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• Hydrodynamics for heavy ion collisions

• Bayesian analysis and characterization of transport

• Two gaps in theory: magnetic fields and spin flow

• Magneto-hydrodynamics and associated transport channels

• Spin-hydrodynamics



Hydrodynamics: theory of slow variables
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interested in a macroscopic dynamical process of the
system at a finite temperature, will these gapless de-
grees of freedom remain the relevant IR variables?
(Throughout this review we restrict to systems in
a phase which is translationally and rotationally in-
variant, i.e. macroscopically a (quantum) liquid.)

The answer is no. At a finite temperature, there is
now a background bath of such gapless modes. Any
additional excitation will quickly be “swallowed” by
the bath, and cannot have any direct macroscopic
e↵ect. In other words, while it takes little energy
to create such an excitation, it becomes incoherent
quickly. The typical time scale (and length scale)
for such an excitation to become “incoherent” de-
fines the relaxation time ⌧ (and relaxation length
`).2 In the dispersion relation of such an excitation,
the frequency should have a finite imaginary part
of order 1/⌧ to reflect a lifetime of order ⌧ and be-
comes “gapped,” thus the standard lore that finite
temperature generates a gap for all excitations.

There is, however, a caveat. Consider a long wave
length perturbation of a system away from equilib-
rium, i.e. with wavelength � � `. Then at a time of
order ⌧ , typical non-conserved quantities will have
relaxed back to equilibrium. But for a conserved
quantity, which cannot be destroyed locally, relax-
ation back to equilibrium can only be achieved by
transports. See Fig. 1 (a) and (b). As a result it
will take time t� � ⌧ for a conserved quantity to
relax. In particular, as � ! 1, t� ! 1. Thus for
macroscopic physical processes involving spacetime
scales much larger than ⌧ and `, the only relevant IR
variables are those associated with conserved quanti-
ties, as non-conserved quantities can be considered
as in equilibrium.

More precisely, non-conserved quantities should
be considered as in “local equilibrium” defined by
the conserved quantities. To see this, consider a re-
gion of size �x satisfying ` ⌧ �x ⌧ � in a time range
⌧ ⌧ �t ⌧ t�. The variations of conserved quantities

2 For most systems in nature, ⌧ and ` are microscopic, i.e.
much smaller than macroscopic spacetime scales of physical
interests. In this review we will focus on such systems. Of
course what one means by microscopic and macroscopic are
relative. A somewhat extreme example is the Quark-Gluon
Plasma (QGP) created at RHIC or LHC. The size of a QGP
droplet is tiny, of order 10fm, but defines the “macroscopic
scale” of interest. The typical relaxation length of the QGP
is about 1fm, which qualifies as being microscopic compared
with the size. For a strongly interacting system, typically
⌧ ⇠ 1

� where � is the inverse temperature.

in this spacetime region are small and can be consid-
ered as approximately uniform. Recall that an equi-
librium state is specified by the values of conserved
quantities such as energy and charge. Non-conserved
quantities in this spacetime region should then be
regarded as relaxing into the local equilibrium state
specified by the local values of conserved quantities.
In other words, conserved quantities are low vari-
ables which provide the background for fast relax-
ing non-conserved quantities. In a non-equilibrium
EFT, we integrate out fast variables and concentrate
on the dynamics of slow variables.

FIG. 1. Relaxation of di↵erent types of excitations. The
horizontal direction is along some spatial direction. The
straight dashed lines denote the global equilibrium values
and the solid lines denote values of some perturbed quan-
tities. (a) Perturbations in non-conserved quantities can
relax back to equilibrium values locally–deviations sep-
arated at length scales larger than the relaxation length
` relax independently–in a time of order of the relax-
ation time ⌧ . (b) Conserved quantities can only relax
through transports, i.e. excesses have to be transported
to regions with deficits to achieve equilibrium. (c) In a
spacetime region with ` ⌧ �x ⌧ �, ⌧ ⌧ �t ⌧ t� a sys-
tem can be considered as in local equilibrium specified
by the local values of conserved quantities.

So far we talked about generic situations. In
certain special situations there can be additional
non-conserved slow variables. For example, when
a system is tuned to a (finite temperature) criti-
cal point, the order parameter(s) experiences critical
slow-down. Its relaxation scales become much larger
than those of typical non-conserved quantities. Such
non-conserved slow variables should also be kept in

Non-conserved
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Effective theory of conserved quantities,  
organized in powers of derivatives ∂t φslow, ∇φslow

Fast relaxation 
in τrelax

Slow relaxation 
in Δt≫ τrelax

φfast

φslow

applicable e.g when τΤ >> 1  



Relativistic hydrodynamics

Tµ⌫ S�
µ⌫
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Slow variables: energy-momentum current

Hydrodynamic equations
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rµTµ⌫ = 0

 Dynamical variables and constitutive relations:    

<latexit sha1_base64="IxtGoSFfpCtSlkPo5KhaWSnNmp0="></latexit>

Tµ⌫ = E(T )uµu⌫ + P (T ) (uµu⌫ + ⌘µ⌫) +O(r)

<latexit sha1_base64="/Q0sdTLEGaXaPcMo5ohhxuJiXe0="></latexit>

uµ = dxµ/d⌧ , T

Fluid velocity and temperature 
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uµ(x), T (x)
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Relativistic hydrodynamics
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Relativistic hydrodynamics

Lattice QCD for small baryon density;  
EFT, holographic models at intermediate density

• Initial conditions: temperature and velocity densities ? 

• Microscopic data: EoS and transport coefficients

• Acausal propagation: numerical instabilities 

Moreland et al. `15, `20

Fluctuating Glauber model for incident nucleons;  
parametrisation of wounded nucleons ⇒ parton densities 

Second order hydrodynamics; Müller-Israel-Stewart model 
Denicol et al. `14 



14 parameter MIS model

<latexit sha1_base64="zVsAff6qlBAUCBoL4MC9Vb5443o="></latexit>

Tµ⌫ = Euµu⌫ + (P +⇧) (uµu⌫ + ⌘µ⌫) + ⇡µ⌫

<latexit sha1_base64="bg2XwbRm3CCn6/mc2yBMkw847Rc="></latexit>

(u ·r)⇧ = � 1

⌧⇧
[⇧+ ⇣r · u+ · · · ] ,

�µ
↵�

⌫
�(u ·r)⇡↵� = � 1

⌧⇡
[⇡µ⌫ � 2⌘�µ⌫ + · · ·]

Instabilities avoided by finite relaxation times in dissipative terms

bulk viscous  
pressure 

transverse 
traceless shear 

6 parameters for η(T) and ζ(T), and 8 second order parameters   



FIG. 5. To get a sense of how well the solution to relativistic viscous hydrodynamics upon which

we build our calculation of electromagnetic fields and currents describes heavy ion collisions, we

compare our results for charged hadron multiplicities (left) and elliptic flow coe�cients (right)

to experimental measurements at the top RHIC and LHC energies from Refs. [30–32] and Refs.

[33–35], respectively.

reasonable agreement with charged hadron v2{4} for heavy ion collisions with centralities

up to the 40-50% bin.

To isolate the e↵ect of electromagnetic fields on charged hadron flow observables, we study

the di↵erence between the vn of positively charged particles and the vn of negatively charged

particles as defined in Eq. (17). We also study the di↵erence between the mean transverse

momentum hpT i of positively charged hadrons and that of negatively charged hadrons. This

provides us with information about the modification in the hydrodynamic radial flow induced

by the electromagnetic fields. The di↵erence between the charge-dependent flow of light

pions and heavy protons is also compared. Hadrons with di↵erent masses have di↵erent

sensitivities to the underlying hydrodynamic flow and to the electromagnetic fields.

We should distinguish the charge-odd contributions to the odd flow moments, �v1, �v3,

. . ., from the charge-dependent contributions to the even ones, �v2, �v4, . . ., as they have

qualitatively di↵erent origins. The charge-odd contributions to the odd flow coe�cients

induced by electromagnetic fields, �v2n�1, are rapidity-odd: �v2n�1(⌘s) = ��v2n�1(�⌘s).

This can easily be understood by inspecting Fig. 1, where we describe di↵erent e↵ects that

contribute to the total the electric field in the plasma. This can also be proven analytically by

studying the transformation property of �vn under ⌘ ! �⌘. As we have seen in Section I,

15

Shen et al, `14
Marcus, Kharzeev, Rajagopal, Shen, UG ’18

Data vs hydro

Boost invariant  
viscous hydro

Lattice QCD ⇒ EoS
Data fit/kinetic theory ⇒ η, ζ, τ’s 
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FIG. 16. We show the temperature of a typical event at the initial time ⌧ = 0.4 fm/c and at 4 and 8 fm/c, together with the
difference in temperature at the end of the evolution comparing resolutions of Nsites = 200 or 300. The difference is shown only
where there is plasma (defined by T > 140MeV) and shows that the discretization error is small.

