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Motivations, remarks & goals



Motivations

= There is a growing interest in spin hydrodynamics,
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= Spin hydrodynamics includes spin current < SM¥ > and therefore

quantum methods cannot be avoided.
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= Spin hydrodynamics suffers from the pseudo-gauge non-invariance,

!

f;py _ Tp.u + %VA (@)\py _ @,u)w _ @v).p,)

§r‘p)\y _ §p)uz o a,u)w

As a specific example, in this talk, we will discuss pseudo-gauge transformation of

the entropy production rate J,s".
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= It is indeed not trivial to generalize the local thermodynamic relations from
“relativistic hydrodynamics” to “relativistic spin hydrodynamics”,

15 . l F2y
shp=¢" +TipBy — (g — §§3Av8fé -

T(x) !
@)= [ T (T mulunlo) - W)@ ] - g @S @I, )

Yet, in some limit, it might converge to simple form (FUTURE WORK!!).
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Goals

= One of the main goals of spin hydro is to determine the dissipative currents:
c NP
6TEY , oji, 6TR", 68

why?
1. It will demonstrate how the spin current impacts the relativistic
hydrodynamic dissipative currents < Emergence of new transport

coefficients?
2. To reveal the form of the spin dissipative currents and the corresponding

spin transport coefficients.
3. To solve eventually the system’s conservation laws:

0T =0, 9" =0, HSM =T T,
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Quantum-statistical framework for
relativistic fluid with spin current



Local equilibrium is achieved at initial hypersurface ¥y, where entropy is maxi-
mum provided that the mean vales of energy, momentum, particle number, and
spin densities are their actual values:

S = - Tx(plog p) t

Flpl =~ Tr[plogd] — [ dSo nu (1 - ) 8ufe) - [ B0 m (i~ ) ¢(@)

-
- f dso ny (SEE — 5") D (2) /\\Z;\ > Z
Tfy ~ Tr [pT*|

THY = Actual Value
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The Lagrange multipliers are obtained by solving the constraint equations at
2 0. Their evolution is determined by solving the conservation equations:

o« Bt ut=pr/\/B T =1/\/F
o (=p/T
o Q= wu/T

o Thermal Shear: £, = % (Vu8, +V.5.) Thermal Vorticity: @, = % (VuB,—V,.5.)
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Using Gauss theorem:

pLe(t) at © Dissipative Corrections
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Using Gauss theorem:

o= Jow |- [az, (T‘“"ﬂn G %n)ﬁ#*u) + [ 00 P+ T — ) — 1T, 0,

pLe(t) at © Dissipative Corrections

This implies that dissipation in spin hydrodynamics occurs when:

E#40 Q#w VQ#0
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Entropy current and entropy
production rate



Near local equilibrium at the hypersuface ¥, the entropy is defined as:

§ = —Tr [pLe(t) log pLe(t)]

= log Zyp + /Z ds, [Tr (Fs*) 8, — ¢ Tr (i) - %Qlu T (pie gw)}

Can we define an entropy current out of S 7 In other words, is it possible to
show that log Z; i is an extensive quantity?
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IOgZLE=-LdEy¢‘M

[F. Becattini, D. Rindori PhysRevD.99.125011]

where ¢" is defined as thermodynamic potential vector field:

T(x) !
@)= [ F (T eluna) - uo)st @I ] = Jon @S @I, ]

For a fluid at global equilibrium with vanishing thermal vorticity @,, = 0:
¢* =pp*

where “p” is the hydrostatic pressure.
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Therefore, entropy current exists:

5= [ dm. ¢ + TEEB, — it — 5052
X

v . 1 A
ste =¢" +Tighe — Cite — 5”MSEE :

In quantum theory, we only have the total entropy, not the entropy current.
We need to construct an entropy current through an integral. However, this
introduces ambiguities, as several fields can lead to the same integral. However
if s# —s/'c L n*,

1. T a7 1
s = ¢+ TMB, — (5" = S S ¢ = / 7 (T“”[T’]uv - i"[T’] - EMA,S“"”[T’])
1]
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Using the entropy current s* = ¢/ + TH' 3, — fQ ,S*V, we obtain:

,

Opst' = (Téw LE)) o — (" = Jfp) OuC + (Tﬁ\w T“(LE)) (= @)
1

-5 (8" = stg) .

