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Motivation and Background



Background

▶ Ideal relativistic hydrodynamics

∂µT
µν = 0 Tµν ≡ Tµν

id = εuµuν − p∆µν (1)

▶ Including dissipative effects

∂µT
µν = 0, Tµν = Tµν

id + πµν (2)

πµν has to be built, e.g. 1st, 2nd order gradients of {ε, p, uµ, gµν}

1st order ⇒ Relativistic Navier-Stokes (NS) equations

πµν = η∇<µuν> + ζ∆µν∇ · u Causality problem (3)

2nd order viscous stresses relax to NS on a finite relaxation time

τππ
µν + πµν = η∇<µuν> + ζ∆µν∇ · u (4)
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Background

BRSSS Hydrodynamics

[Baier, Romatschke, Son, Starinets, Stephanov, (2008)]

▶ all the possible structures for πµν up to second orders in gradients

πµν = −ησµν − τπ

[
<Dπµν> +

d

d− 1
πµν∇λu

λ

]
+ κ
[
R⟨µν⟩

− 2uλuρR
λ⟨µν⟩ρ]+ λ1

η2
π<µ
λ πν>λ − λ2

η
π<µ
λ Ων>λ + λ3Ω

<µ
λ Ων>λ

▶ terms build up with symmetry considerations
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Background

BRSSS Hydrodynamics

[Baier, Romatschke, Son, Starinets, Stephanov, (2008)]

▶ all the possible constituitive relations for πµν up to second orders in
gradients

πµν = −ησµν − τπ

[
<Dπµν> +

d

d− 1
πµν∇λu

λ

]
+ κ
[
R⟨µν⟩

−2uλuρRλ⟨µν⟩ρ]+ λ1

η2
π<µ
λ πν>λ − λ2

η
π<µ
λ Ων>λ + λ3Ω

<µ
λ Ων>λ

* gravity terms appear in second order and are non
trivial in equilibrium

* they might not satisfy the equation of motion

How can we find them in a rigorous way?
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How can we find them in a rigorous way?
[cfr D. Wagner’s talk on 20/09 h 9.30]
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How can we find them in a rigorous way?
[cfr D. Wagner’s talk on 20/09 h 9.30]

Chiarini, Shokri, Rischke QKT in curved background 20.09.2024 6 / 25



Motivation

▶ relativistic hydrodynamics description of fluid (with spin) able to
explain spin-dependent observables

* kinetic theory as the underlying microscopic theory
* introduction of spin and quantum effects by yielding a quantum

transport theory from quantum field theory

▶ achievement of covariant formalism to investigate transport under
the effect of gravity

⇒ Possible Astrophysical and
cosmological application

* neutron stars
* black holes
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Quantum kinetic theory



Kinetic Theory

Goal of kinetic theory: re-
placing the field equations by
a transport equation for a dis-
tribution function

Boltzmann equation
pµ∂

µf = C[f ] (5)

f connects the microscopic dynamics to macroscopic quantities

Nµ =

∫
d3p

p0
pµf (6)

Tµν =

∫
d3p

p0
pµpνf (7)
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Quantum kinetic theory

▶ Given the Wigner operator as defined in terms of quantum fields Φ

Ŵ (x, p) ≡ κ

∫
d4ve−ip·v/ℏΦ(x− v/2)⊗ Φ†(x+ v/2) , (8)

the Wigner function, as the closest quantum analogue of the
classical distribution function is obtained by taking ⟨: Ŵ :⟩

▶ Using the equation of motion for the fields, one can find the so-called
transport equation for the Wigner operator.
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QKT in flat spacetime (brief review)

▶ The Klein-Gordon Lagrangian for interacting complex scalar fields
ϕ(x) reads

L = −ℏ2
[
ηµν∂µϕ

⋆(x)∂νϕ(x) +
m2

ℏ2
ϕ⋆(x)ϕ(x)

]
+ Lint ,

▶ Varying the action S =
∫
d4xL with respect to ϕ and ϕ⋆ then gives

rise to the equation of motion,(
□− m2

ℏ2

)
ϕ(x) = −1

ℏ
∂Lint
∂ϕ⋆

≡ ρ̂ .

▶ derivative operator on the Wigner function

∂µŴ =
2i

ℏ
pµŴ + 2κ

∫
d4v e−ip·v/ℏϕ⋆(x+ v/2)∂µϕ(x− v/2) .
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QKT in flat spacetime (brief review)

▶ defined the so-called Bopp operator as

Dµ :=
iℏ
2
∂µ + pµ .