FIG. 17. Top left: v2{2} (1.0–1.4 GeV) for PbPb at 2.76TeV,
shown for pions, kaons and protons in the 20�30% centrality
class. Top right: charged particle multiplicity, normalized
by the experimental data, for PbPb at 2.76 TeV, shown for
pions, kaons and protons in the same centrality class. Bottom
left: ṽ2{2} for pPb at 5.02 TeV, in the multiplicity classes
Nch/hNchi 2 [0, 1], Nch/hNchi 2 [2, 3] and Nch/hNchi 2 [4, 5].
Bottom right: posterior distribution for Nsites, shown together
with 6 posterior distributions for the closure chains. Colors
are as in Fig. 12.

The behavior of ⇧ as a function of vfs can be under-
stood as follows: For vfs = 0, the stress tensor has the
form Tµ⌫ = ⇢�µ0 �

⌫
0 . Using the constitutive relation (5),

one can decompose this stress tensor, yielding ⇡µ⌫ = 0
and ⇧ = �P . This therefore leads to ⇧ being negative.
At early times we can use (2), which for vfs = 1 yields
a traceless stress tensor, i.e. ⇢ � 3(P + ⇧) = 0. For our
equation of state the speed of sound is below the confor-
mal bound, which implies 3P < ⇢ and hence that ⇧ is
positive. For intermediate values of vfs, the behavior of
⇧ interpolates between these two cases.

Another interesting dependence of the prehydrody-
namic phase is that on the free streaming time ⌧fs. In
Fig. 19, the deviation from quasi-equilibrium is shown

for the shear stress (left) and the bulk viscous pressure
(right). As in Fig. 18, the same event is computed,
but here we used vfs = 1 together with various val-
ues of ⌧fs. It can clearly be seen that the shear tensor
moves away from quasi-equilibrium during the prehydro-
dynamic phase, even though the ⌧fs-dependence is mild.
For the bulk viscous pressure, the interior of the plasma
moves away from quasi-equilibrium during the prehydro-
dynamic phase, whereas the edges move towards quasi-
equilibrium. These edges contain only a small part of
the total energy though, so we can conclude that the
prehydrodynamic stage moves the fluid away from quasi-
equilibrium.

G. Correlation between ⌧⇡⇡/⌧⇡ and (⌘/s)min

As shown in [1], ⌧⇡⇡/⌧⇡ and (⌘/s)min are negatively
correlated. The reason for this is that ⌘/s is mostly de-
termined by the measurement of v2{2}, and that both
⌘/s and ⌧⇡⇡ tend to lower this observable, making the
effects of these two transport coefficients more or less in-
terchangeable. The mechanism ultimately causing this is
that both of these transport coefficients are dissipative,
and hence increase the entropy by making the fluid less
anisotropic. For this reason, we expect this correlation
to be generically present, but in the following we will
look at a specific configuration, to examine whether the
mechanism by which the anisotropy decreases is similar
in both cases.

In the case of the shear viscosity, the decrease in
anisotropy is well understood to work through the mech-
anism that in the ‘short’ direction, pressure gradients are
larger, driving the build-up of momentum in that direc-
tion, while the shear viscosity counters this momentum
build-up [82]. In a similar spirit, we look at an ideal-
ized plasma, where we initialize ⇡µ⌫ and ⇧ to zero, set
uµ = (1, 0, 0, 0), and take the energy density to be

⇢(x, y) =
↵

1 + exp

✓p
x2+(1.3y)2�R

✓

◆ , (11)

with R = 5 fm, ✓ = 1 fm and ↵ = 50 fm�4. Initializing

“Trajectum” framework: Nijs, van der Schee, Snellings, UG ’20

Advanced simulations
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to the values from kinetic theory [13], with � = 1/3� c2s,
while we vary the shear and bulk relaxation times ⌧⇡ and
⌧⇧ as well as one other second order coe�cient ⌧⇡⇡. We
vary these according to the ratios
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Finally, the hydrodynamic fluid undergoes particliza-
tion at a temperature Tswitch, whereby viscous contribu-
tions as well as resonances are included according to the
algorithms presented in [16, 17]. These hadrons are then
evolved using the SMASH hadronic cascade code [18–20].
Experimental data - To compare our model to experi-
ment we start with the dataset used in [6]: PbPb charged
particle multiplicity dNch/d⌘ at 2.76 [21] and 5.02 TeV
[22], transverse energy dET /d⌘ at 2.76 TeV [23], identi-
fied yields dN/dy and mean pT for pions, kaons and pro-
tons at 2.76 TeV [24], integrated anisotropic flow vn{k}
for both 2.76 and 5.02 TeV [25] and pT fluctuations [26]
at 2.76 TeV. On top of this we added identified trans-
verse momentum spectra using six coarse grained pT -bins
separated at (0.5, 0.75, 1.0, 1.4, 1.8, 2.2, 3.0)GeV both for
PbPb at 2.76 [24] and pPb at 5.02 TeV [27], anisotropic
identified flow coe�cients using the same pT bins (statis-
tics allowing) at 2.76 [28] and 5.02 TeV [29]. As in [30]
we use ṽn{k} anisotropic flow coe�cients for pPb at 5.02
TeV [31] [32] as well as mean pT for pions, kaons and
protons at 5.02 TeV [33]. All of these use representative
centrality classes, whereby we also specifically included
high multiplicity pPb classes for its anisotropic flow coef-
ficients, giving a total of 418 and 96 datapoints for PbPb
and pPb collisions respectively.
Posterior distribution - In order to estimate the like-
lihood of all 21 parameters (bold in the model) we used
Trajectum [34] to simulate the full PbPb (pPb) model at
1000 (2000) design points located on a Latin Hypercube
in the parameter space using 6k (40k) events per design
point (the parameter ranges can be found in the poste-
rior distributions later) [35]. For each system we apply
a transformation to 25 principal components (PCs), for
which we train Gaussian emulators [16, 30, 36]. Cru-
cially, the emulator also estimates its own uncertainty
(which we validated) and through the Principle Compo-
nent Analysis this includes correlations among the dat-
apoints. Full details as well as emulator results can be
found in our companion paper [37].

Using either PbPb only or both PbPb and pPb em-
ulators we ran a Markov Chain Monte Carlo (mcmc)
employing the EMCEE2.2 code [16, 30, 38], using 600
walkers for approximately 15k steps. This led to the
converged posterior distributions in Fig. 1, shown with

FIG. 3. We highlight a few interesting or strong correlations
among the posterior distributions shown in Fig. 1.
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FIG. 4. Posterior distributions for the specific shear and bulk
viscosities versus temperature together with their mean and
90% confidence band (blue). The 90% confidence bands for
the prior distribution is shown in gray (extending till 0.08 for
⇣/s, not shown).

(solid) and without (dashed) the pPb data. Fig. 2 shows
results from 100 random samples of the posterior distri-
bution for a representative selection of our datapoints.
In general these compare well, even for pT -di↵erentiated
identified vn{2} distributions for both central and pe-
ripheral collisions.
For pPb the posterior distributions are significantly

wider than the experimental uncertainties, since even for
2000 design points the model is su�ciently complicated
that a significant emulator uncertainty remains. It is for
this reason that including pPb for the posterior (blue
solid versus green dashed in Fig. 1) does not change the
probabilities as much as perhaps expected, though for
parameters especially sensitive to small and short-lived
systems better constraints are obtained (nc, ⌧fs, w, dmin

and �fluct).
Perhaps the most striking feature in Fig. 1 is that the

posterior for the maximum of ⇣/s peaks at zero. This
is in contrast to previous work [6, 7, 39] that prefers a
positive bulk viscosity in order to reduce the mean pT . A
larger bulk viscosity, however, makes it hard to describe
the pT identified spectra (Fig. 2 (middle,top)).
Given the scope of our 21 parameter model it is per-

haps not surprising that constraints on the parameters
and in particular the second order transport coe�cients

shear viscosity bulk viscosity
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rior distributions later) [35]. For each system we apply
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cially, the emulator also estimates its own uncertainty
(which we validated) and through the Principle Compo-
nent Analysis this includes correlations among the dat-
apoints. Full details as well as emulator results can be
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ulators we ran a Markov Chain Monte Carlo (mcmc)
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(solid) and without (dashed) the pPb data. Fig. 2 shows
results from 100 random samples of the posterior distri-
bution for a representative selection of our datapoints.
In general these compare well, even for pT -di↵erentiated
identified vn{2} distributions for both central and pe-
ripheral collisions.
For pPb the posterior distributions are significantly

