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What are muonic atoms?

Exotic atoms

Electron replaced
with a muon

Hydrogen-like systems

Ordinary atoms Muonic atoms

I

muon more sensitive to the nucleus

e

Can be used as a precision probe for the nucleus
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Extracting the charge radius

Strong experimental program by the CREMA collaboration to extract the nuclear charge radius
from the Lamb shift measurement in muonic atoms

5 mi(Za)?
® AFEss_op = 0QED - T(12 ) (re) + orpE
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Strong experimental program by the CREMA collaboration to extract the nuclear charge radius
from the Lamb shift measurement in muonic atoms
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® AFEss_op = 0QED - T(12 ) (re) + orpE
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Extracting the charge radius

Strong experimental program by the CREMA collaboration to extract the nuclear charge radius
from the Lamb shift measurement in muonic atoms

5 mi(Za)?
® AFEss_op = 0QED - T(12 ) (re) + orpE

what is measured what you want to extract
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Extracting the charge radius

Strong experimental program by the CREMA collaboration to extract the nuclear charge radius
from the Lamb shift measurement in muonic atoms

5 mi(Za)?
® AFE>s_op = 0QED - T(12 ) (re) + 6rpE

well known not well known

@ uD  — results released in 2016
@ u*Her — results released in 2021

@ u3Her — results released in 2023
@u3H — not feasible

@ ubLiz+ — future plan for QUARTET
@ u’Liz* —» future plan for QUARTET
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Theoretical derivation of TPE

H=Hy+H,+AV

n? yAo'
2m., r

H, =
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Theoretical derivation of TPE

H=Hy+H,+AV

o p? yAo'
“_2mr r

Sonia Bacca



Theoretical derivation of TPE

H=Hy+H,+AV

n? Zo

H, =

2m., r

Z
1 1
AV = _— .
. r |7 — R

Using perturbation theory at second order g
one obtains the expression for TPE
up to order (ZO!)5 Nucleus
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Theoretical derivation of TPE

@ Non relativistic term

7]
Take non-relativistic kinetic energy in muon propagator
neglecting the Coulomb force in the intermediate state

Nucleus

3(Za)  [2m, V2mw .
P~ m’"(lzo‘) m [|R _R2- "Z’ “IR-RPP+ ";O“’|R— R’|4}
W
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Theoretical derivation of TPE

@ Non relativistic term

Take non-relativistic kinetic energy in muon propagator
neglecting the Coulomb force in the intermediate state

Nucleus

3(Za)®  [2m, V2w .
P~ m""(lzo‘) m [|R —R|?- T “IR-RPP+ "10“’|R— R
W

* |[R—R/| “yirtual” distance traveled by the proton between the two-photon exchange

1
Uncertainty principle | | 2N N W
* 0 =v2mew|R— R| ~ |1
my

expand the muon matrix elements in powers of n up to the second order
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Theoretical derivation of TPE

@ Non relativistic term

Take non-relativistic kinetic energy in muon propagator
neglecting the Coulomb force in the intermediate state

Nucleus

3(Za)® [2m, V2m, r
sz'r( Q{) m |R_Rl|2_ mw|R_RI|3+mw|R_RI|4

5(0) 5(1) 5(2)

* |[R—R/| “yirtual” distance traveled by the proton between the two-photon exchange

1

* Uncertainty principle | | TR

* ) =vV2mwR—R/|~ |
mny

expand the muon matrix elements in powers of n up to the second order
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Theoretical derivation of TPE

@ Non relativistic term

) o

59 x |R— R'|?

dominant term, related to the energy-weighted integral

2rms o0 2,
590 = —Tg = (Za)® [ o[ 5p,

th

of the dipole response function

jV (NJ|| Dy NoJo) [28(w — wy)
# No
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Theoretical derivation of TPE

@ Non relativistic term

) o

59 x |R— R'|?
dominant term, related to the energy-weighted integral

50) _ 27rm 2M,

2 (Za)? /:odw " S, ()

*  5(1) x |R — R’ |3 Related to Zemach moment elastic contribution

5(21?3—3mr (Za)? //dSRdSR’]R R o2 (R)pE(R')
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Theoretical derivation of TPE

@ Non relativistic term

) o

59 x |R— R'|?
dominant term, related to the energy-weighted integral

50) _ 27rm 2M,

. (Za)5/w:dw " S, ()

