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s e ks The S |gn Problem

» The study of the phase diagram requires
finite baryon number density

> Finite density lattice simulations =
chemical potential p # 0
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» Generic u = complex Dirac determinant,
leads to sign problem

Hadrons
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Temperature T [MeV]
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» For purely imaginary values of u the Dirac :
determinant remains real cle Net Baryon Density

» Methods to extrapolate physical functions of
real p from the imaginary axis are needed
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Imaginary p

Jmp
» Data from simulations at
imaginary
» Analytic continuation to
real p
Rep » Propagation of the

statistical uncertainty?

» Radius of convergence?
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Imaginary p

Jmp
» Data from simulations at
imaginary
» Analytic continuation to
real p
Rep » Propagation of the

statistical uncertainty?

» Radius of convergence?

Various different methods for
analytitc continuation
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The Methods

» Taylor Expansion: P,(u) = ch,u

> ko PRI

» Padé analysisl: R”(u) = 11", g
j=19

» Cauchy’s Theorem integrated numerically?

» Power series of 2, from ;> < 0 to > >0

LExplained in detail by C. Schmidt on Monday
2Explained in detail by F. Di Renzo on Tuesday
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The Methods

» Taylor Expansion: P,(u) = ch,u o \"InZ(T,V,us)
X"(T V lu’B) 7 8 VT3

> ko PRI

20 IV p=ps/T
1 +Ejr11 qj 1

» Padé analysisl: R”(u) =

» Cauchy’s Theorem integrated numerically?

» Power series of 2, from ;> < 0 to > >0

LExplained in detail by C. Schmidt on Monday
2Explained in detail by F. Di Renzo on Tuesday
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Ittt adnl i i ular T h e M et h (0] d S

» Taylor Expansion: P,(u) = ch,u o \"InZ(T,V,us)
X"(T V lu’B) 7 a VT3

n k
» Padé analysisl: R”(u) = % w=pg/T
j=194j
HISQ N, =2+1, N, =6,
T = 157.5MeV

Physical pion mass

» Cauchy’s Theorem integrated numerically?

From the Bielefeld-Parma

» Power series of u2, from 2 < 0 to p2 > 0 i
H H H collaboration

Disclaimer: For now, only the central values will be shown (without errors).

LExplained in detail by C. Schmidt on Monday
2Explained in detail by F. Di Renzo on Tuesday
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Input Data
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Taylor Expansion

{x1(mo); -, xa(pnv—1)}

=2
L
|

x1(pi) = X1+k(0)pf + O(u™)

k
0

»
[l

m;
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Taylor Expansion

{xauo), - - s xalpn-1)} {xelpw)s - - xe(pntm-1)}

N+M—1

xa(w) =Y FX1+I<(0)M;(+O(MN+M)
=

N+M—1

Xa2(pj) = Z FX1+/<(0)M}<_1 + O(pN M1y
=1

ﬂ;
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Taylor Expansion

{xauo), - - s xalpn-1)} {xelpw)s - - xe(pntm-1)}

» Straightforward to
implement

N+M—-1

xa(pi) = Z FXHk(O)Mf-(‘FO(MNJrM)
=
N4M—1

Xa2(pj) = Z FX1+I<(0)//JJI'<_1 + O(pN M1y
=1
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Taylor Expansion

{Xl(ﬂ0)7~-~7X1(NN—1)}v {X2(NN)7---7X2(N'N+M—1)}

» Straightforward to

- implement
- K N+M
xi(ui) = E EXH;((O)M,- +O0(™") » Radius of convergence:
k=9 (way before) nearest
N+M—1 : :
k singularity

x2(pj) = Z FX1+I<(O)//JJI'<_1 + O(pNtMh
=1
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Taylor Expansion

{Xl(ﬂ0)7~-~7X1(NN—1)}v {X2(NN)7---7X2(HN+M—1)}

» Straightforward to

- implement
- K N+M
xi(ui) = E EXH;((O)M,- +O0(™") » Radius of convergence:
k=9 (way before) nearest
N+M—1 : :
k singularity

o)=Y FX1+I<(O)//JJI'<_1 +O0(uVHM )
k=1 » No singularity structure

(polynomial)
@
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Taylor Expansion - Fixed Parity

Charge conjugation symmetry = x1(—px) = —xa(p)
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Taylor Expansion - Fixed Parity

Charge conjugation symmetry = x1(—px) = —xa(p)

N+M—1

x1(pi) Z (2k+ ) |X2+2k(0)ﬂ L4 oMMy
N+M 1

2k+1 2N+2M—1

Z 2k + 1) |X2+2k( )i + O(u )
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Taylor Expansion - Fixed Parity

Charge conjugation symmetry = x1(—px) = —xa(p)

N4+M—1
x(pi) Z (2k+ ) |X2+2k(0)M,2k+1 + O(u?N M)

N+M 1

2k+1 [
= 2 Gy O 0

» Higher number of significant
derivatives (with same input data)
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Taylor Expansion - Fixed Parity

Charge conjugation symmetry = x1(—px) = —xa(p)