wider than the experimental uncertainties, since even for
2000 design points the model is su�ciently complicated
that a significant emulator uncertainty remains. It is for
this reason that including pPb for the posterior (blue
solid versus green dashed in Fig. 1) does not change the
probabilities as much as perhaps expected, though for
parameters especially sensitive to small and short-lived
systems better constraints are obtained (nc, ⌧fs, w, dmin

and �fluct).
Perhaps the most striking feature in Fig. 1 is that the

posterior for the maximum of ⇣/s peaks at zero. This
is in contrast to previous work [6, 7, 39] that prefers a
positive bulk viscosity in order to reduce the mean pT . A
larger bulk viscosity, however, makes it hard to describe
the pT identified spectra (Fig. 2 (middle,top)).
Given the scope of our 21 parameter model it is per-

haps not surprising that constraints on the parameters
and in particular the second order transport coe�cients
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1.5GeV) tends to have larger modeling uncertainties, if only
from viscous corrections at particlization which can be very
significant at higher transverse momenta. At su�ciently high
pT , hadron production is beyond the realm of hydrodynamics
altogether; this threshold is not known precisely, but even a
breakdown at pT & 2 � 3 GeV would not be wholly surpris-
ing. Because of these limitations, there is a risk that inferences
using observables in the higher-pT range (pT & 1.5GeV) lead
to more precise but unreliable constraints on the parameters.
While both avenues are worth exploring, in the present anal-
ysis we opt for the more conservative approach of using pT -
integrated observables that introduce less model bias, while
also studying in greater detail model uncertainties.

The posteriors for the shear and bulk viscosities are shown in
Fig. 4. Recall that this result is for a single viscous correction
model, the Grad viscous correction.

FIG. 4. The posterior for specific bulk (left) and shear (right) vis-
cosities resulting from a Grad viscous correction model parameter
estimation using ALICE data for Pb-Pb collisions at psNN = 2.76
TeV

We first note a general feature which will remain when we
examine other viscous corrections and include more systems:
the constraint on the shear and bulk viscosities is best near the
switching temperature Tsw. This was already observed in the
closure tests performed in Sec. VI. The viscous corrections in
the particlization procedure depend on the magnitude of shear
stress ⇡µ⌫ and bulk pressure ⇧ on the switching surface, mak-
ing the model predictions sensitive to the viscosities near these
temperatures. As we have discussed in the closure test, the un-
certainties in ⇣/s and ⌘/s are larger in the high temperature
region. We see that for the bulk viscosity in particular, our
90% posterior credible interval is only slightly smaller than
our prior above 250 MeV.

B. Constraints on ⌘/s and ⇣/s
from Au-Au measurements at psNN = 0.2 TeV

We also examine the constraints on the viscosities provided
by the existing data for Au-Au collisions at psNN = 200GeV.
Heavy-ion collisions at RHIC provide complimentary infor-
mation, having smaller temperatures and a shorter lifetime
than collisions at the LHC. We use the following experimental
measurements from the STAR Collaboration:

• the yields dN/dy and mean transverse momenta hpT i

of pions and kaons for bins in 0–50% centrality [142];

• the two-particle cumulant harmonic flows vn{2} for
n = 2, 3 for bins in 0–50% centrality [143, 144].

We remark that because of the tension between STAR and
PHENIX measured proton yields at mid-rapidity in Au-Au col-
lisions at psNN = 200GeV [142, 145], we have deliberately
left the proton yield and mean transverse momentum out of the
current comparison.20

The above includes 29 observables, again counting central-
ities as separate observables. After performing principal com-
ponent analysis, we kept 6 principal components (equivalent to
21% of the total number of observables), which explain more
than 98% of the variance of the observables across the param-
eter space.

The estimated viscosities using only these measurements
from RHIC, again for the Grad viscous correction, are shown
in Fig. 5. The posteriors for specific bulk and shear viscosity

FIG. 5. The posterior for specific bulk (left) and shear (right) viscosi-
ties resulting from a model parameter estimation using STAR data for
Au-Au collisions at psNN = 200GeV.

when calibrating against only RHIC data have in general dif-
ferent features than those given by the LHC data. For instance,
we see that a large specific bulk viscosity is allowed near the
switching temperature. Also, the 90% credible interval for the
specific shear viscosity extends to lower values for these data
than the LHC data; only using these RHIC observables, a spe-
cific shear viscosity which is nearly zero (⌘/s < 0.03) is con-
sistent with the data.

It is important to note that not only the specific bulk and
shear viscosity parameters have di�erent posteriors, but in
general the entire parameter posterior will be di�erent when
we use RHIC observables rather than LHC observables. The
two are compared for a di�erent subset of model parameters
in Appendix B.

20 Moreover, both measurements [142, 145] show notable excess of proton
production over anti-proton production, suggesting the importance of in-
cluding a non-zero baryon chemical potential (µB) in our calculation. The
current study assumes µB = 0 in both initial condition and dynamical
evolution, and improvement should be considered in future studies.
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Need higher derivative corrections coupled to functions of dilaton!

 G(Φ) Riemann2 suffices to fit Bayesian analysis result

T. Apostilidis, E. Preau, UG, ongoing
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Magnetic field in heavy ion collisions
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Magnetic field in heavy ion collisions
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Cannot ignore electric field 
E ≃ Ε0 exp( -σ τ ) ~ Ε0 

with σ = 0.023 fm-1  and  τ ~ 10 fm 
Inghrami, Becattini, Beraudo, del Zanna`12



Electromagnetic fields in QGP 
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FIG. 2. The electric (left) and magnetic (right) fields in the transverse plane at z = 0 in the lab

frame at a proper time ⌧ = 1 fm/c after a Pb+Pb collision with 20-30% centrality (corresponding to

impact parameters in the range 6.24 fm < b < 9.05 fm) and with a collision energy
p

s = 2.76 ATeV.

The fields are produced by the spectator ions moving in the +z (�z) direction for x < 0 (x > 0)

as well as by the ions that participate in the collision. In both panels, the contribution from the

spectators is larger, however. The direction of the fields are shown by the black arrows. The

strength of the field is indicated both by the length of the arrows and by the color. We see that

the magnetic field is strongest at the center of the plasma, where it points in the +y direction as

anticipated in Fig. 1. The electric field points in a generally outward direction and is strongest on

the periphery of the plasma. Its magnitude is not azimuthally symmetric: the field is on average

stronger where it is pointing in the ±y directions than where it is pointing in the ±x directions.

and

�vn ⌘ vn(h
+) � vn(h

�), (17)

are the quantities of interest.

III. ELECTROMAGNETIC FIELDS

It is instructive to analyze the spatial distribution and the evolution of the electromagnetic

fields in heavy-ion collisions. We shall do so in this Section, before turning to a discussion

of the results of our calculations in the next Section.

Fig. 2 presents our calculation of the magnitude and direction of the electromagnetic

11

z=0, τ=1 fm/c,  Pb-Pb collision at 20-30% centrality, 2.76TeV  

Μarcus, Kharzeev, Rajagopal, Shen, UG ’18



Magneto-hydrodynamics
Slow variables: energy-momentum, electromagnetic field
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Tµ⌫ Bµ Eµ

• Dynamical variables:

uµ(x) T (x) µ(x) Eµ(x) Bµ(x)
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• Magnetohydrodynamic equations 

4 equations 

4 equations 

3 equations 

with charge and electromagnetic polarization   ⇢ =
�Lm

�µ
Mµ⌫ =

�Lm

�Fµ⌫
µ = u ·A
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Perturbative magneto-hydrodynamics

• Solve hydro without E, B   ⇒   fluid velocity 
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~u

• Lorentz transform back to CM frame   ⇒ 
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~u[~v]

• Demand “no-force” in the rest frame 
<latexit sha1_base64="qOGXaChVu31FVw/GpZEj35u4xqA="></latexit>

m
d~v

dt
= q~v ⇥ ~B0 + q ~E0 � µm~v = 0

drag force

Kharzeev, Rajagopal, UG `14



Magnetically induced rapidity-odd flow
x

z
B

s s

FIG. 1. Schematic illustration of how the magnetic field ~B in a heavy ion collision results in a

directed flow of electric charge, �v1. The collision occurs in the z-direction, meaning that the

longitudinal expansion velocity ~u of the conducting QGP produced in the collision points in the

+z (�z) direction at positive (negative) z. We take the impact parameter vector to point in the

+x direction, choosing the nucleus moving toward positive (negative) z to be located at negative

(positive) x. The trajectories of the spectators that “miss” the collision because of the nonzero

impact parameter are indicated by the red and blue arrows. This configuration generates a magnetic

field ~B in the +y direction, as shown. The directions of the electric fields (and hence currents) due

to the Faraday, Lorentz and Coulomb e↵ects are shown. The two di↵erent Coulomb contributions

are indicated, one due to the force exerted by the spectators and the other coming from Coulomb

forces within the plasma. The dashed arrows indicate the direction of the directed flow of positive

charge in the case where the Faraday + spectator Coulomb e↵ects are on balance stronger than

the Lorentz e↵ect. Hence, the total directed flow in this example corresponds to v1 < 0 (v1 > 0)

for positive charges at spacetime rapidity ⌘s > 0 (⌘s < 0), and opposite for negative charges.

sign at positive and negative rapidity can also easily be understood, as we explain in Fig. 1

and below.

