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What are muonic atoms?

Exotic atoms

2

Electron replaced 
with a muon

Can be used as a precision probe for the nucleus

e-

Ordinary atoms

µ-

Muonic atoms

muon more sensitive to the nucleus

Hydrogen-like systems
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well known
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12
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not well known

 𝜇D            results released in 2016

 𝜇4He+           results released in 2021 

  𝜇3He+           results released in 2023


 𝜇3H                not feasible 

 𝜇6Li2+           future plan for QUARTET


 𝜇7Li2+           future plan for QUARTET

!
!
!
!
!
!

Extracting the charge radius
Strong experimental program by the CREMA collaboration to extract the nuclear charge radius 
from the Lamb shift measurement in muonic atoms
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TPE like polarizability
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~P = e~d ⌘ ↵E1
~Eext

~P = �M1
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 Perturbative potential: correction to the bulk Coulomb

µ-

CM

Using perturbation theory at second order 
one obtains the expression for TPE 
up to order 

Theoretical derivation of TPE
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★  
 
 dominant term, related to the energy-weighted integral 

Theoretical derivation of TPE
  Non relativistic term

of the dipole response function

SD1(!) =
1

2J0 + 1

XZ

N 6=N0

|hNJ ||D̂1||N0J0i|2�(! � !N )
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★  
 
 dominant term, related to the energy-weighted integral

Theoretical derivation of TPE
  Non relativistic term

★                                        Related to Zemach moment elastic contribution
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★  
 
 dominant term, related to the energy-weighted integral

★  
 
     leads to energy-weighted integrals of three different response functions

Theoretical derivation of TPE
  Non relativistic term

★                                        Related to Zemach moment elastic contribution

�(1)Z3 =
⇡

3
mr(Z↵)2�2(0)

ZZ
d3Rd3R0|R�R0|3 ⇢p0(R)⇢p0(R

0)
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Consider the Coulomb force in the intermediate states 
Naively                      , actually logarithmically enhanced 
 

Related to the dipole response function

Friar (1977), Pachucki (2011)

 Coulomb term

Take the relativistic kinetic energy in muon propagator

Related to the dipole response function

 Relativistic terms

 Consider finite nucleon-size by including their charge distributions and obtain terms, e.g.,

 Finite nucleon-size corrections

�(1)R1 = �8⇡mr(Z↵)2�2(0)

Z Z
d3Rd3R0|R�R0|


2

�2
⇢pp0 (R,R0)� �⇢np0 (R,R0)

�

Theoretical derivation of TPE
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Theoretical derivation of TPE

�TPE = �AZem + �NZem + �Apol + �Npol
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Theoretical derivation of TPE

�TPE = �AZem + �NZem + �Apol + �Npol

�Apol = �(0)D1 + �(1)R3 + �(1)Z3 + �(2)R2 + �(2)Q + �(2)D1D3 + �(0)C

+�(0)L + �(0)T + �(0)M + �(1)R1 + �(1)Z1 + �(2)NS
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Theoretical derivation of TPE
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Theoretical derivation of TPE

�TPE = �AZem + �NZem + �Apol + �Npol

�Apol = �(0)D1 + �(1)R3 + �(1)Z3 + �(2)R2 + �(2)Q + �(2)D1D3 + �(0)C

+�(0)L + �(0)T + �(0)M + �(1)R1 + �(1)Z1 + �(2)NS

�AZem = ��(1)Z3 � �(1)Z1 Friar an Payne (‘97)
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 The uncertainty on TPE exceeds the experimental precision, hence reducing  
 uncertainties is important

A matter of precision
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�E2S�2P = �QED +AOPEhr2c i+ �TPE

The uncertainty of the extracted radius depends on the precision of the TPE

Even though, roughly:       95%            4%              1%

 The uncertainty on TPE exceeds the experimental precision, hence reducing  
 uncertainties is important

A matter of precision

Uncertainties comparison

Atom  ΔE2S-2P  Δ𝛿TPE

 µ2H 0.003 meV 0.03 meV

 µ3He+ 0.08 meV 1 meV

µ4He+ 0.06 meV 0.6 meV

µ 6,7Li++ 0.7 meV 4 meV
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Ab Initio Nuclear Theory  

 using numerical methods that allow to assign uncertainties

•  Solve the Schrödinger equation for few-nucleons

• Starting from a nuclear Hamiltonian

H = T + VNN (⇤) + V3N (⇤) + . . .HN

<latexit sha1_base64="r4s4yN2ZOVvwxu5Osn/35uzzJpY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZrtfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ftZ+M4w==</latexit>