N4+M—1
x(pi) Z (2k+ ) |X2+2k(0)M,2k+1 + O(u?N M)

N+M 1

2k+1 [
= 2 Gy O 0

» Higher number of significant
derivatives (with same input data)

» Worse condition number
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Taylor Plots
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) Padé Analysis

» Rational function

n
» Interpolates singularities Z pri”
k=0
Ro(u) = m
» Can have only poles 1 +Z g
qjtt
j=1

» Branch cuts are represented as a series of
poles and zeros

S
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B Single-Point Padé

x1(0), x2(0), - .., xn(0)

> pur
Ro(p) = I(ZOT with n+m=N
1+ g
=1

Conditions: R(0) = x1(0), R'(0) = x2(0), ..., RN=1(0) = xn(0)
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Single-Point Padé

x1(0), x2(0), - .., xn(0)

> pur
Ri(u)=————  with n+m=N
1+ g
j=1
Conditions: R(0) = x1(0), R’(0) = x2(0), ..., RN=1(0) = xn(0)

Problem: Noisy high derivatives = Few parameters

ﬂ;
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Multi-Point Padé

x1(p1)s xa(2), - xa(een), xe(invs1), X2 (Bng2)s - - - xe(pnem)
n

> pur

k=0

= with n+m=N+M
14> g
j=1

Ra(p) =

R(p1) = xa(p1), R(p2) = xa(p2), - -+ R(pn) = x1(pn)
R'(pn+1) = x2(pn1), -0 R'(unvem) = Xa(pngm)

Conditions:

@
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Multi-Point Padé

x1(p1)s xa(2), - xa(een), xe(invs1), X2 (Bng2)s - - - xe(pnem)
n
> pur
k=0

= with n+m=N+M
14> g
j=1

Ra(p) =

R(p1) = xa(p1), R(p2) = xa(p2), - -+ R(pn) = x1(pn)
R'(pn+1) = x2(pn1), -0 R'(unvem) = Xa(pngm)

Conditions:

Problem: Convergence not rigorously defined
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" Simplified” Multi-Point Padé
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nalytic continuation from imaginary p

Padé Plots
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Inverse Problem

1 f(z)

o
7
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Inverse Problem

f(z0) = %%}Mdz

Z— 2

1 [ Rex1(Re'®)
Xl(,uj) = %/0 Rem——ujda

m;
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Inverse Problem

F(z) = %}({Md

Z— 2

1 [?™ Rex1(Re')
Xl(,uj) = %/ Rem——ujda

Gauss-Legendre

Rei®x
Xl(uj Z Wi _X k

e’ek —

j:l,...,n

UNIVERSITA
DI PARMA




alytic continuation from imaginary u The Methods
INFN

Inverse Problem With Derivatives

= n! f(z)
f( )(Z()) = Z—Wfémdz

:n_!/2ﬂ Rei9X1(Rei9) 40
2 Jy (ReM — )i

Xn+1 (/J’j)

i};
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Inverse Problem With Derivatives

= n! f(z)
) = 5§, G

n! /2" Rei9X1(Rei9) o
o (Rei® — pij)H

Xnt1(pj) =

Gauss-Legendre

Re Xlk
X1 (1) = Z Wk it \nil (Re® — y;)n+1

j=1,...,
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Inverse Problem Plots
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Analytic continuation from p? < 0

= {+0.3928i, +0.7853i, + 1.178i,+1.571i,... } i xok+1(0) 2k
I
k:O (2k + 1)!
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Analytic continuation from p? < 0

jr=1{+03028/, +0.7853/, + 1178/, +1571i,...} o) :i ><2;+1(0)I 2ht1
(! —~ (2k + 1)!

p? = {-0.1543, -0.6167, — 1.388, —2.468,...}  X1(1?) =xa(p)/p
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Analytic continuation from p? < 0

n={+0.3928i, +0.7853/, + 1178/, +1.571, ..} () :i X2k+1(0)' Hert
i} ot (2k + 1).

p? = {—0.1543, —0.6167, — 1.388, —2.468,...}  ¥1(1?) =xa(p)/n

» Polynomial fit in p?

m;
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Analytic continuation from p? < 0

p={+0.3928/, +0.7853/, + 1178/, +1571i,...} () :i X2k+1(0)' et
i) prd (2k + 1)!

p? = {—0.1543, —0.6167, — 1.388, —2.468,...}  ¥1(1?) =xa(p)/n

» Polynomial fit in p?

» Recover the original function by multiplying by u

i]’
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Analytic continuation from imaginary p

1 Fit Plots
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Analytic continuation from

Results Comparison
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What About the Errors?
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What About the Errors?
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What About the Errors?
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What About the Errors?
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In Conclusion...

» Various methods, with very different ways of operation, have been used for
analytical continuation from imaginary ug/T to real ug/T

» There is a common region (ug/T < 1.5) where every method agree with
each other, with small error bars

» OQutside this region (ug/T 2 1.5), they significantly deviate from each other,
but stay within the much larger error bars

» Beyond a given treshold, each method has a high systematic sensitivity with
respect to the choice of the input data

» A thorough error analysis (both statistical and systematic) is being performed
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