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Outline

Pion distribution amplitude (DA) of twist two cpsrz) for valence qg pair

Derivation: QCD sum rules with (non)local condensates, Dyson-Schwinger
equations (DSE), AdS/QCD, chiral quark model, ...

wDA models (Asy, BMS, pk, DSE, flat-like)
TFF predictions with LCSRs at NNLOg, level

TFF predictions with upgraded LCSRs within Fixed Order Perturbation
Theory (FOPT)

LCSRs framework with Renormalization-group summation (RGS)

RGS-LCSRs amount to calibrated Fractional Analytic Perturbation Theory
(FAPT) via imposition of process-dependent boundary conditions to preserve
QCD asymptotic limit of considered TFF

Advantage: Improved TFF predictions for FV*V"O(QZ) in low-momentum
regime via RG summation of radiative corrections

Conclusions



Pion distribution amplitude of twist two for 7 — u + d:

(013(2)7,75]z, 01g(0) = (P)) = iPufy / dxexp [ix(z - Pt (x; 1)

z2=0

Gauge link: [z,0] = Pexp {ig/ AM(T)dT”':| (AT =0)
0

Q2 dependence known in pQCD by solving one-loop ERBL evolution equation:

oo —Yn/2
o WP @) =x(1-x) anC?(2x - 1) ('n Qz/"éCD) e
n=0

DAs are nonperturbative but not directly measurable quantities to be derived from

>

>

QCD SRs [Chernyak, Zhitnitsky (CZ) 1982, 1984]

“Nonlocal” QCD SRs [Mikhailov, Radyushkin (1986-1991)];
Bakulev, Mikhailov, NGS (BMS) 2001-2004]

Instanton-vacuum, [Polyakov ... 1998; Dorokhov ... 2000; Nam, Kim 2006 ]
Light-front quark model [Choi, Ji 2015-2017 ]

DSE [Roberts ... 2013-2015 ]

AdS/QCD [Brodsky, Cao, de Téramond 2011; Ahmady ... 2017-2018 ]

Lattice QCD, [Braun ... 2006, 2015; Donnellan ... 2007; Arthur ... 2010;
Segovia ... 2013; Bali ... 2017-2018]



(Re)construction of pion DA

Conformal expansion
» Expand <p,r)(x u?) over eigenfunctions of ERBL Eq.: {n(x)} on x € [0,1]

[e')

Pop)= Y an(u Yen(x); Wn(x) = 6xxC/ P (2x—1); @2 (x) = 6x%
n=0,2,4,..

)

» Determine conformal coefficients an(u?) via moments
N b NL@) o 2
w= [ ax(x= )% (e )
at typical hadronic scale p? >1 GeV2 withx=1—x;=2x—1=x—Xx:
7 7 2 1
=502y~ 1) _ T 4\ L2 =
56E) -1 =T (€ -3+ 5

a6 = o7 (429<§ ) — 495(e%) + 135(¢2) — 5)

» Conformal coefficients a,,(Q2 > uz) to be computed by ERBL evolution



(Re)construction of pion DA

Gegenbauer-a representation
Chang et al., PRL110 (2013) 132001, Gao et al., PRD90 (2014) 014011

S
@) (@) - (@)
e (6, p2) = F({o, a8, a2 b x) = g™ (x)  + > af(u?)en(x)
j=2.4,...
» Basis functions

zpf,")(x) = No(xx)*- C,(,a)(2x —1) [in general « # 3/2]

v

No =1/Bla+1/2,a+1/2) ; a— =a—1/2; [B(x,y) Euler beta function]
% Disadvantage: Set {wf,a)(x)} NOT eigenfunctions of one-loop ERBL Eq.

To evolve gogf)(x, 1?) to Q2 > 12, one has to project it first onto conformal basis
{¥n(x)} and then determine a— and a% at the new scale
% Advantage: Sufficient to include only one coefficient: a$’; fast convergence

v

Pion DA expressible only in terms of two parameters: a3’ and o
P (%, 12) = Na (%)~ [L + a8 (47 (x = %)]

> We present results for the pion DA in both forms: (a2,a4) and (Na, a—, aS)



Model DAs for m and pj
Graphics from NGS, Pimikov, NPA945(2015)248
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> Large green band denotes BMS pion DAs [Bakulev, Mikhailov, NGS (2001)]
> Small green strip shows platykurtic regions (7 and p| DAs in orange strips)
> Blue band analogous results for p| [NGS, Pimikov NPA945 (2015)]