V Phenomenology or Chiral Effective Field Theory

 There will also be an uncertainty due to the modelling of the nuclear Hamiltonian

<latexit sha1_base64="xgodELg99bemZGdIppFmtu0ZUYk=">AAACHHicbVDLSsNAFJ3UV62vqEs3g0VwVRIt6kYoilBclAr2AU0Ik+mkHTqZhJmJUGI/xI2/4saFIm5cCP6N07QLbXvgwuGce7n3Hj9mVCrL+jFyS8srq2v59cLG5tb2jrm715RRIjBp4IhFou0jSRjlpKGoYqQdC4JCn5GWP7ge+60HIiSN+L0axsQNUY/TgGKktOSZp1WvBh+hU5fUS2u3I+gIxHuMwEt4kwkLPM8sWiUrA5wn9pQUwRR1z/xyuhFOQsIVZkjKjm3Fyk2RUBQzMio4iSQxwgPUIx1NOQqJdNPsuRE80koXBpHQxRXM1L8TKQqlHIa+7gyR6stZbywu8jqJCi7clPI4UYTjyaIgYVBFcJwU7FJBsGJDTRAWVN8KcR8JhJXOs6BDsGdfnifNk5J9VirflYuVq2kceXAADsExsME5qIAqqIMGwOAJvIA38G48G6/Gh/E5ac0Z05l98A/G9y+oN6CI</latexit>

HN | NJi = ENJ | NJi
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Chiral Effective Field Theory

14

Fundamental: Quarks/gluons
Explicit and spontaneously broken chiral symmetry

Construct the most general theory compatible with 
explicit and spontaneous chiral symmetry breaking.

Low-energy constants encapsulate the non-resolved 
high energy physics

Effective: Nucleons/pions

Weinberg
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V = VNN + V3N + . . .

Three-nucleon forces appear naturally and consistently with two-
nucleon forces

Systematic expansion in powers of Q/
<latexit sha1_base64="AU7B4IzAZSvzKUyXup53W1EyW/E=">AAACF3icbVDLSsNAFJ34rPUVdelmsAiCEBIp6kYounEhWsGmhTaEyXTSDp1MwsxEKKF/4cZfceNCEbe682+ctFnY1gsD55x7D3fuCRJGpbLtH2NhcWl5ZbW0Vl7f2NzaNnd2XRmnApMGjlksWgGShFFOGooqRlqJICgKGGkGg6u833wkQtKYP6hhQrwI9TgNKUZKS75puReun3VEBG/uRvAYFuR2muW0042V9M2KbdnjgvPAKUAFFFX3zW/tw2lEuMIMSdl27ER5GRKKYkZG5U4qSYLwAPVIW0OOIiK9bHzXCB5qpQvDWOjHFRyrfx0ZiqQcRoGejJDqy9leLv7Xa6cqPPcyypNUEY4ni8KUQRXDPCTYpYJgxYYaICyo/ivEfSQQVjrKsg7BmT15HrgnlnNqVe+rldplEUcJ7IMDcAQccAZq4BrUQQNg8ARewBt4N56NV+PD+JyMLhiFZw9MlfH1C7uendI=</latexit>

V = VLO + VNLO + VNNLO . . .
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⇤

Chiral Effective Field Theory
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Few-body methods

Lorentz Integral Transform 

and


Hyperspherical Harmonics  expansion



Sonia Bacca 17

4
He

An example 

 SB and Saori Pastore, Journal of Physics G.: Nucl. Part. Phys. 41, 123002 (2014) 
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4
He

An example 

 SB and Saori Pastore, Journal of Physics G.: Nucl. Part. Phys. 41, 123002 (2014) 

SD1(!) =
9

16⇡3↵!Z2
��(!)

�D1 ! SD1(!)
<latexit sha1_base64="+Of3hDOXqd7PH5Y6svwpAqkmL8o=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMevEY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlh7J73iuW3Io7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrz2J1wmqUHJFovCVBATk9nfpM8VMiPGllCmuL2VsCFVlBmbTsGG4C2/vEqaFxXvslK9r5ZqN1kceTiBUyiDB1dQgzuoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AQSSNIg==</latexit>

(0)
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An example 

4
He

 SB and Saori Pastore, Journal of Physics G.: Nucl. Part. Phys. 41, 123002 (2014) 

SD1(!) =
9

16⇡3↵!Z2
��(!)

