̄2 + p2

����
2
!
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<latexit sha1_base64="WXQuznerd75DYrJAcUlblXZDxg0=">AAACD3icbVC5TgMxFPSGK4QrQEljEUChiXYpAmUkKCgogkQOKRtFXsebWPHaK/stKFrlD2j4FRoKEKKlpeNvcI4CEkayNJp5o+c3QSy4Adf9djJLyyura9n13Mbm1vZOfnevblSiKatRJZRuBsQwwSWrAQfBmrFmJAoEawSDy7HfuGfacCXvYBizdkR6koecErBSJ3+S+kGIi/6NjXQJ9oWSPc17fSBaqwfscxnC8HTUyRfckjsBXiTejBQqR+EE1U7+y+8qmkRMAhXEmJbnxtBOiQZOBRvl/MSwmNAB6bGWpZJEzLTTyT0jfGyVLg6Vtk8Cnqi/EymJjBlGgZ2MCPTNvDcW//NaCYQX7ZTLOAEm6XRRmAgMCo/LwV2uGQUxtIRQze1fMe0TTSjYCnO2BG/+5EVSPyt55VL51rZxhabIogN0iIrIQ+eogq5RFdUQRY/oGb2iN+fJeXHenY/paMaZZfbRHzifP2aunz0=</latexit>

(⇤ �! 1)

cancel among virtual diagrams
<latexit sha1_base64="sK6sQO0Z6BG573xbyRInbPa0aZ8=">AAACA3icbVA7T8MwGHR4lvIKsMFiUSExVUmHAlsRDAwMrUQfUhMqx3Vaq44d2Q5SFVVi4XewsTCAEAwM/Ak2/gzCfQzQcpKt0913sr8LYkaVdpwva25+YXFpObOSXV1b39i0t7ZrSiQSkyoWTMhGgBRhlJOqppqRRiwJigJG6kHvbOjXb4hUVPAr3Y+JH6EOpyHFSBupZe96THSgF0qEU+/S5NroujBIK+Zq2Tkn74wAZ4k7IbnS6dvJvf/9Xm7Zn15b4CQiXGOGlGq6Tqz9FElNMSODrJcoEiPcQx3SNJSjiCg/He0wgAdGacNQSHO4hiP1dyJFkVL9KDCTEdJdNe0Nxf+8ZqLDYz+lPE404Xj8UJgwqAUcFgLbVBKsWd8QhCU1f4W4i0wf2tSWNSW40yvPkloh7xbzxYpp4xyMkQF7YB8cAhccgRK4AGVQBRjcggfwBJ6tO+vRerFex6Nz1iSzA/7A+vgBBWqbjg==</latexit>

log
⇤2

Q2

non-cancelation of              contributions
<latexit sha1_base64="M2K3de0vycw6T7BydGb2RhXw+W0=">AAACC3icbVC7TsMwFHXKq5RHA4wsViskpirpUBgrYGBsJfqQ2hA5jtNadZzIdpCqqDsLv8LCwEPAxg/AxN/gph2g5UiWj8651/f6eDGjUlnWt5FbWV1b38hvFra2d3aL5t5+W0aJwKSFIxaJrockYZSTlqKKkW4sCAo9Rjre6Hzqd26IkDTiV2ocEydEA04DipHSkmuW+tkbqSD+pNBn0QD2A4Fw2ryuTtKGq/TlmmWrYmWAy8Sek3L97O35/au43nDNz74f4SQkXGGGpOzZVqycFAlFMSN6TCJJjPAIDUhPU45CIp0022MCj7TiwyAS+nAFM/V3R4pCKcehpytDpIZy0ZuK/3m9RAWnTkp5nCjC8WxQkDCoIjgNBvpUEKzYWBOEBdW7QjxEOgul4yvoEOzFLy+TdrVi1yq1pk7jAsyQB4egBI6BDU5AHVyCBmgBDG7BPXgET8ad8WC8GK+z0pwx7zkAf2B8/ADL7p6Y</latexit>

log
Q2

P 2
t
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Summary
QCD at high energy 

  dense hadron/nucleus: gluon saturation, strong color fields - CGC 

  strong hints from RHIC, LHC,… 

  to be probed precisely at EIC 

  toward precision: NLO, beyond-eikonal corrections, … 

  deep connections to TMD, Sudakov physics, … 

 missing a unified approach to large and small x! 
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EIC
kinematics of inclusive dihadron production

Aschenauer et al. arXiv:1708.01527 Fig. courtesy of Xiaoxuan Chu

transition region: from large x to small x
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divergences 
• Ultraviolet: 
 

Real corrections are UV finite 
 

UV divergences cancel among virtual corrections  
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• Soft: 

divergences 
 

Soft divergences cancel between real and virtual corrections 
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