Functional details of various model DAs for 7

o QCD sum rules with nonlocal condensates

GBMS/PR( 12 > 1 GeV?) = 6x% [1 + 2 (x — %) + 2 C/P (x — %)
aBMS(x) = 0.2, aBMS = —0.14, A2 = 0.4 GeV? [Bakulev, Mikhailov, NGS, (2001)]
aB¥(x) = 0.08, a§* = —0.019, A2 = 0.45 GeV? [NGS, PLB738 (20014) 483]
e Dyson-Schwinger equations [Chang et al., PRL110 (2013) 132001]

P 12) = N () - [L+ 38 G (x —%)] o =a—1/2

DSE-DB & (- - -): (N = 0.181,a_ = 0.31,a% = —0.12)
DSE-RL ¥ (-.-): (No = 0.174, a0 = 0.29, 33’ = 0.0029)
e AdS/QCD A [Brodsky, de Teramond, PRD77 (2008) 056007]:
PSP (x, 12 = 1 GeV?) = (8/m)(x%)1/?
o Asymptotic DA ¢ (-..-): ©®¥(x, u? — 00) = 6xX

» BMS (bimodal), platykurtic (unimodal) both have endpoints suppressed

> Light-front based DA [Choi, Ji, PRD91 (2015) 014018, improved AdS/QCD
model DA [Ahmady et al., (2017)] both close to platykurtic DA

» DSE, AdS/QCD (unimodal) both have endpoints enhanced



Pion-photon TFF in LCSRs

e TFF F“Y*“f*ﬁa(Qz7 q?) with Q2 = —q?, g% = —q3 defined as current correlator

. . . . * *7(0
/d4xe_"’1'x<7r°(P)\T{JM(X)J»(O)}IO) = i€uapafas FY (@, ¢7)

o TFF for g2 = 0 expressed in dispersive form via a LCSR [Khodjamirian, EPJC6
(1999), see also Balitsky, Braun, Kolesnichenko, NPB 312 (1989)]

. V2, @ ! m3 — Q?x/x\ _ dx [ _ dx
2y ym 2\ __ P 2 2 hut
Q F (Q )_ 3 ™ m% /Xo exP( M2 p(Q 7X)X +A p(Q »X) %

= 097:50, so ~ 1.5 GeV2: effective threshold, M?2: Borel parameter, m, =770 MeV
e Main ingredient of LCSR is spectral density p(Q2, x) = (Q? + s)pP'*(Q?, s)

X0

1 w_%_0 i
ppert(Q2’s) = ;lmF’Y v (Qza -, 7’5) = ptw-2 + Ptw-4 + Ptw-6 + . - .
e Twist two contribution:
1
Prw-2 ~ ;lm[TLo + Tnio + Tanto - -] ® 23 (x, p?)

Details in Mikhailov, Pimikov, NGS, PRD93 (2016) 114018



Spectral density

Spectral density calculable within perturbative QCD:
2
P(@%5) = pO(@2,5) + = p(@%9) + (52) pP(Q2)
47 47

> NLO spectral density computed for 1g(x) by Schmedding, Yakovlev PRD 62
(2000) 116002; for any ¥n(x) in [Mikhailov, NGS, NPB821 (2009) 291],
corrected by Agaev et al. in PRD 83 (2011) 054020 (x = Q?/(s + Q3)):

P(l)(Qz, s) = |7m [(Tl ® ox) (Qz, -5 — ie)] ,s>0

» NNLOg, spectral density calculated by Mikhailov, NGS, (2009) for any
Gegenbauer harmonic 1n(x):

Im .
p2P(Q%5) = fo— (TSP @ ox ) (QF, =5 —i)] , s 20
w
> Tw-6 contribution computed by Agaev et al., PRD83 (2011) 077504];

independently verified in [Mikhailov et al., PRD93 (2016) 114018]
[x=Q*/(Q*+ )]

F3a)2 2 1
pTV6(Q2, x) = 8 Cras <I\clljf>7§ % |:2X In(xx) — x + 26(x) — L — x] +]



Pion-photon transition form factor in QCD and experiment

Left: Generic experimental setup for ete™ — ete~ 70 two-photon production process
Right: QCD description within FOPT

V(@)
e+ et P
M(P) @) j:]?[o ﬁo E;O
yig<<Q)
LO NLO NNLO

Measurements of differential cross sections in different “single-tagged” experiments for
' * (]
g3 ~ 0 giving access to F7 v (92,93 =~ 0):

CELLO (1991): 0.70 + 2.20 GV  H. J. Behrend et al., Z Phys C49 (1991) 401
CLEO (1998): 1.64 + 7.90 GeV? J. Gronberg et al., PRD57 (1998) 33

