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Introducing the pairing condensate

In cold and dense matter - attractive interaction and Cooper instability
near the Fermi surface: Cooper, Phys. Rev. 104: 1189 (1956).
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Introducing the pairing condensate

In cold and dense matter - attractive interaction and Cooper instability
near the Fermi surface: Cooper, Phys. Rev. 104: 1189 (1956).

BCS-theory: the true ground state has an energy gap in the excitation spectrum:

Wi (P) = (E(P) £ p)? + 4%,
found by minimising the free energy - gap equation:

o= [ 657 (o o)

Bardeen, Cooper and Schrieffer, Phys. Rev. 108, 1175 (1957).
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In cold and dense matter - attractive interaction and Cooper instability
near the Fermi surface: Cooper, Phys. Rev. 104: 1189 (1956).

BCS-theory: the true ground state has an energy gap in the excitation spectrum:

Wi (P) = (E(P) £ p)? + 4%,
found by minimising the free energy - gap equation:

o= [ 657 (o o)

Bardeen, Cooper and Schrieffer, Phys. Rev. 108, 1175 (1957).

The gap corresponds to the pairing condensate A ~ <’¢JT p wi k>

Physics outcome: (low-temperature) superconductivity.
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Analogy in QCD and the color-superconductivity (CSC):
@ 2nd color superconductivity (2SC), i.e. u-d diquark condensate:

(Qe15T2A2Q),

or in matrix representation - S€€ e.(J. Alford, Berges and Rajagopal, Nucl. Phys. B 1999
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with the color-flavor basis:

{(r,u),(g,d),(b,s),(r,d),(g,u),(r,s),(b,u),(9,s), (b, d)}.

@ Higher density may also enable the interplay of strange quarks:

{u, d, s} color-flavor locking (CFL).
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Verifying the color-superconductivity phase is still not a simple task.

@ Primarily: mean field models with contact interaction:
Rapp, Schéfer, Shuryak and Velkovsky, PRL 1997;
Alford, Berges and Rajagopal, Nucl.Phys.B 1999; Buballa, Phys.Rept. 2005.
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Verifying the color-superconductivity phase is still not a simple task.
@ Particular focus on the improvements of interaction vertices:

o RG flow of the 4-quark interactions - Braun, Leonhardt and Pospiech, PRD 2020.

o Dyson-Schwinger equations (DSESs): - Miiller, Buballa and Wambach, 2016;

Nickel, Wambach and Alkofer, PRD 2008 and 2006; Hou, Wang and Rischke, PRD 2004.
@ Other improvements on the interaction: Alford, Pangeni and Windisch, PRL 2018.
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QCD interaction vertex from refined truncations

Highlights of functional QCD approaches:

<\(1*P n "
(—0—>) = (—>—) + e
p p P a p b & % N g

1 B
2(p) A

DSE: Gao, Papavassiliou and Pawlowski, PRD 103: 094013 (2021);
Williams, Fischer and Heupel, PRD 93: 034026 (2016); Williams, EPJA 51: 5 (2015).

o€ N) )<@é€%>

fRG: Ihssen, Pawlowski, Sattler and Wink, arXiv:2408.08413; see also in Jan’s talk on the LEGO principle.
Fu, Pawlowski and Rennecke, PRD 101: 054032 (2020);
Cyrol, Mitter, Pawlowski and Strodthoff, PRD 97: 054006 (2018).
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QCD interaction vertex from refined truncations

@ Systematic error estimates: identify leading tensor structures.
@ Self-consistency: couple the matter sector with the interaction sector.

=(p)

DSE: Gao, Papavassiliou and Pawlowski, PRD 103: 094013 (2021);
Williams, Fischer and Heupel, PRD 93: 034026 (2016); Williams, EPJA 51: 5 (2015).