�D1 ! SD1(!)
<latexit sha1_base64="+Of3hDOXqd7PH5Y6svwpAqkmL8o=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMevEY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlh7J73iuW3Io7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrz2J1wmqUHJFovCVBATk9nfpM8VMiPGllCmuL2VsCFVlBmbTsGG4C2/vEqaFxXvslK9r5ZqN1kceTiBUyiDB1dQgzuoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AQSSNIg==</latexit>

(0)
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Use these technology to 
analyze muonic atoms
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Muonic Deuterium

AV18 in agreement with Pachucki (2011)+ Pachucki, Wienczek (2015)
Hernandez et al, Phys. Lett. B 736, 344 (2014)
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O.J. Hernandez et al, Phys. Lett. B 778, 377 (2018)

µ2
H

Order-by-order chiral expansion

Theory, PLB 2014

Statistical and systematic uncertainty analysis
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- Reduction of Uncertainties -

C.Ji et al., JPG: Part. Nucl. 45, 093002 (2018) 

Impact of ab initio theory
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Impact of ab initio theory

C.Ji et al., JPG: Part. Nucl. 45, 093002 (2018) 
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Muonic Lithium

With AV4’ potential, in meV

Li Muli, SB, Poggialini, SciPost (2020)
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Muonic Lithium

With AV4’ potential, in meV

�15± 4 �21± 4 Drake et al., PRA (1985)

Li Muli, SB, Poggialini, SciPost (2020)
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C.Ji et al., JPG: Part. Nucl. 45, 093002 (2018) 

Relative % error 

Nuclear model error is dominating for 3,4He and we have not performed yet an 
order-by-order analysis in chiral EFT

Uncertainty quantification
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C.Ji et al., JPG: Part. Nucl. 45, 093002 (2018) 

Relative % error 

Nuclear model error is dominating for 3,4He and we have not performed yet an 
order-by-order analysis in chiral EFT

Uncertainty quantification
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The Helium Isotope Shift puzzle
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<latexit sha1_base64="5fNgEIEAjsVrG2uvQXa9hDI3Kxo=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahLiwztajLopsuK9gHtNOSSTNtaJIZkoxQhi7d+CtuXCji1k9w59+YToto9UDg3HPu5eYeP2JUacf5tDJLyyura9n13Mbm1vaOvbvXUGEsManjkIWy5SNFGBWkrqlmpBVJgrjPSNMfXU/95h2RiobiVo8j4nE0EDSgGGkj9exD2S0VumdJR3JYJZOT07Quf9c9O+8UnRTwL3HnJA/mqPXsj04/xDEnQmOGlGq7TqS9BElNMSOTXCdWJEJ4hAakbahAnCgvSQ+ZwGOj9GEQSvOEhqn6cyJBXKkx900nR3qoFr2p+J/XjnVw6SVURLEmAs8WBTGDOoTTVGCfSoI1GxuCsKTmrxAPkURYm+xyJgR38eS/pFEquufF8k05X7max5EFB+AIFIALLkAFVEEN1AEG9+ARPIMX68F6sl6tt1lrxprP7INfsN6/ALKcl+A=</latexit>

r2(3He)� r2(4He)

3.6 σ
µ

e e
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The Helium Isotope Shift puzzle
Li Muli, Richardson, SB, arXiv:2401.13424

Nuclear structure corrections to ordinary atoms

 In meV 3He 4He
Our at N3LO 3.514(68) 1.909(96)
Pachucki, Moro (2007) 3.560(360) 2.070(200)
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Bayesian uncertainty quantification

The Helium Isotope Shift puzzle
Li Muli, Richardson, SB, arXiv:2401.13424

<latexit sha1_base64="TUQQHG88xEmSDRC35v5XxEDXKt4="></latexit>
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r2(3He)� r2(4He)

4.0 σ

e e

µ

Nuclear structure does not solve the puzzle, it rather slightly enhances it 

The Helium Isotope Shift puzzle
Li Muli, Richardson, SB, arXiv:2401.13424
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• Ab-initio nuclear theory has allowed a strong reduction of uncertainties.

Credit: Quartet collaboration
µ-
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• Future: How can nuclear theory be useful and how shall we prioritize? 
Radii & TPE for p-shell nuclei, HFS for s-shell and p-shell nuclei 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Thank you

Thanks to my collaborators

N.Barnea, O.J. Hernandez, C.Ji, S. Li Muli, N. Nevo Dinur, T. Richardson, A. Poggialini 
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Systematic expansion 
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Nuclear Hamiltonians 
• Chiral effective filed theory
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Details of short distance physics not resolved, but 
captured in low energy constants (LEC)
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Systematic expansion 
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Nuclear Hamiltonians 
• Chiral effective filed theory
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Epelbaum et al. (2009)

Nuclear Hamiltonians 
• Chiral effective filed theory
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Details of short distance physics not resolved, but 
captured in low energy constants (LEC)
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Systematic expansion 

π
(q/Λ)0

(q/Λ)3

(q/Λ)4

(q/Λ)2

LO

NLO

N2LO

N3LO

Future: lattice QCD?