As illustrated in Fig. 1, there are three distinct origins for a sideways push on charged

components of the fluid, resulting in a sideways current:

4

Results in rapidity-odd directed flow ⟨cos θ⟩ 



Magnetically induced currents in QGP

Kharzeev, Rajagopal, UG ’14; Kharzeev, Rajagopal, Shen, Marcus, UG ’18 
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FIG. 7. The electromagnetically induced di↵erence between the mean pT and vn coe�cients of ⇡+

and ⇡� mesons (solid lines) and between protons and antiprotons (dashed lines) as a function of

particle rapidity for 20-30% Au+Au collisions at 200 GeV. Three di↵erent pT integration ranges

are shown for each of the �vn as a function of particle rapidity.

Thus, when we compare pions and protons with the same pT , the hydrodynamic radial flow

generates a stronger blue shift e↵ect for the less relativistic proton spectra, which is to say

that the proton spectra are more sensitive to the hydrodynamic radial flow [37]. Similarly,

when the electromagnetic fields that we compute induce a small di↵erence between the radial

flow velocity of positively charged particles relative to that of negatively charged particles,

the resulting di↵erence between the mean pT of protons and antiprotons is greater than the

di↵erence between the mean pT of positive and negative pions. Turning to the �vn’s, we see

in Fig. 7 that the di↵erence between the electromagnetically induced �vn’s for protons and

those for pions are much smaller in magnitude. We shall also see below that these di↵erences

are modified somewhat by contributions from pions and protons produced after freezeout

by the decay of resonances. For both these reasons, these di↵erences cannot be interpreted

via a simple blue shift argument. Fig. 7 also shows the charge-odd electromagnetically

induced flow coe�cients �vn computed from charged pions and protons+antiprotons in

19



Effect recently observed at RHIC!

rapidity

Coulomb field are small, since there are few spectator
protons, and the dominance of the transported-quark effect
leads to the positive v1 splitting. Toward more peripheral
collisions, the electromagnetic field effect becomes stronger,

keeps decreasing Δðdv1=dyÞ, and finally changes the sign.
The lavender band in Fig. 6(a) shows UrQMD simulations
[67], which include no electromagnetic fields and give
positive Δðdv1=dyÞ for protons due to transported-quark
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FIG. 5. v1 for protons and antiprotons as a function of rapidity in (a) Auþ Au collisions at
ffiffiffiffiffiffiffiffi
sNN

p ¼ 200 GeV, (b) isobar (Ruþ Ru
and Zr þ Zr) collisions at

ffiffiffiffiffiffiffiffi
sNN

p ¼ 200 GeV, and (c) Auþ Au collisions at
ffiffiffiffiffiffiffiffi
sNN

p ¼ 27 GeV in the centrality interval of 50%–80%.
Protons and antiprotons are marked with solid and open circles, respectively. (d)–(f) show Δv1 ≡ vp1 − vp̄1 versus rapidity. The dΔv1=dy
values are obtained with linear fits (solid lines). Systematic uncertainties are indicated with shaded boxes.
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FIG. 6. Δðdv1=dyÞ between positively and negatively charged pions, kaons, and protons as a function of centrality in (a) Auþ Au
collisions at

ffiffiffiffiffiffiffiffi
sNN

p ¼ 200 GeV, (b) isobar collisions at
ffiffiffiffiffiffiffiffi
sNN

p ¼ 200 GeV, and (c) Auþ Au collisions at
ffiffiffiffiffiffiffiffi
sNN

p ¼ 27 GeV. The
lavender band indicates UrQMD simulations, without any EM-field effect, of the proton Δdv1=dy in Auþ Au collisions at 200 GeV. In
comparison, a solid curve is added correspondingly for the iEBE-VISHNU calculation with the electromagnetic field devoid of
transported quarks [26].

M. I. ABDULHAMID et al. PHYS. REV. X 14, 011028 (2024)

011028-8

STAR Collaboration, Phys. Rev. X. 14, 011028 (2024)



Effect also observed at LHC 
but with wrong sign…

Dubla, Snellings, UG ’20

Comparison to data:

rapidity

Magnetically induced 

directed flow

ALICE Collaboration, Phys. Rev. Lett. 125, 022301 (2020)

• Non-perturbative backreaction of EM fields 
• Electric and magnetic polarisation of medium 
• Time dependence of transport coefficients  
• Other transport, e.g. Hall conductivity, viscosities



ω ~ 1022 s-1

Strong vortical structure

Spin-hydrodynamics



Tµ⌫ S�
µ⌫

<latexit sha1_base64="fHCl8bKV3n1P9Bfqz6DuQeDCjWw="></latexit>

Slow variables: energy-momentum and spin current

Becattini et al ’08; Becattini, Piccinini ’08 
Karabali, Nair ’14; Rischke et al ’14 
Florkowski et al ’18 ’19; Hattori, X.-G. Huang et al ’19 
Gallegos, UG ’19; Li, Stephanov, Yee ’20 
Gallegos, Yarom, UG ’21; ’22  

Hydrodynamics with spin current



Spin effective action 

eiW [e,!] =

Z
D eiI[e,!, ]

<latexit sha1_base64="BKmRFrzeKfVTK/ylZhBx45Yrl4g="></latexit>

Consider quantum field in a nontrivial Lorentz representation

Variations define the energy-momentum and spin current 
<latexit sha1_base64="+eNr1mfCENurFFm/ppNKbnnXLo4="></latexit>

Tµ⌫ =
�W

�eaµ
e⌫a, S�

ab =
�W

�!ab
�



Spin effective action 

eiW [e,!] =

Z
D eiI[e,!, ]

<latexit sha1_base64="BKmRFrzeKfVTK/ylZhBx45Yrl4g="></latexit>

Consider quantum field in a nontrivial Lorentz representation

Variations define the energy-momentum and spin current 

Treat metric and spin connection independently in presence of torsion: 

dea + !a
b e

b = T a

dea + !a
b e

b = T a

<latexit sha1_base64="+eNr1mfCENurFFm/ppNKbnnXLo4="></latexit>

Tµ⌫ =
�W

�eaµ
e⌫a, S�

ab =
�W

�!ab
�

⟹ Keep as external source, T a ! 0 at the end.

Gallegos,Yarom, UG `21 `22



4 equations 

6 equations 

r̊µT
µ⌫ =

1

2
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⌫abe⇢ae
�
b

r̊�S
�
µ⌫ = 2T[µ⌫] � 2S�

⇢[µe⌫]
ae⇢

bK�ab ,

Hydrodynamic degrees of freedom



4 equations 

6 equations 

r̊µT
µ⌫ =

1

2
R⇢�⌫�S⇢�� � T⇢�K

⌫abe⇢ae
�
b

r̊�S
�
µ⌫ = 2T[µ⌫] � 2S�

⇢[µe⌫]
ae⇢

bK�ab ,

Hydrodynamic degrees of freedom

10 dynamical variables: 

T =
T0p
�⇠2

, ua =
eaµ⇠

µ

p
�⇠2

, µab =
!µ

ab⇠µp
�⇠2

.

Hydrostatic action W[e,ω] invariant under ξ  

Spin “chemical”  
potential



Solution to spin hydrodynamics

accelerationtorsion
{ { {

vorticity

<latexit sha1_base64="0E2E3gyAhHEUcq5h3Oq6utyxlJA="></latexit>

uµKab
µ = µab � 2u[aab] + ⌦ab

Gallegos, Yarom, UG ’14 Holds beyond hydrostatics

Spin is “slave” to background flow: 

up to O(∇2)

accelerationspin potentials
{ { {

vorticity

<latexit sha1_base64="L8t627ghEz1df9k312WuLcpytaY="></latexit>

µab = �2u[aab] + ⌦ab



Application to HIC

Becattini et al. ’13; Florkowski et al ’19Polarization of identified particle:   

⇧µ(p) = �1

4
✏µ⇢��

p�

m

R
d⌃�p�B(x, p)µ⇢�

2
R
d⌃�p�nF

spin potential

freezout surface
Boltzmann type  

distribution

Spin hydrodynamics  ⟹ spin potential

Becattini et al  ’17



Bjorken flow with spin current
x

z

Nearly flat rapidity distribution  ⟹  u, Τ, µ independent of η 
Full symmetry of Βjorken flow: SO(1,1) x ISO(2) x Z2 

u⌧ = 1, T = T0

⇣⌧0
⌧

⌘ 1
3 � ⌘0

2✏0⌧
,

No global spin polarization ⟹ break symmetry by initial conditions 

�u⌘(⌧0) / b qx



Comparison to data
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Loose ends
17

FIG. 16. We show the temperature of a typical event at the initial time ⌧ = 0.4 fm/c and at 4 and 8 fm/c, together with the
difference in temperature at the end of the evolution comparing resolutions of Nsites = 200 or 300. The difference is shown only
where there is plasma (defined by T > 140MeV) and shows that the discretization error is small.