▶ in terms of which deriving the dynamics for the Wigner function

(D2 +m2)Ŵ (x, p) ≡
(
p2 +m2 + iℏpµ∂µ − ℏ2

4
□

)
Ŵ (x, p)

= −κ
∫

d4v e−ip·v/ℏϕ⋆(x+ v/2)ρ̂(x− v/2) ,

* mass-shell condition for the Wigner function(
p2 +m2 − ℏ2

4
□

)
W (x, p) = ℏA(x, p) ,

* transport equation for W ,

pµ∂µW (x, p) = C(x, p) .
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Curved background



Generalization to a curved geometry

Spacetime as a curved manifoldM. Given xµ as label of the particle
position inM, we can define

▶ vµ as the particle position in the tangent space TxM
▶ pµ as the particle position in the cotangent space T⋆

xM

⇒ vectors live in tangent
space

⇒ covectors live in
cotangent space
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Mathematical tools

Tangent and cotangent spaces are local and defined for every point inM.

▶ The ensemble of all tangent spaces TxM is the tangent bundle TM
▶ The ensemble of all cotangent spaces T⋆

xM is the cotangent bundle
T⋆M
⇒ Phase space as the cotangent bundle, including (x, p)
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Mathematical tools

−→ We need covariance and gauge invariance of the derivative operator

▶ Lifting of the covariant derivative ∇µ to the tangent bundle

Dµ = ∇µ − Γλ
µνv

ν ∂

∂vλ
(9)

▶ Lifting of the covariant derivative ∇µ to the cotangent bundle

D̃µ = ∇µ + Γλ
µνpλ

∂

∂pν
(10)

▶ The collisionless Boltzmann equation for classical distribution
function f in curved spacetime is

pαD̃αf = 0
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Wigner formalism in curved spacetime

▶ Fields are extended to the tangent bundle as [Fornarev (1993)]

Φ(x, v) ≡
(
1 + vα∇α +

1

2
vαvβ∇α∇β + · · ·

)
Φ(x) , (11)

▶ Since v is parallel transported, fields are horizontally lifted to TM

Φ(x+ v) −→ Φ(x, v) ≡ ev·Dϕ(x) (12)

▶ The Wigner function can then be rewritten as

W (x, p) = κ

∫
TxM

d4v
√
−g(x)e−ip·v/ℏ〈Φ⋆

(
x, v2

)
Φ
(
x,−v

2

) 〉
, (13)

which correctly expresses the macroscopic current as

Jµ =

∫
TxM⋆

d4p

(2πℏ)4
√
−g(x)

pµW (x, p). (14)
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QFT in curved spacetime

The action for fields coupled with gravity is

S = SHE + SB + Sm

▶ SHE is the Hilbert-Einstein action

SHE =
1

16πG

∫
V
d4x
√
−gR

▶ Sm is the matter action

Sm =

∫
V
d4x
√
−g

−ℏgµν∇µϕ
⋆∇νϕ−

m2

ℏ
ϕ⋆ϕ− ℏξRϕ⋆ϕ︸ ︷︷ ︸

non-minimal

+Lint


▶ SB is the modified Gibbons-Hawking term
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QFT in curved spacetime

The action for fields coupled with gravity is

S = SHE +

annihilates the surface term︷︸︸︷
SB +Sm

▶ SHE is the Hilbert-Einstein action

▶ Sm is the matter action

▶ SB is the modified Gibbons-Hawking term

SB =
1

8πG

∮
∂V

dΣ f(ϕ)K where f(ϕ) = 1− 16πGℏξϕ⋆ϕ

▶ K is the trace of the extrinsic curvature on ∂V .
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▶ The action principle δS = 0 =⇒

f(ϕ)Gµν +
(
gµν□−∇µ∇ν

)
f(ϕ)− 8πGT ϕ

µν = 0

▶ with respect to metric =⇒ Einstein’s equation,

Gµν = 8πGTµν

▶ Energy-momentum tensor:

Tµν ≡
1

f(ϕ)

[
T ϕ
µν −

1

8πG

(
gµν□−∇µ∇ν

)
f(ϕ)

]
▶ with respect to ϕ, ϕ⋆ =⇒ field’s equation,(

□− m2

ℏ2
− ξR

)
ϕ(x) = ρ̂(x) , where ρ̂ = −1

ℏ
∂Lint
∂ϕ⋆
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Applications and results



Dynamics of Wigner function for scalars

The exact general relativistic quantum transport equation is[(
iℏ
2
Dµ + pµ

)2

−m2 − ξR

]
W = 2ℏ2κ

∫
v

[
ϕ⋆
+Zϕ− + ϕ−Uϕ⋆

+

= +4gµν
(
ϕ⋆
+∂

v
µGνϕ− − ϕ−∂

v
νGµϕ⋆

+ + Gµϕ⋆
+Gνϕ−

)]

Gµ ≡ − ivν

2ℏ

∞∑
n=0

C[v · D]n

(n+ 2)!
Gµν , Gµν = −iℏRσ

ρµνv
ρ
σ C[X ](Y) ≡ [X ,Y]

Z(x, v) = 2

∞∑
n=1

C[v · D]n

(n+ 2)!