* 51 « IR — R’|3 Related to Zemach moment elastic contribution
53 = gme(Za)’ //ngdSR’]R R p5(R)ph(R)

* 62 x |R—R/|*
leads to energy-weighted integrals of three different response functions

SRz ((U), SQ (Cd), SD1D3(QJ)
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Theoretical derivation of TPE

@ Coulomb term

7
Consider tlae Coulomb force in the intermediate states

Naively 58) ~ (Za)® actually logarithmically enhanced

6% ~ (Za)® log(Za) Friar (1977), Pachucki (2011) Nucleus

Related to the dipole response function
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Theoretical derivation of TPE

@ Coulomb term

Consider tlae Coulomb force in the intermediate states
Naively 58) ~ (Za)® actually logarithmically enhanced

6% ~ (Za)®log(Za) Friar (1977), Pachucki (2011) Nucleus
Related to the dipole response function

@ Relativistic terms

Take the relativistic kinetic energy in muon propagator
Related to the dipole response function

0 2m?3 > W
60 = o (Za) /w dwKL(T)( )Spl(w)

h m,

Sonia Bacca



Theoretical derivation of TPE

@ Coulomb term

Consider tlae Coulomb force in the intermediate states
Naively 58) ~ (Za)® actually logarithmically enhanced

5% ~ (Za)® log(Za) Friar (1977), Pachucki (2011) Nucleus
Related to the dipole response function

@ Relativistic terms

Take the relativistic kinetic energy in muon propagator
Related to the dipole response function

0 2m >°

th

) Sp, (w)

r

@ Finite nucleon-size corrections

Consider finite nucleon-size by including their charge distributions and obtain terms, e.g.,

0\ = —8rm, (Za)? / / PP*RI*R'|R — R\[ (R, R') — Moy (R, R’)]
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Theoretical derivation of TPE

OTPE = 524em + 6§em + 5;:)401 + 51?01
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Theoretical derivation of TPE

OTPE = 5246m + 6§em + 5;:)401 + 51?01

A 0 1 1 2 2 2 0
64, = 6W) 4640 + 650 + 82 4650 1 65y + 6

pol
0 0 0 1 1 2
5([ ) 5T( ) 5(7‘ [) 5(R1) 5(21) 5<N?S'
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Theoretical derivation of TPE

OTPE = 5246m + 6§em + 51?01 + 51?01

A 0 1 1 2 2 2 0
64, = 6W) 4640 + 650 + 82 4650 1 65y + 6

pol
0 0 0 1 1 2
5([ ) 5T( ) 5(7‘ [) 5(R1) 5(21) 5<N?S'

1 1
o = 08 o
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Theoretical derivation of TPE

OTPE = 0gem + 0Zem + Ono1 + Opol

513401 — 6%? + (5%,2 + i(%/ju 5%2) i 58) 4 55)23193 4 5g))
0 0 0 1 5
(52) 5;) 5‘%4) 5%1) %/1) 55\[29

1 1
524em — _x{) — }é\)\ Friar an Payne (‘97)
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A matter of precision

The uncertainty of the extracted radius depends on the precision of the TPE

AFEss_op = dqED + Aopr(r?) + dTpE
Even though, roughly: 95% 4% 1%

The uncertainty on TPE exceeds the experimental precision, hence reducing
uncertainties is important
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A matter of precision

The uncertainty of the extracted radius depends on the precision of the TPE

AFEss op = 6qQeD + Aopr(r’) + drpE
Even though, roughly: 95% 4% 1%

The uncertainty on TPE exceeds the experimental precision, hence reducing
uncertainties is important

Uncertainties comparison

py2H 0.003 meV 0.03 meV
u3Het 0.08 meV 1 meV

y*He* 0.06 meV 0.6 meV
M 67Li* 0.7 meV 4 meV
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Ab Initio Nuclear Theory

® Solve the Schrodinger equation for few-nucleons

Hx|\UNny) = Ens|¥ng)

using numerical methods that allow to assign uncertainties

® Starting from a nuclear Hamiltonian

Hn=T+YV
V Phenomenology or Chiral Effective Field Theory

There will also be an uncertainty due to the modelling of the nuclear Hamiltonian
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Chiral Effective Field Theory

@O ¢ & Fundamental: Quarks/gluons
@ @ Explicit and spontaneously broken chiral symmetry

Weinberg

v

- :  Effective: Nucleons/pions

Construct the most general theory compatible with
explicit and spontaneous chiral symmetry breaking.
Low-energy constants encapsulate the non-resolved
high energy physics

Sonia Bacca ]G‘U



Chiral Effective Field Theory

Systematic expansion in powers of Q/A

V =VLo + Vnro + VLo - -

Three-nucleon forces appear naturally and consistently with two-
nucleon forces

V=Vnn+Vsn+...