BaBar (2009): 4.24 = 34.36 GeV2  B. Aubert et al., PRD80 (2009) 052002
Belle (2012): 4.46 + 34.46 GeV2 S. Uehara et al., PRD86 (2012) 092007



Predictions for pion-photon TFF using LCSRs
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> Left. a) Green band BMS DAs, b) Blue strips are errors from NNLOg, @& tw-6
terms, c) Red curve pk DA [NGS, PLB738 (2014)]

> Right. a) Blue strips show errors due to ag b) Blue curve DSE-DB DA, c) Dotted

line AdS/QCD DA [Mikhailov et al., Few-Body Syst. 55 (2014) 367]
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» A=(Data-Theory)/Theory vs CLEO, BABAR, Belle data — BMS DAs (left)
» A for DSE DAs in range [DSE-DB, DSE-RL] using (a1, a2, . .., aio) (right)



Upgraded LCSRs for pion-photon TFF using FOPT

LCSRs at NNLOg, level
[Bakulev et al., PRD84 (2011); PRD86 (2012); NGS et al., PRD87 (2013)]

TFF = (LO+NLO) ® Lp(f) + Tw-4 + A(= uncertainties)
A = [DA range] + [NNLOg, ® o2 + Tw-6] + ATw-4

Upgraded LCSRs
[Mikhailov et al., PRD93 (2016) 114018]

o TFF = Tw-2+ Tw-4+ Tw-6+ A
e Tw2 = (LO+ NLO+ NNLOg, + NNLOAy) ® o/
———

new term

unknown

A (2) (2)
e A =|[DArange]+[ Tc :ﬁgTﬂ |® px’ + ATw-4 + ATw-6
N——
€TnNnLO

e NNLOav < NNLOg, Meli¢ et al., PRD68 (2003) 014013



Upgraded TFF results in [1-5] GeV? range

(QFr(Q)

010 = Tw-2, BMS DA
— Tp
= m— Tw-4
sk ACLEO - Iﬂvg-ﬁ ]
4 CELLO — ResModel
v BESIII simulated Q2
0.00 \#“7 :
0 1 2 3 4 5
Source Uncertainty (%) at Q2 = 3 GeV?
Unknown NNLO term 72 F4.8
Range of Tw-2 BMS DAs —3.4+41
Tw-4 coupling §2 = [0.152 — 0.228] GeV? +3.0
Tw-6 parameter variation —24+3.0
Total —13.6 = 14.9
Borel parameter M? € [0.7 — 1.5] GeV? —1.6+7.2
Resonance description § vs. BW -36+0
Small virtuality of quasireal photon —5.4-+-0

[Mikhailov et al., PRD93 (2016) 114018]



Pion-photon TFF with RG improvement

Hard process v*(—Q2?)y*(—q?) — 7°, Q% > mlz,, q® > mlz, at twist level two described
by TFF [as(2) = as(u2)/47; 3s(y) = 3s(q27 + Q3y); Nt = V/2fx/3; fr = 132 MeV]

F(tw=2)(QZ’ q2) = Nt To(y) % { []l + §s(y)’]’(1)(y’x) + §§(y)7(2)(y’x) +... @

exp

B as(y) V(a;x7z)
L

}@w@&w%

To(y) = To(Q?, 4% y) = 1/(¢?y + Q?y): Born term of HSA
1=06(x-y)

T coefficient function of quark-gluon subprocess at loop order i

vV VvV Vv

v

V(as) = asVo + a§ V1 + ... evolution kernel of ERBL evolution equation
> Gegenbauer expansion gosrz)(x,,uz) =vo(x) + X204, an(u2)Yn(x) yields

> ,:(tw=2)(Qz7 qz) _ Fétw=2)(02’ q2) + Ziiz,zt,m an(‘uz)F’(,tw=2)(Q27 q2)
[Ayala, Mikhailov, NGS, 1806.07790]



Radiative corrections in dispersive representation

Key idea: Combination of causality, encoded in dispersion relations of LCSRs, with
RG invariance, induces analyticity of perturbative expansion, transferring power-
series expansion of pion-photon TFF in terms of usual couplings with ghost singu-
larities into functional expansion over special analytic couplings that preserve the
UV asymptotics of this observable. [Ayala et al., 1806.07790]

Conformal expansion of RG-improved TFF

R, = e To() @ { [14 3T (0. (is((:z)) ) } @ ()

vm= 22000 B2y e+ D an()n(x)
2 fo n=2,4,...