(
D2 +Rν

µv
µ∂v

ν + gµνvλvρRσ
λρ(µ∂

v
ν)∂

v
σ

)
.

U(x, v) = vλvρ
∞∑

n=0

C[v · D]n

(n+ 1)!

[
∇ρR

σ
λ −∇σRλρ + 2gµνRσ

λρ(µDν)

]
∂v
σ
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Dynamics of Wigner function for scalars

The exact general relativistic quantum transport equation is[(
iℏ
2
D̃µ + pµ

)2

−m2 − ξR

]
W = 2ℏ2κ

∫
v

[
ϕ⋆
+Zϕ− + ϕ−Uϕ⋆

+

= +4gµν
(
ϕ⋆
+∂

v
µGνϕ− − ϕ−∂

v
νGµϕ⋆

+ + Gµϕ⋆
+Gνϕ−

)]
where we can recognize

D :=

(
iℏ
2
D̃µ + pµ

)
as the generalized Bopp operator

∂µ −→ D̃µ
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What’s next?

▶ ℏ expansion of the Wigner function

▶ plug the expression in the transport equation up to 2nd order in
ℏ

▶ split into the real and imaginary part for

quantum corrected mass-shell condition
quantum corrected Boltzmann equation

▶ obtain the equilibrium solution up to O(ℏ2)
▶ find the high-order terms in Tµν and Jµ
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Dynamics of Wigner function for fermions

The exact general relativistic quantum transport equation is given by
[Liu, Mameda, Huang (2021)] [

γµ
(
iℏ
2
D̃µ + pµ

)]
W =

= iℏγµ
∫
v
Tr⟨
(
Gµ −Hµ

)
Ψ−Ψ̄+ −Ψ−Ψ̄+

←−
Gµ⟩ .

where we have used

Gµ ≡ −
ivν

2ℏ

∞∑
n=0

C[v · D]n

(n+ 2)!
Gµν , Hµ ≡ −

ivν

ℏ

∞∑
n=0

C[v · D]n

(n+ 1)!
Gµν .

* Gµν = Fµν + ℏRµναβσ
αβ − iℏRσ

ρµνv
ρ
σ

* C[X ](Y) ≡ [X ,Y]
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ℏ expansion

▶ Power counting scheme{
vµ ∼ iℏ∂µ

p ∼ O(ℏ)
pµ ∼ O(1)

▶ Cliffort algebra decomposition of the Wigner function

W =
1

4

[
F + iγ5P + γµVµ + γ5γµAµ +

1

2
σµνSµν

]
(15)

where the elements are not independent (2/4 independent
components of Vµ,Aµ for massless fermions, 4 for massive ones).
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ℏ expansion

▶ One can then express respectively the vectorial and axial currents

Jµ =

∫
p
Tr [γµW ] =

∫
p
Vµ, Jµ

A =

∫
p
Tr
[
γµγ5W

]
=

∫
p
Aµ

▶ as well as energy-momentum tensor and spin tensor [Liu, Mameda, Huang (2021)]

Tµν =

∫
p
Tr

[
iℏ
2
γµD̃νγµW

]
=

∫
p
Vµpν ,

Sλµν =

∫
p
Tr

[
ℏ
4
{γλ, σµνW

]
= −ℏ

2

∫
p
ϵλµνρAρ

where
∫
p ≡

∫
TxM

d4p
(2πℏ)4

√
−g
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Conclusions



To conclude

Summary and Outlook

▶ Promoted the Wigner formalism to a covariant fashion

⇒ Exact transport equation for scalars
⇒ Corrections due to gravitational effect up to ℏ2

▶ Hydrodynamic description

⇒ Derivation of corrected transport coefficients
⇒ Including spin and deriving a complete theory for Spin

hydrodynamics in curved spacetime

Thank you and Stay tuned!
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Useful identities

∂v
µϕ± = ±1

2
Dµϕ± ± Gµϕ± (16)

Dµϕ± = e±v/2·D∇µϕ(x) ±
1

2
Hµϕ± (17)

∂2
vϕ± = −1

4
D2ϕ± ± ∂v · Dϕ± + Zϕ± (18)

D2ϕ± = e±v/2·D □ϕ(x) + Uϕ± (19)
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Energy-momentum tensor

The non minimal coupling EMT obtained by variating Lm

T ϕ
µν ≡ −2

∂Lϕ
∂gµν

+ gµνLϕ . (20)
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