FIG. 17. Top left: v2{2} (1.0–1.4 GeV) for PbPb at 2.76TeV,
shown for pions, kaons and protons in the 20�30% centrality
class. Top right: charged particle multiplicity, normalized
by the experimental data, for PbPb at 2.76 TeV, shown for
pions, kaons and protons in the same centrality class. Bottom
left: ṽ2{2} for pPb at 5.02 TeV, in the multiplicity classes
Nch/hNchi 2 [0, 1], Nch/hNchi 2 [2, 3] and Nch/hNchi 2 [4, 5].
Bottom right: posterior distribution for Nsites, shown together
with 6 posterior distributions for the closure chains. Colors
are as in Fig. 12.

The behavior of ⇧ as a function of vfs can be under-
stood as follows: For vfs = 0, the stress tensor has the
form Tµ⌫ = ⇢�µ0 �

⌫
0 . Using the constitutive relation (5),

one can decompose this stress tensor, yielding ⇡µ⌫ = 0
and ⇧ = �P . This therefore leads to ⇧ being negative.
At early times we can use (2), which for vfs = 1 yields
a traceless stress tensor, i.e. ⇢ � 3(P + ⇧) = 0. For our
equation of state the speed of sound is below the confor-
mal bound, which implies 3P < ⇢ and hence that ⇧ is
positive. For intermediate values of vfs, the behavior of
⇧ interpolates between these two cases.

Another interesting dependence of the prehydrody-
namic phase is that on the free streaming time ⌧fs. In
Fig. 19, the deviation from quasi-equilibrium is shown

for the shear stress (left) and the bulk viscous pressure
(right). As in Fig. 18, the same event is computed,
but here we used vfs = 1 together with various val-
ues of ⌧fs. It can clearly be seen that the shear tensor
moves away from quasi-equilibrium during the prehydro-
dynamic phase, even though the ⌧fs-dependence is mild.
For the bulk viscous pressure, the interior of the plasma
moves away from quasi-equilibrium during the prehydro-
dynamic phase, whereas the edges move towards quasi-
equilibrium. These edges contain only a small part of
the total energy though, so we can conclude that the
prehydrodynamic stage moves the fluid away from quasi-
equilibrium.

G. Correlation between ⌧⇡⇡/⌧⇡ and (⌘/s)min

As shown in [1], ⌧⇡⇡/⌧⇡ and (⌘/s)min are negatively
correlated. The reason for this is that ⌘/s is mostly de-
termined by the measurement of v2{2}, and that both
⌘/s and ⌧⇡⇡ tend to lower this observable, making the
effects of these two transport coefficients more or less in-
terchangeable. The mechanism ultimately causing this is
that both of these transport coefficients are dissipative,
and hence increase the entropy by making the fluid less
anisotropic. For this reason, we expect this correlation
to be generically present, but in the following we will
look at a specific configuration, to examine whether the
mechanism by which the anisotropy decreases is similar
in both cases.

In the case of the shear viscosity, the decrease in
anisotropy is well understood to work through the mech-
anism that in the ‘short’ direction, pressure gradients are
larger, driving the build-up of momentum in that direc-
tion, while the shear viscosity counters this momentum
build-up [82]. In a similar spirit, we look at an ideal-
ized plasma, where we initialize ⇡µ⌫ and ⇧ to zero, set
uµ = (1, 0, 0, 0), and take the energy density to be

⇢(x, y) =
↵

1 + exp

✓p
x2+(1.3y)2�R

✓

◆ , (11)

with R = 5 fm, ✓ = 1 fm and ↵ = 50 fm�4. Initializing

• Add vorticity to Trajectum ⟹ longitudinal polarization? 



Loose ends

• Add vorticity to Trajectum ⟹ longitudinal polarization?  

• Develop a theory of spin-magneto-hydro ?  

• Interplay between chiral and spin transport?   
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FIG. 16. We show the temperature of a typical event at the initial time ⌧ = 0.4 fm/c and at 4 and 8 fm/c, together with the
difference in temperature at the end of the evolution comparing resolutions of Nsites = 200 or 300. The difference is shown only
where there is plasma (defined by T > 140MeV) and shows that the discretization error is small.

FIG. 17. Top left: v2{2} (1.0–1.4 GeV) for PbPb at 2.76TeV,
shown for pions, kaons and protons in the 20�30% centrality
class. Top right: charged particle multiplicity, normalized
by the experimental data, for PbPb at 2.76 TeV, shown for
pions, kaons and protons in the same centrality class. Bottom
left: ṽ2{2} for pPb at 5.02 TeV, in the multiplicity classes
Nch/hNchi 2 [0, 1], Nch/hNchi 2 [2, 3] and Nch/hNchi 2 [4, 5].
Bottom right: posterior distribution for Nsites, shown together
with 6 posterior distributions for the closure chains. Colors
are as in Fig. 12.

The behavior of ⇧ as a function of vfs can be under-
stood as follows: For vfs = 0, the stress tensor has the
form Tµ⌫ = ⇢�µ0 �

⌫
0 . Using the constitutive relation (5),

one can decompose this stress tensor, yielding ⇡µ⌫ = 0
and ⇧ = �P . This therefore leads to ⇧ being negative.
At early times we can use (2), which for vfs = 1 yields
a traceless stress tensor, i.e. ⇢ � 3(P + ⇧) = 0. For our
equation of state the speed of sound is below the confor-
mal bound, which implies 3P < ⇢ and hence that ⇧ is
positive. For intermediate values of vfs, the behavior of
⇧ interpolates between these two cases.

Another interesting dependence of the prehydrody-
namic phase is that on the free streaming time ⌧fs. In
Fig. 19, the deviation from quasi-equilibrium is shown

for the shear stress (left) and the bulk viscous pressure
(right). As in Fig. 18, the same event is computed,
but here we used vfs = 1 together with various val-
ues of ⌧fs. It can clearly be seen that the shear tensor
moves away from quasi-equilibrium during the prehydro-
dynamic phase, even though the ⌧fs-dependence is mild.
For the bulk viscous pressure, the interior of the plasma
moves away from quasi-equilibrium during the prehydro-
dynamic phase, whereas the edges move towards quasi-
equilibrium. These edges contain only a small part of
the total energy though, so we can conclude that the
prehydrodynamic stage moves the fluid away from quasi-
equilibrium.

G. Correlation between ⌧⇡⇡/⌧⇡ and (⌘/s)min

As shown in [1], ⌧⇡⇡/⌧⇡ and (⌘/s)min are negatively
correlated. The reason for this is that ⌘/s is mostly de-
termined by the measurement of v2{2}, and that both
⌘/s and ⌧⇡⇡ tend to lower this observable, making the
effects of these two transport coefficients more or less in-
terchangeable. The mechanism ultimately causing this is
that both of these transport coefficients are dissipative,
and hence increase the entropy by making the fluid less
anisotropic. For this reason, we expect this correlation
to be generically present, but in the following we will
look at a specific configuration, to examine whether the
mechanism by which the anisotropy decreases is similar
in both cases.