Sonia Bacca



Few-body methods

Lorentz Integral Transform
and
Hyperspherical Harmonics expansion




An example

T 1] 1 1 I I 1 Ll I I 1 I I Ll I I I 1 ] I Ll T I I ] T I Ll ]

5| O Arkatov et al. (1979)
. o Shima et al. (2005)
- 0O Nilsson et al. (2005)

-

@ Nakayama et al. (2007) |
B Tornow et al. (2012) —

<
i,

o} L] 1 - :
i{ INENEP o

Ii"
0 1 | 1 1 | I 1 | | | l | | | 1 I 1 1 | | l 1 | | 1

[
20 25 30 35 40 45 50
o [MeV]

N
]lllllll]lllll]llllll
KO
—ae
p—0—
} O i
HH
® 5
, HH
o’
Hi
g—
j0—e—|
Illl

SB and Saori Pastore, Journal of Physics G.: Nucl. Part. Phys. 41, 123002 (2014)
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An example

c| o Aratoveral 19799
-0 Shima et al. (2005)
- 0O Nilsson et al. (2005)
| @ Nakayama et al. (2007) ]
4 — B Tornow et al. (2012) -
E o ﬁ 4 ] 5(D0)1 — SDl(CU)
S 3F B He -
g | @ -
| ) T3 | Spiw) = 0 ()
o | - L7578 B ) 1 7P T Temawz2
2 Ll ete TrTEr - -
5 Q ? 'YX R4 --D -
n 5 o 1 %0 1 0 - i
- i} 4|1 - | |1 nle
I i :
I o
OPIi A N R S B R
20 25 30 35 40 45 50
o [MeV]

SB and Saori Pastore, Journal of Physics G.: Nucl. Part. Phys. 41, 123002 (2014)
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An example

[ I I I I 1 I | 1 ) I I 1 I | I I I | 1 I l 1 | I I I ] I 1 ||
O Arkatov et al. (1979) _
5_ o Shima et al, (2005) — AV18+UIX (2006) |
" O Nilsson et al. (2005) NN(N’LO)+3N(N°LO) (2007)
@ Nakayama et al. (2007) 1
4 — B Tornow et al. (2012) —
1
= 3F K J ‘He -
E [ IR
o |
2 s -
g © o
L i
T
TRoO
0...1....|..,.|....|....|...
20 25 30 35 40 45 50
o [MeV]

5(D0)1 — SDl (w)

SDl(w)

9
- 16m3awZ? o

SB and Saori Pastore, Journal of Physics G.: Nucl. Part. Phys. 41, 123002 (2014)
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Use these technology to
analyze muonic atoms
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Muonic Deuterium

AV18 YEFT
510 0.029 0.029
50 -0.012 0.012
50 0.003 0.003
5 - 0.262 0.262
s
50 0.357 0.359
5 0.042 0.041
52 0.061 0.061
S prs -0.139 -0.139
5 0.017 0.017
2 f 0.064 0.064
Oxs -0.020 -0.021
9 11.243 1.248
54 -0.421 0493
. -1.664 -1.671

-20 -15 -1.0 -0.5 0.0 0.5
[meV]

Hernandez et al, Phys. Lett. B 736, 344 (2014)
AV18 in agreement with Pachucki (2011)+ Pachucki, Wienczek (2015)
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Order-by-order chiral expansion

Statistical and systematic uncertainty analysis

O.J. Hernandez et al, Phys. Lett. B 778, 377 (2018)

- Nk LOEKM
- Nk Losim

~1.60} |
> -1.65 .
v Theory, PLB 2014
170 I I I I ]
S |
Lo

N’LO _ N°LO _N’LO CREMA
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Impact of ab initio theory