Now fit to experiment

LEC fit to experiment  - NN sector -

0 50 100 150 200 250
Lab. Energy [MeV]

N3LO

NLO
N2LO

Epelbaum et al. (2009)

Nuclear Hamiltonians 
• Chiral effective filed theory

• Traditional hamiltonians Exploit all other symmetries (e.g. translational, rotational invariance)  
but the chiral; use some ansatz for short range physics;

Fit NN phase shifts
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The continuum problem
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Depending on  Ef , many channels involvedR(⇤) =
⇧⌅

f

���
⇥
⇥f

���Ô
��� ⇥0

⇤���
2
�(Ef � E0 � ⇤)Jµ

(H � E0 � � + i�) | ⇥̃⇥ = Ô | ⇥0⇥
<latexit sha1_base64="sUwm8gA3eDjNdxzui0UKHaWxjyc=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BL+IpgnlAsoTZyWwyZGZ2mYcQlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXlHKmje9/e4W19Y3NreJ2aWd3b/+gfHjU0olVhDZJwhPVibCmnEnaNMxw2kkVxSLitB2Nb2d++4kqzRL5aCYpDQUeShYzgo2T2vf9rCfstF+u+FV/DrRKgpxUIEejX/7qDRJiBZWGcKx1N/BTE2ZYGUY4nZZ6VtMUkzEe0q6jEguqw2x+7hSdOWWA4kS5kgbN1d8TGRZaT0TkOgU2I73szcT/vK418XWYMZlaQyVZLIotRyZBs9/RgClKDJ84goli7lZERlhhYlxCJRdCsPzyKmldVIPLau2hVqnf5HEU4QRO4RwCuII63EEDmkBgDM/wCm9e6r14797HorXg5TPH8Afe5w9y6o+o</latexit>

Jµ

 
...

“

“
A-body break-up2-body break-up 3-body break-upbound 


excited state

Lorentz Integral Transform: Efros, et al., JPG.: Nucl.Part.Phys.  34 (2007) R459 



Sonia Bacca 

Hyperspherical Harmonics
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Recursive definition of hyper-spherical coordinates 
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Higher order corrections in 𝛼
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Three-photon exchange

Pachucki et al., Phys. Rev. A 97 062511 (2018)

(Z𝛼)6 correction, negligible?
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Higher order corrections in 𝛼
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Kalinowski, Phys. Rev. A 99 030501 (2019)
One the many 𝛼6 corrections, supposedly the largest

Consistent within 1𝜎
�TPE = �1.750+14

�16 meV

�TPE = �1.7638(68) meV

Theory

Exp

Three-photon exchange

Pachucki et al., Phys. Rev. A 97 062511 (2018)

(Z𝛼)6 correction, negligible?
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Lorentz integral transform method

38

Exact knowledge limited in 
energy and mass number

 
Excitation Energy

ground 
state continuum

2-body break-up 3-body break-up ... A-body break-up

S(!) ! |hNJ ||Ô||N0J0i|2

Efros, et al., JPG.: Nucl.Part.Phys.  34 (2007) R459 
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Lorentz integral transform method

38

Exact knowledge limited in 
energy and mass number

 
Excitation Energy

ground 
state continuum

2-body break-up 3-body break-up ... A-body break-up

S(!) ! |hNJ ||Ô||N0J0i|2

       Reduce the continuum problem to a bound-state-like equation

(H � E0 � � + i�) | ⇥̃⇥ = Ô | ⇥0⇥⇥

�

�

L(�,�) =
�

d⇥
R(⇥)

(⇥ � �)2 + �2
�

⇡
= h ̃| ̃iS(!)

Efros, et al., JPG.: Nucl.Part.Phys.  34 (2007) R459 
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Atom  ΔE2S-2P  Δ𝛿TPE Δ𝛿TPE from ab initio NT

 µ2H 0.003 meV 0.03 meV 0.02 meV

 µ3He+ 0.08 meV 1 meV 0.3 meV

µ4He+ 0.06 meV 0.6 meV 0.4 meV

µ 6,7Li++ 0.7 meV 4 meV ?

Impact of ab initio theory

- Reduction of Uncertainties -
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Muonic Lithium

�(0)D1 /
Z 1

0
d!

r
2mr

!
SD1(!)

�(0)C /
Z 1

0
d!

mr

!
ln

2(Z↵)2mr

!
SD1(!)

With AV4’


Semi realistic


potential 

S.Li Muli, 
A. Poggialini, 
S.B,


SciPost (2020)


