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Motivation

fluid dynamics with spin

Due to the evidence of spin polarization, there has been huge interest in the formulation of rel.
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Motivation

\ Due to the evidence of spin polarization, there has been huge interest in the formulation of rel.
fluid dynamics with spin

—- For which, beside having energy-momentum tensor, it requires to have an addition of spin tensor,
through

f}t,uy _ x,uj\vly _ XUT/I,M + S\vl,m/

> Conservation of total angular momentum gives

aﬁjﬂW:O —> aﬁgﬂﬂy=f’yﬂ—f’ﬂy



Motivation

QFT, ltzykson and Zuber (Saclay 1980)

—  But definitions of 7"* and §*** are not unique.

- : A,MI/ A/I,,uv : AMV A/L/U/ A A 1 A Za a
; One obtains new pair of 7#* and $*** using TCan and S Can TV = TWv 4 _ aﬁ(HW” i 2z Hﬂ,l/;t)
through pseudo-gauge transformation. Can ~ »H

Rept.Math.Phys. 9 (1976) 55-82, ~ ~ ~ ~
Qhpv — QAHY _ TTAHY + 9 YHVAP
C P

an
ﬁxl,,m/ — ﬁxl,vﬂ
YHvAp — _ YUAp — _ Y HYpA
UV — (2 U
—)—  But the conserved charges do o = (i/2) [}’”, Y ]
not change
S. De Groot, W. Van Leeuwen, and C. Van Weert, Relativistic Kinetic Theory.
Eur.Phys.J.A 57 (2021) 5, 155 Principles and Applications. North Holland, 1, 1980

Prog.Part.Nucl.Phys. 108 (2019) 103709
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Motivation

Hence, the dynamical meaning of the spin tensor is still not clear.

For a fluid in local thermodynamic equilibrium, the quantum state of a system is not invariant
under pseudogauge transformations

It seems that the physical measurements depend on pseudogauge

Francesco Becattini, Asaad Dabher,
Xin-Li Sheng, PLB 850 (2024)
138533
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Motivation

Based on the requirement of the positivity of local entropy production rate, there are many
formulations that derive constitutive relations of spin hydrodynamics

However, in the traditional approach, entropy current is obtained from an educated guess of the
thermodynamic relations

1
Ts+/m=p+p—za)ﬂy5””

1
dp = sdT + ndu + ESW dw,,

Francesco Becattini, Asaad Dabher,
Xin-Li Sheng, PLB 850 (2024)
138533



Motivation: T'wo questions

Rather than assuming a form, can one derive the form of entropy current from first principle?

Francesco Becattini, Asaad Dabher,
Xin-Li Sheng, PLB 850 (2024)
138533



Motivation: T'wo questions

Rather than assuming a form, can one derive the form of entropy current from first principle?

Yes, using the quantum statistical method

Francesco Becattini, Asaad Dabher,
Xin-Li Sheng, PLB 850 (2024)
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Motivation: Two questions

Rather than assuming a form, can one derive the form ofentropy current from first principle?

Yes, using the quantum statistical method

One may also wonder, whether the relations are complete for the case of spin hydrodynamics?

1
I's+un=p+p —Ea)ﬂyS””

1

Francesco Becattini, Asaad Daher, dp =Y dT + nd//l + _S’u ”da)'m/

Xin-Li Sheng, PLB 850 (2024) )
138533
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Motivation: Two questions

Rather than assuming a form, can one derive the form ofentropy current from first principle?

Yes, using the quantum statistical method

One may also wonder, whether the relations are complete for the case of spin hydrodynamics?

It seems no!

1
I's+un=p+p —Ea)ﬂyS””

1

Francesco Becattini, Asaad Daher, dp =Y dT + nd//l + _S’u ”da)ﬂy

Xin-Li Sheng, PLB 850 (2024) )
138533



Entropy and thermodynamic potential current

S = —Tr(plogp)

—- In the quantum statistical description of a rel. fluid, p;  is obtained by maximizing entropy

. :
PLE = ——exp(—Y)

5:
1 n ~ 1 n
= ——eXp —J dx, (T Wp, — Cjft ——€2 MS’””)
ZLE ¥ 2

with constraints

Uy __ Uy U 37 HAV __ AV _ T
nT"=nT"v, nj'=nj', nS"*=nS p,=u,l
C=ulT
A A QW = a)ﬂy/T
— where LE values are defined as: Xig =Tr (ﬁLEX> — (0| X]0)
dx, =dxn,