In the case of the shear viscosity, the decrease in
anisotropy is well understood to work through the mech-
anism that in the ‘short’ direction, pressure gradients are
larger, driving the build-up of momentum in that direc-
tion, while the shear viscosity counters this momentum
build-up [82]. In a similar spirit, we look at an ideal-
ized plasma, where we initialize ⇡µ⌫ and ⇧ to zero, set
uµ = (1, 0, 0, 0), and take the energy density to be

⇢(x, y) =
↵

1 + exp
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J�µ⌫ = xµT�⌫ � x⌫T�µ + S�µ⌫

<latexit sha1_base64="jaBMaZkoqgqjJiZCRTupsc/29pU="></latexit>

Total angular momentum 

Preserved by T
0µ⌫ = Tµ⌫ +

1

2
@�

�
��µ⌫ � �µ�⌫ � �⌫�µ

�
,

S
0�µ⌫ = S�µ⌫ � ��µ⌫
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Conservation laws   @µT
µ⌫ = 0 , @�J

�µ⌫ = 0

<latexit sha1_base64="1DiABs/wZDprKDHRJtsHgChTzGs="></latexit>

Ambiguity in spin current
{ {orbital spin
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r�S
�
ab = Tab � Tba
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rµT
µ⌫ = 0 ,Choice I: 

Choice II: 

Choice III: 
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rµT
0µ⌫ = 0 ,
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Effect recently observed at LHC!

rapidity

Magnetically induced 

directed flow

ALICE Collaboration, Phys. Rev. Lett. 125, 022301 (2020)



Effect observed at LHC

Dubla, Snellings, UG ’20

Comparison to data:

rapidity

Magnetically induced 

directed flow

ALICE Collaboration, Phys. Rev. Lett. 125, 022301 (2020)

• Non-perturbative backreaction of EM fields 
• Electric and magnetic polarisation of medium 
• Time dependence of transport coefficients  
• Other transport, e.g. Hall conductivity, viscosities



ω ~ 1022 s-1

Strong vortical structure

Spin-hydrodynamics
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LETTER RESEARCH

The vorticity is currently of intense interest, since it is a key ingredi-
ent in theories that predict observable effects associated with chiral 
symmetry restoration and the production of false quantum chromo-
dynamics vacuum states5. Spin–orbit coupling can generate a spin 
alignment, or polarization, along the direction of the vorticity in the 
local fluid cell, which, when averaged2,3 over the entire system, is par-
allel to Ĵsys. Thus, polarization measurements of hadrons emitted from 
the fluid can be used to determine ωω≡ .

It is difficult to measure the spin direction of most hadrons emitted 
in a heavy ion collision. However, Λ and Λ  hyperons are ‘self-analysing’. 
That is16, in the weak decay Λ → p + π−, the proton tends to be emitted 
along the spin direction of the parent Λ. If θ* is the angle between the 
daughter proton (antiproton) momentum ∗pp and the Λ (Λ ) polariza-
tion vector (H in the hyperon rest frame, then

θ
α θ= +

∗
∗(Nd

d cos
1
2 (1 cos ) (1)H H

The subscript H denotes Λ or Λ , and the decay parameter17 
α α=− = . ± .Λ Λ 0 642 0 013  . The angle θ* is indicated in Fig. 3, in which  
Λ hyperons are depicted as tops spinning about their polarization 
direction.

The polarization of the hyperon in its rest frame depends on the 
vorticity of the fluid element (in the laboratory frame3,18) and thus may 
depend on the momentum of the emitted hyperons. However, when 
averaged over all phase space, symmetry demands that (H  is parallel 
to Ĵsys. Because our limited sample sizes prohibit exploration of these 
dependencies, our analysis assumes that (H is independent of momen-
tum, and we extract only an average projection of the polarization on 
Ĵsys. This average may be written7 as

α

φ φ
≡ ⋅ =
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ˆ 8 cos
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H H sys
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where φ Ĵsys
 is the azimuthal angle of the angular momentum of the 

collision, φ∗p is the azimuthal angle of the daughter proton (antiproton) 
momentum in the Λ Λ( ) rest frame, and REP

(1) is a factor that accounts 
for the finite resolution7 with which we determine φ Ĵsys

. The overbar on 
( H denotes an average over events and the angle brackets denote the 
momenta of Λ hyperons detected in the TPC. Equation (2) is strictly 
valid only in a perfect detector; angle-dependent detection efficiency 
requires a correction factor7 that shifts the results in the present ana lysis 
by about 3%.

A relativistic heavy ion collision can produce several hundred 
charged particles in our detectors. For a given energy, a head-on col-
lision produces the maximum number of emitted particles, while a 
glancing one produces only a few. To concentrate on collisions with 
sufficient overlap to produce a fluid with large angular momentum, we 
select events producing an intermediate number of tracks in the TPC. 
Of all observed collisions 20% produce more tracks than the collisions 
studied here, while 50% produce fewer; in the parlance of the field, this 
is known as a 20–50% centrality selection.

Equation (2) quantifies an average alignment between hyperon spin 
and a global feature of the collision and is hence a “global polarization”2. 
This is distinct from the well known phenomenon of Λ polarization 
at very forward angles in proton–proton collisions19. The polarization 
direction from this latter effect depends on Λ momentum and not the 
global angular momentum; it has zero magnitude at mid-rapidity.

The solid symbols in Fig. 4 show our new measurements as a func-
tion of collision energy, sNN . Systematic uncertainties are shown  
as boxes and are generally smaller than statistical ones. Λ hyperons in 
the rapidity region |yΛ| < 1.0 and transverse momentum 0.4 < pT <  
3.0 GeV/c are used in the analysis. The peak in the invariant mass dis-
tribution at mΛ is about five times the background level, and the inte-
grated Λ contribution in our selected mass window is about twice that 
of the combinatoric background. Our results have been corrected for 
the ‘diluting’ effect of this combinatoric background. At each energy, a 
positive polarization at the level of 1.1–3.6 times the statistical uncer-
tainty is observed for both Λ and Λ . Taken in aggregate, the data are 
statistically consistent with the hypothesis of energy-independent 
polarization of 1.08 ± 0.15 (stat) ± 0.11 (sys) and 1.38 ± 0.30 
(stat) ± 0.13 (sys) per cent for Λ and Λ , respectively. Some models pre-
dict that the polarization may decrease with collision energy4,20,21. 
While our data are consistent with such a trend, increased statistics 
would be required to test these predictions definitively. Also shown as 
open symbols in Fig. 4 are previously published7 measurements at  

sNN  = 62.4 GeV and 200 GeV. The null result reported7 may be seen  
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Figure 2 | A single Au + Au collision in the STAR TPC. Charged 
particles from a collision ionize the gas in the TPC, forming tracks that 
curve in the magnetic field of the detector. The tracks are reconstructed in 
three dimensions, making them relatively easy to distinguish, but are 
projected onto a single plane in this figure. As the tracks exit the outer 
radius, they leave a signal in the time-of-flight detector. The species of 
charged particles is determined by the amount of ionization in the TPC 
and the flight time as measured by time of flight. Charged daughters from 
the weak decay Λ → p + π− are extrapolated backwards, and the parent is 
identified through topological selection. A clear peak at the Λ mass, 
obtained by summing over many events, is observed in the invariant-mass 
distribution π−mp, .
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Figure 3 | A sketch of a Au + Au collision in the STAR detector system. 
The vorticity of fluid created at mid-rapidity is suggested. The average 
vorticity points along the direction of the angular momentum of the 
collision Ĵsys. This direction is estimated experimentally by measuring the 
sidewards deflection of the forward- and backward-going fragments and 
particles in the beam–beam counter detectors. Λ hyperons are depicted as 
spinning tops; see text for details. Obviously, elements in this depiction are 
not drawn to scale: the fluid and beam fragments have sizes of a few 
femtometers, whereas the radius of each beam–beam counter is about 1 m.
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The vorticity is currently of intense interest, since it is a key ingredi-
ent in theories that predict observable effects associated with chiral 
symmetry restoration and the production of false quantum chromo-
dynamics vacuum states5. Spin–orbit coupling can generate a spin 
alignment, or polarization, along the direction of the vorticity in the 
local fluid cell, which, when averaged2,3 over the entire system, is par-
allel to Ĵsys. Thus, polarization measurements of hadrons emitted from 
the fluid can be used to determine ωω≡ .

It is difficult to measure the spin direction of most hadrons emitted 
in a heavy ion collision. However, Λ and Λ  hyperons are ‘self-analysing’. 
That is16, in the weak decay Λ → p + π−, the proton tends to be emitted 
along the spin direction of the parent Λ. If θ* is the angle between the 
daughter proton (antiproton) momentum ∗pp and the Λ (Λ ) polariza-
tion vector (H in the hyperon rest frame, then

θ
α θ= +
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2 (1 cos ) (1)H H

The subscript H denotes Λ or Λ , and the decay parameter17 
α α=− = . ± .Λ Λ 0 642 0 013  . The angle θ* is indicated in Fig. 3, in which  
Λ hyperons are depicted as tops spinning about their polarization 
direction.

The polarization of the hyperon in its rest frame depends on the 
vorticity of the fluid element (in the laboratory frame3,18) and thus may 
depend on the momentum of the emitted hyperons. However, when 
averaged over all phase space, symmetry demands that (H  is parallel 
to Ĵsys. Because our limited sample sizes prohibit exploration of these 
dependencies, our analysis assumes that (H is independent of momen-
tum, and we extract only an average projection of the polarization on 
Ĵsys. This average may be written7 as
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where φ Ĵsys
 is the azimuthal angle of the angular momentum of the 

collision, φ∗p is the azimuthal angle of the daughter proton (antiproton) 
momentum in the Λ Λ( ) rest frame, and REP

(1) is a factor that accounts 
for the finite resolution7 with which we determine φ Ĵsys

. The overbar on 
( H denotes an average over events and the angle brackets denote the 
momenta of Λ hyperons detected in the TPC. Equation (2) is strictly 
valid only in a perfect detector; angle-dependent detection efficiency 
requires a correction factor7 that shifts the results in the present ana lysis 
by about 3%.