- Reduction of Uncertainties -

N

3 _
41 W He+ T |
_ ®
- -45] s 1 :
=
z 5| ! f
<
O
-5.51 .
6L — 2
1976 2016 2017
Rinker Nevo Dinur et al. Carlson et al.
time

C.Ji et al., JPG: Part. Nucl. 45, 093002 (2018)
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Impact of ab initio theory

- Reduction of Uncertainties -

-2 ; . 2
+ |
- L He |
| ; [}
> |
2 | = T T
= 3| ’ :
s | ¢ ® ®
< |
2o | 1 1
4 : Q
1974 1976 1977 2013
Bernabeau, Karlskog  Rinker Friar Jiet al.
>
time

C.Ji et al., JPG: Part. Nucl. 45, 093002 (2018)
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Muonic Lithium

Li Muli, SB, Poggialini, SciPost (2020)

With AV4’ potential, in meV

Sonia Bacca

u-SLi2+ u-7Li2+
549 i -41.0 -51.0
550) 1.66 2.04
51 -0.75 -0.92
5 ' 7.85 9.89
5\ - -
5y -155.0 -118.0
5 u 165.4 126.5
2 - -
5(()2) - -
5(021)03 ) )
5}211) -12.0 -11.0
6% 23.47 22.03
52 -1.41 -1.75
62, -200.65 -170.74
64, 188.87 148.53
5g\ol+5é\em -11.78 -22.21
~200 -100 0 100
[meV]




Muonic Lithium

Li Muli, SB, Poggialini, SciPost (2020)

With AV4’ potential, in meV

/.1-6Li2 + /.1—7Li2 +

69 i -41.0 -51.0
5(0) 1.66 2.04
540 -0.75 -0.92
5L ' 7.85 9.89
6,9,)) _
5% -155.0 -118.0
ey 165.4 126.5
o83 :
5(()2) _

5(021)03 -
5 -12.0 -11.0
5 23.47 22.03
52 -1.41 -1.75
54 -200.65 -170.74

pol
64, 188.87 148.53
6251+ 6em -11.78 22.21
~200 -100 O 100
[meV] —15+4 —21+4 Drake et al., PRA (1985)
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Uncertainty quantification

C.Ji et al., JPG: Part. Nucl. 45, 093002 (2018)

Relative % error

uw*H wH wHet uHet

6301 6éem 6%PE 5301 6éem 6%PE 6301 6éem 6’?PE 6301 6éem 6%PE
Numerical 0.0 0.0 0.0 0.1 0.0 0.1 0.4 0.1 0.1 0.4 0.3 0.4
Nuclear-model 0.3 0.5 0.4 1.3 2.4 1.7 0.7 1.8 1.5 3.9 4.6 4.4
ISB 0.2 0.2 0.2 0.7 0.2 0.5 1.8 0.2 0.5 2.2 0.5 0.5
Nucleon-size 0.3 0.8 0.0 0.6 0.9 0.2 1.2 1.3 0.9 2.7 2.0 1.2
Relativistic 0.0 — 0.0 0.1 — 0.1 0.4 — 0.1 0.1 — 0.0
Coulomb 0.4 — 0.3 0.5 — 0.3 3.0 — 09 04 — 0.1
n-exXpansion 04 — 03 13 — 09 1.1 — 03 08 — 0.2
Higher Za 0.7 — 0.5 0.7 — 0.5 1.5 — 0.4 1.5 — 0.4
Total 1.0 0.9 0.8 2.3 2.2 20 42 2.2 2.1 5.5 5.1 4.6

Nuclear model error is dominating for 34He and we have not performed yet an
order-by-order analysis in chiral EFT
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Uncertainty quantification

C.Ji et al., JPG: Part. Nucl. 45, 093002 (2018)

Relative % error

uw*H wH wHet uHet

6301 6éem 6%PE 5301 6éem 6%PE 6301 6éem 6’?PE 6301 6éem 6%PE
Numerical 0.0 0.0 0.0 0.1 0.0 0.1 0.4 0.1 0.1 0.4 0.3 0.4
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Coulomb 0.4 — 0.3 0.5 — 0.3 3.0 — 09 04 — 0.1
n-exXpansion 04 — 03 13 — 09 1.1 — 03 08 — 0.2
Higher Za 0.7 — 0.5 0.7 — 0.5 1.5 — 0.4 1.5 — 0.4
Total 1.0 0.9 0.8 2.3 2.2 20 42 2.2 2.1 5.5 5.1 4.6