Francesco Becattini, Asaad Dabher,
Xin-Li Sheng, PLB 850 (2024)

12 138533
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Entropy and thermodynamic potential current

In global equilibrium, these Lagrange multipliers become

'5” — bﬂ + @, x* with b,w,( being constants

Francesco Becattini, Asaad Dabher,
Xin-Li Sheng, PLB 850 (2024)
138533

p,=u,lT
=ulT
Q, =w,/T
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Entropy and thermodynamic potential current

. . ~ 1 A
If, Y = J dZM (T””,BV — (jH — EQ MS’M” ) is bounded from below and lowest lying eigenstate
3

| 0) is non-degenerate

—- then, log Z;  can be proved to be extensive, i.e.

log Z; 5 = / =, ¢* — (0| Y |0)

>
— / dz, [d)“ — (0| (f"’"'ﬂv - ¥ - %ng’m) |0)]
>

Francesco Becattini, Asaad Daher,
Xin-Li Sheng, PLB 850 (2024)
138533

F. Becattini and D. Rindori, PRD
99, 125011 (2019)
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Entropy and thermodynamic potential current

P = / dA (T”V(A)ﬁ — i p(A) — %QAVS”M(A))
]

- %wgv(X)SMV(X)[T ,M,w])

Francesco Becattini, Asaad Dabher,
Xin-Li Sheng, PLB 850 (2024)

138533
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Entropy and thermodynamic potential current

—_ Once, g/)ﬂ is known
A~ AUV ~ . ] ~  GUAV
v [ az, (TGt - CTrGLED) - 39 TrGip ™))
)
v . ] AV
~ / dz, (qs” + T g by = Citg = 5% Six ) ,
>
] A
. _ Hv U HAV
—_ entropy current Is: sH = (b” + TLE ﬂv — CJLE - EQAV SLE p,=u,lT
C=pul/T
Q, =w,/T

Francesco Becattini, Asaad Dabher,
Xin-Li Sheng, PLB 850 (2024)
138533
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Entropy and thermodynamic potential current

— However, in global equilibrium, S, IS defined more generally

S'M=¢'u+T'uvﬂv—Cj'u —%Q/IVS'[MV

—_ where

T
/
P = / % (71T W, = w171 = S0,,S**1T"1)
0

Francesco Becattini, Asaad Dabher,
Xin-Li Sheng, PLB 850 (2024)
138533
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— oM
S=39 LlM

Local thermodynamic relations

Contracting s* with u, gives local thermodynamic relations

| 1 uﬂSﬂAVE¢.u——lp—ﬁn——gjvSﬁv

—but+—p—Cn——=Q
¢u Tp Cn 2 AV T T 2

Defining: p=T¢-u  <— validin global equilibrium
p,=u,lT
_ U —
we get I's+un=p+p— Ea)ﬂyS/" =ulT
Q, =w,/T

Francesco Becattini, Asaad Dabher,
Xin-Li Sheng, PLB 850 (2024)

138533



Local thermodynamic relations

— Using ¢¥, one obtains p

dT"’ y , 1 v
p:T(,l)-u:T/— (uMT” [T’]uv—,uuﬂj”[T']— Ea),lvuﬂS’"’1 [T'])

whence the following relation can be readily obtained

op
NE— p— S
0T u.w
op op
——  But do these relations hold in general? - —nNn
a,u aa)/l
T,w v T
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Local thermodynamic relations

We shall see that for a system of massless free fermions with rotation and
acceleration at global equilibrium

op op
S = N

d,u T o @a)ﬂy T.u

.

;é S/II/




Local thermodynamic relations

0l 1 W,

u, wh=——etr° u

We have pressure defined as: I 2 T °

T
AI" (o pa— , 2= T2, o = AT
P= T¢Mu” - TJO 772 (Tgan[T]uVuﬂ B //tl/tﬂ]'u[T] - Euﬂwﬂungg[T]) e

where:

I+ 307787 + 158 ai(mt + 3¢7) 17a* w(x? + 387)
w,u, 17 = — _ _
an 607244 24124 9607244 82
23a’w? w 11(a - w)?