Zeroth-order harmonic TFF

FA(@, %) = NrTo(y) @ [1+4 3()T My, )] @ vo(x)

Analytic Perturbation Theory (APT) [Shirkov, Solovtsov, PRL79 (1997) 1209; Theor.
Math. Phys. 150 (2007) 132; Shirkov, ibid. 127 (2001) 409]

Fractional APT (FAPT) [Bakulev, Mikhailov, NGS, PRD72 (2005) 074014, PRD75
(2007) 056005; Karanikas, NGS, PLB504 (2001) 225; Bakulev, Phys. Part. Nucl.40
(2009) 715, NGS, ibid. 44 (2013) 494]



Pion-photon TFF in QCD FOPT

In QCD FOPT we get

FégI;'rz)(sz q?) = Nt (Tro + asTxro + a2 TNLo +...) ® "Dgfz)

Radiative corrections [L = L(y) = In [(¢%y + Q®y)/u?]] given by

TLo, = a2 To(x)
asTnLo = ar To(y)® [7(1) +L Vo] (v, x),
L2
aTnnLo = a: To(y)® {T@) —LTWB+ L TW @ vy — - PoVe

L2
t Vo® Vo +L V1} (v, x)

> Plain terms <= one-loop, 7M), and two-loop, T2, corrections
> Underlined terms due to <= 3s(y) and ERBL factor
> Double-Underlined term <= first contribution of higher two-loop corrections



Dispersive form of TFF in FAPT

General expression for FAPT(Q2, q%; m?):
Yn=0) =0 Fiadeo(@% ¢ m?) = NrTo(Q?, 4% 1)@ { 1+ Aa(m?, )Ty, x) } £o(x)

Nt
& (2)
+ Aoy (V)T (v, ) } © Un(x)

v(n#0) £ 0 Flagr (@207 m?) = To(@, 4% ) @ { v (m?,y)1

Definition of effective analytic couplings

* Ay(m?y) = T,(m? Qy)) —2(m®); AL(0,y) = Au(Q(y)) — A(0)
D —

generalized coupling

def do ()
Z,(Y, X v
(v, x) % '/Y T )

Special cases

Au(X) =T (Y — 0,X), 2(Y) =Tu(Y, X —0), A1(0) = 22 (0) = Zs(Y — 0, X — 0)



TFF in modified FAPT — Calibration procedure

Fe(Q2; m?) in the limits g> — 0, Q(y) — yQ? and m? > 0:

v(n=0)=0
1 x 2
@ i o = Fo(@im?) = e { [ 200D g (B0 70y 6 0}
v(n#0)#0

Q*Flpr., = Fn(Q% m?) =
il (B12) g (242) g0t )

These equations can be related to F,(,':VVZQ)(Qz7 g?) via %. Hence, UV behavior of TFF
related to IR behavior of FAPT couplings 21, (0) = A, (0) for m? = 0.

e Problem: The values .A1(0) = 211(0) = 1/8o vield to scaled TFF that violates
asymptotic limit.

e Calibration of analytic couplings at the origin eliminates constant artifact
A=— (7A1y(0)) ® TW(y, x) ® ¥o(x) in TFF at Q2 — oco:
y x

APy =20y =0, fro<v <1



Dispersive form of Fl{p(Q2, m?) for ¢> — 0

Results for F,;YAWPT(QZ, m?) in the limit g2 — 0 using calibrated analytic couplings

AN ) = 24P (0) =0, for0 < v <1 \

1 2
v(n=0)=0; QzFI;Y/:PT,O(Qz; m?) = Nt {/0 %)EX) dx + <A1('; ’y)>

STM(y. ) ® wo(x)}
y x

2
v(n#0) #0;  Q*Fpr ,(Q%m?) = N ) {(AU"(;TI 7)/)) Gy?dln(Y)

a:n (HZ

(PN 0 700 9 un}

cal-FAPT

QF)™(@)[GeV]
Q?FYbr (Q))[GeV]

Uy(0)=0

8 10

4 6
Q*GeV?]

4 6
Q*[GeV?]