Nuclear model error is dominating for 34He and we have not performed yet an
order-by-order analysis in chiral EFT
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The Helium Isotope Shift puzzle

Schuhmann et al. 2023 —— P
+—» 360

van der Werf et al. 2023 - @

1.00 102 __ 104 __ 106 108 110
r*(°He) — r%(*He)
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The Helium Isotope Shift puzzle

Li Muli, Richardson, SB, arXiv:2401.13424

Nuclear structure corrections to ordinary atoms

2

A 2 /2 ~
5TPE,e — —gm(Za) ¢nS Qpol,e

19 N 5In(2wxn /m)

Qpol,e = Z [(N|D |O>|2

N£0 _6wN WN |
In meV 3He 4He
Our at N3LO 3.514(68) 1.909(96)

Pachucki, Moro (2007) 3.560(360) 2.070(200)
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The Helium Isotope Shift puzzle

Li Muli, Richardson, SB, arXiv:2401.13424

Bayesian uncertainty quantification 0 = et ¥  cn(Q/A)"

n=0
pr( 675, ,(*He) | ) pr( 675, ,(*He) | ¢ )
- — AVI8-+UIX //\\ _ | J/\
oI [
- s
.................... , I e o s e sl B ¥
-20 -15 -10 -5 -15 ~10 -5

:
:

1
lllllllllllllllllllllllllllllllllll

N2LO

-
=
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The Helium Isotope Shift puzzle

Li Muli, Richardson, SB, arXiv:2401.13424

this work at N3LO | o

; Schuhmann et al. 2023 ——

this work at N3LO <_t_ 4.00
-_ van der Werf et al. 2023 Lo e e

1.00 102 104 ___ 106 108 110
r?(*He) — r*(*He)

Nuclear structure does not solve the puzzle, it rather slightly enhances it
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Outlook

* Ab-initio nuclear theory has allowed a strong reduction of uncertainties.

e Future: How can nuclear theory be useful and how shall we prioritize?
Radii & TPE for p-shell nuclei, HFS for s-shell and p-shell nuclei

Credit: Quartet collaboration

T T
M-
_ @ 71 @ plaser
Py : , O El. Scattering
c oLi 10
T 1920 o8 @ puX-ray (HPGe) | |
-q!:, , OB @ pX-ray (Crystal)|
c NG % QUARTET
-] 130
g o 1415 @
— 17
O 0]
o o
T
) 13 160 20,22\ e
O ¢ @) “F @ 23
S Na
< v o
10~}
o W 12 l %
= @ ‘He @
4(_3, i ‘3 \{ * ! 24,26Mg
TJ F . He % v v
s H % A ge W
3105, ®p |
2 4 6 8 10 12
Z
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Thanks to my collaborators

N.Barnea, O.J. Hernandez, C.Ji, S. Li Muli, N. Nevo Dinur, T. Richardson, A. Poggialini

TH/ANK YOU
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Nuclear Hamiltonians

e Chiral effective filed theory Systematic expansion  £=) ¢ (A%)

2N force 3N force 4N force

m
o, | X -
v=20

b
wo | X
v =2 t”j | _

o 1} pd e e X K
N3LO >< +H‘i H tH
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Nuclear Hamiltonians

e Chiral effective filed theory Systematic expansion  £=) ¢ (A%)

2N force 3N force 4N force

Details of short distance physics not resolved, but -
captured in low energy constants (LEC) LO >< ’, -
0

S
et SR SEENIS SRS G ¢
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Nuclear Hamiltonians

e Chiral effective filed theory Systematic expansion  £=) ¢ (A%)

2N force

3N force 4N force

Details of short distance physics not resolved, but
captured in low energy constants (LEC)

—» |Future: lattice QCD?