+ + +
14407264  64rn2p*  T72072p%

v Ul 7r2+4’2_ 22 X 2
2 9 P Andrea Palermo PHD thesis
1 C W 4 ) Andrea Palermo, Matteo

— _|_ — — Buzzegoli, Francesco Becattini,
6 2x2 24r2 8n?

JHEP 10 (2021) 077

pAV _ L uAup
uﬂa)MSCan 26 u,w; W,

=

21
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Local thermodynamic relations

After removing vacuum terms




23

Local thermodynamic relations

24 2 2
77;8(7; é W T — 12—4T2 — 620—4T2 A? = wPweugu’, w?= }le“‘s”" € By Wi pw P Ut
op Op A? N Op w?
0wy - 0A2 0wy, Ow?dw,,’
- T A 0A y Ow
N 12 80.),\,, | 8w,\,, ’
= - APu° 5N + wP —lep"‘g"’u"’ 6N
12 - 2 Wy
2
_ 71-,2 (AAuu — AV A %wpuy(ep)\wy - Epu/\'y))
ap T2 ( AV A AA v 4+ AV pry ) T2 ( AV A AA u) S/\u
— U € WU — —
Owyy | Tp 12 P12




summary

1
I's+un=p+p —Ea)WS””

It seems that thermodynamic relations are not fully appropriate in deriving
divergence of entropy current

1
dp = sdT + ndu + ESdeﬂv

Employed a quantum-statistical approach to derive the entropy current without
assuming the traditional local thermodynamic relations

0 0
Differential relations, o = n and P

a//t T.w aa)/ll/ T, U

= S* may not be true in general

For a system of massless free fermions with rotation and acceleration at global
equilibrium

op T2
i ap _ (Auu/\ - A)\uu) 4 S)\u
ou T Owy 1 T 12

|
~







Back Up Slides

20



|
Z1g(4)

PLe(4) = exp | —4 /2 dzu(TW'B , = CJ)

Zun() = o (exp _ [ a5, - %) )
i 2 _

by taking the derivative of the trace we obtain

AR - [ am (1) )p, — (s

and, by integrating both sides,
logZ g —log Z; 5 (4)

AO o / d=, ((T") e (DB, = $(7 )1e(2))

F. Becattini and D. Rindori, PRD
99, 125011 (2019)



lOg ZLE lOg ZLE

—— [ az A aa(( = (Pe)

Thus, 1f there exists a particular 4, such that
logZg(4g) =0, it is proved that log Z;g is extensive
and, at the same time, we have a method to determine
the thermodynamic potential current:

lOg ZLE — /Zdzﬂqb”,

P = — / () (DB, = (P e (D)
Ao

F. Becattini and D. Rindori, PRD
99, 125011 (2019) 08



PLE = 5 —€XPp —/ZdZu(f"””/}y —C}”)
where ’Y‘ = / dz,u(fwyﬂv — Z‘:}M)
_ _ 2
L1g = tr(exp —/ZdZ”(T””/)’U — C}”) )

operator T is bounded from below, i.e., there exists a
minimum eigenvalue Y, with a corresponding eigenvector
0), which is supposedly nondegenerate. In this case, by
ordering the eigenvalues Y, < Y; < Y5..., and if the

lowest eigenvector 1s nondegenerate, the trace can be
written as

Z1g(4) = tr(e™T)
= e‘iro(] — e~ MY=Tp) _ o=4(T=Tp) _ .. ),

so, if Ty = 0 and we let 4 — +00, we obtain the sought
solution, that 1s,

lETOOZLE(A) =1= AETOO log Zig(4) = 0.
F. Becattini and D. Rindori, PRD

99, 125011 (2019) 59



= [ dz,[(7* - (0[T*(0))5,

— (7" = (0[710))]

Z4(1) =t (exp{—z [ i@ - oliopp,

- ¢ - ool )

The new partition function is such that Z; .(c0) = 1, and
the thermodynamic potential current 1s thus given by

> — / " (P () - (017%]0))B,
— E((P e @) - O10)]

Consequently, the entropy current will be

N = + ((I")e = 017"]0))B, — C((J")Le

99, 125011 (2019) 0

— (0]710))