A relativistic heavy ion collision can produce several hundred 
charged particles in our detectors. For a given energy, a head-on col-
lision produces the maximum number of emitted particles, while a 
glancing one produces only a few. To concentrate on collisions with 
sufficient overlap to produce a fluid with large angular momentum, we 
select events producing an intermediate number of tracks in the TPC. 
Of all observed collisions 20% produce more tracks than the collisions 
studied here, while 50% produce fewer; in the parlance of the field, this 
is known as a 20–50% centrality selection.

Equation (2) quantifies an average alignment between hyperon spin 
and a global feature of the collision and is hence a “global polarization”2. 
This is distinct from the well known phenomenon of Λ polarization 
at very forward angles in proton–proton collisions19. The polarization 
direction from this latter effect depends on Λ momentum and not the 
global angular momentum; it has zero magnitude at mid-rapidity.

The solid symbols in Fig. 4 show our new measurements as a func-
tion of collision energy, sNN . Systematic uncertainties are shown  
as boxes and are generally smaller than statistical ones. Λ hyperons in 
the rapidity region |yΛ| < 1.0 and transverse momentum 0.4 < pT <  
3.0 GeV/c are used in the analysis. The peak in the invariant mass dis-
tribution at mΛ is about five times the background level, and the inte-
grated Λ contribution in our selected mass window is about twice that 
of the combinatoric background. Our results have been corrected for 
the ‘diluting’ effect of this combinatoric background. At each energy, a 
positive polarization at the level of 1.1–3.6 times the statistical uncer-
tainty is observed for both Λ and Λ . Taken in aggregate, the data are 
statistically consistent with the hypothesis of energy-independent 
polarization of 1.08 ± 0.15 (stat) ± 0.11 (sys) and 1.38 ± 0.30 
(stat) ± 0.13 (sys) per cent for Λ and Λ , respectively. Some models pre-
dict that the polarization may decrease with collision energy4,20,21. 
While our data are consistent with such a trend, increased statistics 
would be required to test these predictions definitively. Also shown as 
open symbols in Fig. 4 are previously published7 measurements at  

sNN  = 62.4 GeV and 200 GeV. The null result reported7 may be seen  
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Figure 2 | A single Au + Au collision in the STAR TPC. Charged 
particles from a collision ionize the gas in the TPC, forming tracks that 
curve in the magnetic field of the detector. The tracks are reconstructed in 
three dimensions, making them relatively easy to distinguish, but are 
projected onto a single plane in this figure. As the tracks exit the outer 
radius, they leave a signal in the time-of-flight detector. The species of 
charged particles is determined by the amount of ionization in the TPC 
and the flight time as measured by time of flight. Charged daughters from 
the weak decay Λ → p + π− are extrapolated backwards, and the parent is 
identified through topological selection. A clear peak at the Λ mass, 
obtained by summing over many events, is observed in the invariant-mass 
distribution π−mp, .
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Figure 3 | A sketch of a Au + Au collision in the STAR detector system. 
The vorticity of fluid created at mid-rapidity is suggested. The average 
vorticity points along the direction of the angular momentum of the 
collision Ĵsys. This direction is estimated experimentally by measuring the 
sidewards deflection of the forward- and backward-going fragments and 
particles in the beam–beam counter detectors. Λ hyperons are depicted as 
spinning tops; see text for details. Obviously, elements in this depiction are 
not drawn to scale: the fluid and beam fragments have sizes of a few 
femtometers, whereas the radius of each beam–beam counter is about 1 m.
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⟹ hydrodynamic description?  
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Slow variables: energy-momentum and spin current

Salute to  
earlier work:

Becattini et al ’08; Becattini, Piccinini ’08 
Karabali, Nair ’14 
Florkowski et al ’18 ’19; Hattori, X.-G. Huang et al ’19 
Gallegos, UG ’19; Li, Stephanov, Yee ’20 

Hydrodynamics with spin current
Gallegos, Yarom, UG `21
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Ambiguity in spin current
{ {orbital spin
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Ambiguity in spin current

Torsion removes the ambiguity

{ {orbital spin
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• More precisely, contorsion sources spin :

• Hydrodynamics on a manifold with non-trivial torsion:  

• Eventually K → 0, e.g. in QGP,  non trivial spin current from O(K) terms in W[K] 

<latexit sha1_base64="+eNr1mfCENurFFm/ppNKbnnXLo4="></latexit>

Tµ⌫ =
�W

�eaµ
e⌫a, S�

ab =
�W

�!ab
�



4 equations 

6 equations 

r̊µT
µ⌫ =

1

2
R⇢�⌫�S⇢�� � T⇢�K

⌫abe⇢ae
�
b

r̊�S
�
µ⌫ = 2T[µ⌫] � 2S�

⇢[µe⌫]
ae⇢

bK�ab ,

Hydrodynamic equations



4 equations 

6 equations 

r̊µT
µ⌫ =

1

2
R⇢�⌫�S⇢�� � T⇢�K

⌫abe⇢ae
�
b

r̊�S
�
µ⌫ = 2T[µ⌫] � 2S�

⇢[µe⌫]
ae⇢

bK�ab ,

10 dynamical variables: 

Spin “chemical”  
potential

<latexit sha1_base64="Bha6jXXP04fvZqTjUMNM0NtBjPU="></latexit>
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Analogous to electric potential

µE =
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Hydrodynamic equations



Constitutive relations

Hydrodynamic action: most general scalar from T, u, e, Κ and derivatives 



“electric”

{

“magnetic”

3 d.o.f. 3 d.o.f.
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µab = 2u[amb] + ✏abcducM̃d
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Hydrodynamic action: most general scalar from T, u, e, Κ and derivatives 



“electric”

{

“magnetic”

3 d.o.f. 3 d.o.f.
{

µab = 2u[amb] + ✏abcducM̃d

Constitutive relations

Hydrodynamic action: 

W = P (T,m2, M̃2,m · M̃) +O(@u, @T,K?, @m, @M̃)

ideal fluid pressure gradient corrections

Hydrodynamic action: most general scalar from T, u, e, Κ and derivatives 



Ideal spin fluid

Pressure of ideal spin fluid: P (T,m2, M̃2,m · M̃)

✏ =� P +
@P

@T
T +

1

2
⇢abµ

ab ,

⇢↵� =8
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@M2
M↵� +
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@m · M̃

⇣
4m̃↵� � u↵M̃� + M̃↵u�

⌘
+ 2

@P

@m2
(u↵m� �m↵u�) ,

Constitutive relations: 

T↵�
i = ✏u↵u� + P�↵� � 2

✓
@P

@m2
+ 4

@P

@M2

◆
u↵M��m�

S�
i ↵� = u�⇢↵� , { “spin Poynting”{susceptibilities

spin density

Gibbs-Duhem relations 

{ m⇥ M̃

( )Mab ⌘ ✏abcducM̃d , m̃ab ⌘ ✏abcducm̃d



Application to HIC
General lore: 

  
∇ x (u/T) = Ωthermal 

spin-orbit ⟹ polarization 

Becattini et al  ’17
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Application to HIC

Spin hydrodynamics  ⟹ spin potential  ⟹ Ωthermal in equilibrium 

General lore: 
  

∇ x (u/T) = Ωthermal 
spin-orbit ⟹ polarization 

Becattini et al  ’17

Polarization of hyperon:   

⇧µ(p) = �1

4
✏µ⇢��

p�

m

R
d⌃�p�B(x, p)µ⇢�

2
R
d⌃�p�nF

spin potential

freezout surface
Boltzmann type  

distribution

identified spin potential ⇔ ΩthermalBecattini et al. ’13; Florkowski et al ’19



Bjorken flow with spin current
x

z

Nearly flat rapidity distribution  ⟹  u, Τ, µ independent of η 
Full symmetry of Βjorken flow: SO(1,1) x ISO(2) x Z2 

u⌧ = 1, T = T0

⇣⌧0
⌧

⌘ 1
3 � ⌘0

2✏0⌧
,

No global spin polarization ⟹ break symmetry by initial conditions 

�u⌘(⌧0) / b qx



Comparison to data
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Hydrodynamic solution, for small “kinematic viscosity”/time
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Bayes’ theorem

<latexit sha1_base64="dwftoAVUlI5LLz4ScwJCjzKXdps="></latexit>

P (A|B) = P (B|A)
P (A)

P (B)