@t is the thermal vorticity

\

This formula is a generalization of what was obtained c. van weerrt without spin:

C. van Weert, “Maximum entropy principle and relativistic hydrodynamics,” Annals of Physics, Volume 140, Issue

1,1982.
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Applying pseudo-gauge transformation to the entropy current (for Q = w), we
get

o TdT’ Al HAMY
¢) _¢) + 0 T [V)\.A @ f)\y]:

T dTI
s = s + / g [TaAM = @Me, ] 4 VaaM — hevg,,
0

where AM = 3, /2 (CDA’“’ — o 4 CD’“”\) is an anti-symmetric 2-tensor. The last
term on the right-hand side cannot be written as a total derivative of an anti-
symmetric tensor like in the case of entropy-gauge.

Therefore, the divergence of the entropy current is, in general, not invariant
under a pseudo-gauge transformation.
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Dissipative currents: Method and
results (Ongoing work)



ETEH — Hpu,ucrgpﬂ_ + Kﬂuf-’a‘pc + LMUP:T {:npg _ mpg_] -+ M“UPETB{.IRUT?

OTR" = NMP78,0 + PHPO,C+ QM7 (o — @y ) + R¥F7TT 0,05,

57 = CHP%Eyq + I0,C + OF (o — m,0) + P70,

éSPAu — Tp).u,ur:rgpg + U;_t.)mpapc 4 V;.L)Wpr: {npg _ mpg] 4 W“AH#FTBPRD.T.
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Hence the goal reduces to determining the coefficient tensors:

g0 L [TYeiley L T
L L /L Vs
[TYEiley 17 JLb prex L T T
N , PEEPE Q) , R
pa np pa ppoT
GueT | [EP OQEPT  RP

Tp.—\.u,ucr , D"HAJJP , Vj.[)ﬂ-'pﬂ 'Hr(p.r\vpa'r
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Using irreducible representation of SO(3) group,

Vector: VE =(021)

Svmmetric 2-tensor: B = (0@ 02 1 &2
3 {

Antisymmetric 2-tensor: A" = (1 & 1)

Our hydrodynamics “tools” existing at global equilibrium,

ut | ARy , E.u.m:t_l?
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Therefore, the irreducible representation, interms of our hydrodynamic
variables:

Vector: V* = (v & AL
Symmetric 2-tensor: BY = (ufu” & A" @ o AL + u"AL @ ALAL + ﬂf;-ﬁ;:h

Antisymmetric 2-tensor: A" = (uMAL — u AL @ ML),

Hence we can decompose any tensor interms of its SO(3) irreducible
components, by using V¥ . B# = AFV;

1. Any rank

2. Any symmetry
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= Matching conditions

n,(0TH +8T4") =0, n,dj* =0, n,d5"" =0.

= 05" is SO(3) invariant, and is a true scalar — parity invariant

= Oys* >0

This allows us to cancel out all the non-physical coefficients.
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1. We have retrieved the standard expressions of 7" and §;" in relativistic
hydrodynamics.

2. The expressions for 6TLY | 6T,", and §j include contributions proportional
to (Qu, — @) and 0,Q,,. Such new contributions are not corrections or only
valid in a specific limit!

3. The expression for 65,

The results are almost ready, so please stay tuned !
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Conclusions and outlooks



Conclusions

1. We used a first-principle quantum-statistical method to derive the entropy
current and the entropy production rate.

2. We studied the pseudo-gauge transformation for the entropy production.

3. We developed a new method based on the SO(3) irreducible representation
that allows for the decomposition of any rank-tensor given any symmetry.

4. We showed that 67¢" , 6T,” , ¢/* admit contributions proportional to
(2 — @) and 0,9, and obtained the expression of §S* (to be finalized)

Polish National Science Centre Grants No. 2018/30/E/ST2/00432
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1.

Develop a second-order theory based on the results of our method’s form of
dissipative currents.

. Perform a physical analysis of spin transport and relaxation times.

Numerically solve the conservation laws.
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