Improved form of Flsg using cal-FAPT

QZFC/(?—SR (Qz) = NT |:Q2F||:_|APT (Qz) + QzFEAPT (Qz) + tWiSt-4:|

Hard part
' d A1(m?, so;
Q*FiapT o( Q% m?,s0) = Nr {/ o(@%, %)= + <M) ® TW(x, ) ®1/)o(y)}
Jxo X x < 2
2 .
QzFIL-'APT,n(Q2;m2,SO) = Nt {<AVn(m ,So,X)> 21

as" (1?) x

X

)ertian) g

Au(m?,s0;y) = 0(y = y0)Zu (m?, Q(¥))—2(m?)]+6(y < y0)[Zu(s0(¥), Q(¥))—2Au(s0(¥))]

s0(y) = sy — @y, yo = (s0o — m?)/(so+ Q%)  scale sp induced by LCSRs
Soft part

1 m>? N * *
Feapr (@7) = e (A/é) Bga_ 2 {FQAF’,TT(QZ, a2 m?) — Fa i (@2, qz;so)]
r



Effect of RG summation on F/lsg using cal-FAPT in LCSRs
Final expression for TFF in LCSRs endowed with RG summation

FI:YCWSR (Qz) = FI:YCWSR;O (QZ) + Z an(Hz) FEgSR;n (Qz)
n=24,...

— QF (@)

— 020 2 fr ] - 015 ”
>
o)
% 0.15 I
be) o0F === Tw-2, BMSDA
~ e CELLO s T,
:E 0.10 28
5= . CLEO o — Tw-4
> — Tw-6
G oo « BaBar oosr 4 CLEO M2

- ¢ CELLO

4 Belle ResModel
v BESIII smulated @?
000 é ‘; é é 10
5 2 . n n
Q7 [GeV7] 0 1 2 3 4 5

Left. Green strip indicates region of BMS DAs [Ayala, Mikhailov, NGS, 1806.07790]
Right. Detailed estimates for TFF with theoretical uncertainties [Mikhailov, Pimikov,
NGS, PRD93 (2016)]



TFF parts for n =0 and n # 0 in F lsr (supplementary)

- >'<o_ d QZ 1 m2 Qz %\ _ d
Q*Fllsro (Q7) = NT{ /o pO(Qz’X)?X +ﬁ/— &P (ﬂ N i) Po(Qz,X)% +

(020 o 7005 o) +

X X

2 1 2 2 = d
%/ P (,\n/,;; - /\(\:ﬂi) X210, %) TV (%, y) @ toly) + O(Az)}

X

QP Flern (@®) = { (A”"(O’so;x)) © tn(x) + (7A1+”"(0’ 5°;X)) ®

a0 (42) x x

T, y) @ nly) +

2 1 2 2 d
2| e (A’Z - ;jf) = [Aun(o,x)wn(x) +
B14,(0,0)TN(R,y) @ wn(y)} + O(Az)}

Au(m?y) — Ay (m?,s0;y) 0y < yo) Au(m?,y)
A,(0;x) —AL(0,s0;x) = 0(x < xo0) Au(0,x)



Conclusions

> LCSRs provide selfconsistent method to calculate TFF in systematic way on the
basis of collinear factorization and twist expansion

> Various pion DAs can be used in convolution scheme including ERBL evolution at
LO and NLO level

» Hard-scattering amplitude computed within FOPT, comprises LO, NLO, and all
NNLO terms accept one ( Tc—calculation in progress)

» TFF predictions based on BMS and platykurtic DA are presented, which agree
with all data compatible with QCD scaling behavior at large Q2

> Auxetic branch of BABAR data beyond 10 GeV? not reproduced— waiting for
Belle-Il data

» LCSRs augmented with RG summation of all (logarithmic) radiative corrections
yield (with endpoint-suppressed pion DAs) TFF with improved Q? behavior in
range [1 — 5] GeV?

» Announced BESIII data with high statistical precision best-suited to test these
new predictions

> Calibrated FAPT contains new effective analytic couplings that depend on three
arguments A, (m?, so; x) and reduce to FAPT couplings away from Q2 = 0 and

0 < v < 1 with m? = 0 by demanding .A(Vl)[L — —oo] = Ql,(jl)[L — —o0] =0



Appendix: Standard FAPT couplings

One-loop running couplings in QCD and FAPT in terms of L = In(Qz//\éCD),
multiplied by Gy, i.e., we shift origin of different coupling images to
as — As = foas = Poas/(4m)

1
ALl = I standard pQCD
1 F(eh1-
A,(,l)[L] = o= (e r(’yi) v) spacelike FAPT
. sin [(117 1) arccos (Ls/\/(L§+7r2))}
Ql(u)[Ls] _ 75 timelike FAPT
(v —1) (L2 4+ x2)~1/
Fe b, 1-
% is “pole remover’, expressed via Lerch transcendental function
v

F(z,s) (= Lis(2))

2im)t—v I
F(z,1—v)+exp(in(l—v))F(1/z,1—-v) = &Q v, n('z)
Ni-v) 2im
determines analytic continuation into outer region of radius of convergence, making
use of Hurwitz zeta function ¢(v, z)