/’ Now fit to experiment

AEANAD
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Nuclear Hamiltonians

. L . . Q\"
e Chiral effective filed theory Systematic expansion £ = Zcu (A_b
v
2N force 3N force 4N force
Details of short distance physics not resolved, but -
captured in low energy constants (LEC) LO N q
v=20
LEC fit to experiment - NN sector - 1 < \ :
NLO — |Future: lattice QCD?
b v=2 . E " |Now fit to experiment
60 @ i, e A -
B . /
X X
= -
%
2 20F
E SRS SITE
Ay 2 IR - &£ <|_
0F - —|- - ~
" Epelbaum et al. (2009) >< “e B
=20 . 1 N ] . 1 L ] ) 1

0 50 100 150 200 250
Lab. Energy [MeV]
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Nuclear Hamiltonians

. L . . Q\"
e Chiral effective filed theory Systematic expansion £ = Zcu (A_b
v
2N force 3N force 4N force
Details of short distance physics not resolved, but -
captured in low energy constants (LEC) LO >Q q
v=20
LEC fit to experiment - NN sector - 1 < \ :
NLO — |Future: lattice QCD?
b v=2 . E " |Now fit to experiment
60 @ b A -
L _ /
X X
= -
sé
“ 20}
§ SRS SITE
Ay 2 IR - &£ <|_
0F - —|- - ~
" Epelbaum et al. (2009) >< “e B
=20 . 1 " ] . 1 . ] ) 1

0 50 100 150 200 250
Lab. Energy [MeV]

e Traditional hamiltonians Exploit all other symmetries (e.g. translational, rotational invariance)
but the chiral; use some ansatz for short range physics;
Fit NN phase shifts
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The continuum problem

Ipound 2-body break-up 3-body break-up - A-body break-up
excited state

~

(H—Eo—o+1l') | ) =J,| vo)

Lorentz Integral Transform: Efros, et al., JPG.: Nucl.Part.Phys. 34 (2007) R459
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Hyperspherical Harmonics

[B(F1, 72, . 7a)) = [@(Rem) U (T, Ty - - -, Ta—1))

.\‘/ ; > Recursive definition of hyper-spherical coordinates
A —1
1 =vVARcm T,y A-1 p, Q2 =) ri=> 7

=1 =1

V=3 e L0V (nsrlie
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Number of basis states

Hyperspherical Harmonics

106 ¢

104 ¢

105 E

108 |

102 |

| | | | | |
10 12 14 16 18 20
Basis cutoff Kmax

Sonia Bacca
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26

Exact method
%33

Bad computational scaling




Higher order corrections in «

Three-photon exchange

p—o.

>

Pachucki et al., Phys. Rev. A97 062511 (2018)

(Zcx)® correction, negligible?
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Higher order corrections in «

Three-photon exchange

>

—e

Pachucki et al., Phys. Rev. A97 062511 (2018)

(Zcx)® correction, negligible?
N

Vacuum polarization

One the many a® corrections, supposedly the largest
Kalinowski, Phys. Rev. A99 030501 (2019)

OTPE = —17501_%% meV Theory

OTPE = —17638(68) meV Exp

Consistent within 1o

Sonia Bacca



Lorentz integral transform method

Efros, et al., JPG.: Nucl.Part.Phys. 34 (2007) R459

¢ 2on

Excitation Energy

ground 2 -body break-up 3-body break-up -  A-body break-up
state

>

contlnuum

S(w) — [(NJ||O||NoJo)|?

!

Exact knowledge limited in
energy and mass number
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Lorentz integral transform method

Efros, et al., JPG.: Nucl.Part.Phys. 34 (2007) R459

¢ 5 RN

ground 2 -body break-up 3-body break-up - A-body break-lilx|gIt on e
state
contlnuum
) 2 T S(w ~
Sw) = (NTIOIN g Lo,T) =L o2 — (G

(w—0)24+T

Exact knowledge limited in

energy and mass number m

> (H—FEy—o+iD) | ¢) = O 1)

Reduce the continuum problem to a bound-state-like equation

Sonia Bacca ]G‘U 38



Impact of ab initio theory

- Reduction of Uncertainties -

0.003 meV 0.03 meV 0.02 meV
p3He* 0.08 meV 1 meV 0.3 meV
yiHe* 0.06 meV 0.6 meV 0.4 meV

p 8Lt 0.7 meV 4 meV ?
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Muonic Lithium

2m,
ggoc/ dw,/msm

> 2(24 r
5(0) / dw " In (Za)"m Sp1(w)
0

W W
°Li
_ — == TLi
>
£
3
S.Li Muli, Tt L With AV4’
A. Poggialini, —— — —
S.B, Semi realistic
SciPost 20200 [ __-==TTTTTT potential
%
il
S °Li
— =~ TLi
60 80 100

w [MeV]

Sonia Bacca