Probability that A  
happens if B happened

Likelihood of A 
given B

Probability of A 

Probability of B 



Anomalous transport

Chiral magnetic and vortical effects:

Axial anomaly  
(e.g. sphaleron decay) 

<latexit sha1_base64="avlpmuXgkY7hvYJm4zl/bXhTkLc="></latexit>

~Jf =
1

2⇡2
µ5

h
3 qf (e ~B) + 2(µ~!)

i

Vorticity 
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r⇥ ~u



Anomalous transport

Chiral magnetic and vortical effects:

Not yet discovered in heavy ion collisions 
Isobar run, STAR collab. 2021
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Anomalous transport

Chiral magnetic and vortical effects:

Not yet discovered in heavy ion collisions 
Isobar run, STAR collab. 2021
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get B and ω by different means 



Hydrodynamics in action formalism
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Hydrodynamics in action formalism
Jensen et al ’12; Banerjee et al ’12

• Example: charged fluid in presence of external sources   

gµ⌫(x) Aµ(x)

• Most general scalar Shydro =

Z
d4x

p
gW [g,A]

• Diffeomorphism and gauge invariance: hydro equations 

@µJ
µ = 0

{ {

@µT
µ⌫ = Fµ⌫Jµ

• Thermal equilibrium: timelike Killing vector ξ 

|⇠| = 1/T ⇠/|⇠| = u u ·A = µE

• Expand W in T, u, µΕ and derivatives: constitutive relations 



Hydrodynamics in action formalism
Jensen et al ’12; Banerjee et al ’12

• Example: charged fluid in presence of external sources   

gµ⌫(x) Aµ(x)

• Most general scalar Shydro =

Z
d4x

p
gW [g,A]

• Diffeomorphism and gauge invariance: hydro equations 

@µJ
µ = 0

{ {

@µT
µ⌫ = Fµ⌫Jµ

• Thermal equilibrium: timelike Killing vector ξ 

|⇠| = 1/T ⇠/|⇠| = u u ·A = µE

• Expand W in T, u, µΕ and derivatives: constitutive relations 

⟹ Spin hydrodynamics from W[e,ω] 
vielbein

spin connection



Spin effective action 

eiW [e,!] =

Z
D eiI[e,!, ]

<latexit sha1_base64="BKmRFrzeKfVTK/ylZhBx45Yrl4g="></latexit>

Consider quantum field in a nontrivial Lorentz representation

Variations define the energy-momentum and spin current 

Metric and spin connection are independent in presence of torsion: 

dea + !a
b e

b = T a

dea + !a
b e

b = T a

<latexit sha1_base64="+eNr1mfCENurFFm/ppNKbnnXLo4="></latexit>

Tµ⌫ =
�W

�eaµ
e⌫a, S�

ab =
�W

�!ab
�

Belinfante-Rosenberg ambiguity is torsion  ��µ⌫ , T a
µ⌫

⟹ Keep as external source, T a ! 0 at the end.



Torsion
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T a = dea + !a
b ^ eb

Asymmetric affine connection

Covariant derivative of vierbein



Spin effective action 

eiW [e,!] =

Z
D eiI[e,!, ]

<latexit sha1_base64="BKmRFrzeKfVTK/ylZhBx45Yrl4g="></latexit>

Consider quantum field in a nontrivial Lorentz representation

Variations define the energy-momentum and spin current 
<latexit sha1_base64="+eNr1mfCENurFFm/ppNKbnnXLo4="></latexit>
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Spin effective action 

eiW [e,!] =

Z
D eiI[e,!, ]

<latexit sha1_base64="BKmRFrzeKfVTK/ylZhBx45Yrl4g="></latexit>

Consider quantum field in a nontrivial Lorentz representation

Variations define the energy-momentum and spin current 

Metric and spin connection are dependent: 

dea + !a
b e

b = 0
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Hydrodynamic equations

Require invariance of  W[e,ω] under 

1. Diffeomorphisms 

2. Local Lorentz transformations



Hydrodynamic equations

Require invariance of  W[e,ω] under 

1. Diffeomorphisms 

2. Local Lorentz transformations

Relativistic hydrodynamics with spin current

analogous to EM work  Fµν Jµ 

antisymm. stress generates S  

r̊µT
µ⌫ =
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2
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⌫abe⇢ae
�
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r̊�S
�
µ⌫ = 2T[µ⌫] � 2S�

⇢[µe⌫]
ae⇢

bK�ab ,



Hydrostatic equilibrium
Thermal equilibrium in presence of time-independent sources 
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Hydrostatic equilibrium

aµ = �r̊µT

T
torsion acceleration

µab = uµKµ
ab + 2u[aab] � ⌦ab

{ { {

vorticity
(thermal vorticity)

Thermal equilibrium in presence of time-independent sources 
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Hydrostatic equilibrium

• Spin potential ⟹ thermal vorticity at equilibrium 
• Torsion and thermal vorticity ⟹ spin density 
• µab are independent variables out of equilibrium

aµ = �r̊µT

T
torsion acceleration

µab = uµKµ
ab + 2u[aab] � ⌦ab

{ { {

vorticity
(thermal vorticity)

Thermal equilibrium in presence of time-independent sources 
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Hydrostatic equilibrium

• Spin potential ⟹ thermal vorticity at equilibrium 
• Torsion and thermal vorticity ⟹ spin density 
• µab are independent variables out of equilibrium

aµ = �r̊µT

T
torsion acceleration

µab = uµKµ
ab + 2u[aab] � ⌦ab

{ { {

vorticity
(thermal vorticity)

Thermal equilibrium in presence of time-independent sources 

£⇠e
a
µ = 0 , £⇠!

ab
µ = 0

⟹ To be determined by hydrodynamic equations + constitutive relations

£⇠e
a
µ = 0 , £⇠!

ab
µ = 0

acceleration



Summary and outlook

• Bayesian analysis + hydro ⇒ transport coefficients of QGP 

• Magneto-hydrodynamics and a perturbative scheme 

     Full magnetohydro needed to explain data ⇒ CME, CVE 

• Systematic study of spin transport in relativistic hydrodynamics 

Nijs, van der Schee ’21Collisions with different nuclei e.g. Oxygen 
Extension to include magnetic fields and rotation

Realistic hydro simulations, resolve open puzzles: 
sign in longitudinal polarization Becattini and Karpenko ’16;  

Bhadury et al ’21 

• Holographic description of magnetic QGP and the spin flow





First order hydrostatics 

In this talk: Conformal and parity invariant fluid

Weyl invariance:   �S = 0 , eaµ ! e�eaµ

⟹ Conformal Ward identity of spin fluid: Tµ
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First order hydrostatics 

In this talk: Conformal and parity invariant fluid

Weyl invariance:   �S = 0 , eaµ ! e�eaµ

⟹ Conformal Ward identity of spin fluid: Tµ
µ = r̊µS�

�µ

Most general correction to ideal fluid: 

linear in torsion

Wh =

Z
d4x|e|

⇣
�(1)T 3+ 2�(2)

1 T 2µ⌫
A Mµ⌫ + 2�(2)

2 T 2Kµ⌫Mµ⌫

⌘

✏ = ✏0T
4 + 3⇢0M

2T 2 + · · · , P =
1

3
✏0T

4 + ⇢0M
2T 2 + · · · , ⇢ab = 8⇢0T

2Mab + · · ·

⇒ S�
ab = u�⇢ab + 2T 3�(1)��

[aub] � 4T 2�(2)
1 M�

[aub] + 4T 2�(2)
2 u�Mab



First order hydrostatics 

In this talk: Conformal and parity invariant fluid

Weyl invariance:   �S = 0 , eaµ ! e�eaµ

⟹ Conformal Ward identity of spin fluid: Tµ
µ = r̊µS�

�µ

Most general correction to ideal fluid: 

linear in torsion

Wh =

Z
d4x|e|

⇣
�(1)T 3+ 2�(2)
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universal  
“unsourced” component



Non-equilibrium corrections

All conformal and parity invariant contributions that vanish at equilibrium:  
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Non-equilibrium corrections

All conformal and parity invariant contributions that vanish at equilibrium:  
{

shear induced  
spin current M̂ = M + ⌦ m̂ = m� a

�S�
ab =2�1�

�
[aub] + 2�2M̂

�
[aub] + 2�3�

�
[am̂b] + 2�4u

�u[am̂b] + 2�5u
�M̂ab ,

Constraints on transport coefficients: 

+ Onsager relations, CPT etc. 

r̊µJ
µ
S � 0



Holography

Formation Adiabatic evolution Decay

“Hydro-holographic” theory of strongly interacting 
plasmas

Understand  
formation 

Characterize energy,  
charge and spin flow

          Make  
testable predictions

Complete time 
evolution 

Time

Magnetic  
field + 

vortices 

Spin-magneto-
hydrodynamics 