) A AA

fRG: Ihssen, Pawlowski, Sattler and Wink, arXiv:2408.08413;
Fu, Pawlowski and Rennecke, PRD 101: 054032 (2020);
Cyrol, Mitter, Pawlowski and Strodthoff, PRD 97: 054006 (2018).
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@ Success in QCD vacuum - dynamical mass generation:
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@ And at finite T and pug: chiral phase structure of QCD.
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Functional:

Gao and Pawlowski, PLB 820: 136584 (2021),

Gunkel and Fischer, PRD 104, 054022 (2021),

Gao and Pawlowski, PRD 102, 034027 (2020),

Fu, Pawlowski and Rennecke, PRD 101: 054032 (2020);

Lattice:
Borsanyi et al. (WB Collab.) PRL 125: 052001 (2020),

Bazavov et al. (hotQCD Collab.), PLB 795: 15-21 (2019).

@ Thermodynamic quantities (e.g. fluctuations): see Wei-jie’s talk.
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Lattice:
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@ Thermodynamic quantities (e.g. fluctuations): see Wei-jie’s talk.

@ Apply the refined scheme of interactions to the diquark condensate study.
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We follow the DSEs approach; some implications:
@ Gluon propagator is relatively separable - vacuum + (T, ug, Nf) correction.

-1 -1
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We follow the DSEs approach; some implications:
@ Gluon propagator is relatively separable - vacuum + (T, ug, Nf) correction.

@ Complicated tensor structures drop out in the chiral symmetric phase:

(.0 K) = rye = Zo(K) v Zo(k) = Ge(k)/K?.
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DSEs in the Nambu-Gor’kov formalism

. 6= (O 2\ (P AT
p q AE]—H Gg_) A |/y . Ib*

p= (wp + i,uaﬁ)a p= (wp7ﬁ)'

a —a Aa ?
re — ru+ —=\ 1172 '
v | =a ra - 2 r A
e G ! Ve

@ Chiral symmetric phase - simplifications for diagonal parts.
@ Exploring the “off-diagonal” interaction =7.

@ 2-SC diquark condensate for simplicity: ALY = A5 Magc.
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Analysing the off-diagonal vertex

@ Slavnov Taylor identity in Nambu-Gor’kov (N-G) formalism:

. NG _ A2 A4 0
=200 |y 6'@- G0 | = (%)

longitudinal constraint (see €.g. Miiller, Buballa and Wambach, 2016):

=2 ~ K, (AM + MO A;

—p

With oc A contribution to self energy, it is still a BCS-type diquark generation:

Go
VVhEH1 ciA(k) — Cao, 5:: —9'2%i Z?ii;iaﬁizx'
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Analysing the off-diagonal vertex

@ Slavnov Taylor identity in Nambu-Gor’kov (N-G) formalism:

. NG _ A2 A4 0
=200 |y 6'@- G0 | = (%)

longitudinal constraint (see €.g. Miiller, Buballa and Wambach, 2016):

=2 ~ K, (AM + MO A;

—p

With oc A contribution to self energy, it is still a BCS-type diquark generation:
when Ga(k) — Go, 0% %Z\j _Go A
A 0 : 672 n A2

@ Transversal part - to identify the leading structures.
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Full transversal basis of the vertex:

—p, qapk ZP;I,V ’Y5t,
[qu] : 7;51) = _i7ua
[aDPq]: T2 = (q+p)y,
78 = (d + Py,
7;(4) = K'yua
[@D%q): T =ik(g+p).
) _

[gD%q] -

T® =i(d+p)(q+pP)p.
7;(7) = _% [q7 ld]f}/lﬁa

70 = 2 1d (G + P
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Full transversal basis of the vertex:

—u qapk ZP;U/ 75tl
[qu] : 7;51) = _i7ua
[aDPq]: T2 = (q+p)y,
78 = (d + Py,
7;(4) = K'yua
[@D%q): T =ik(g+p).
T® =i(d+p)(q+pP)p.
i
7:57) __ZE [(17lj]ﬁhﬁa

[gD%q] -

70 = 2 1d (G + P

[~ odd structures:

not for 2-SC (scalar);
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Full transversal basis of the vertex: D~ odd structures: not for 2-SC (scalar);

D " even structures: 7(*) is particularly
=.(q,p; k) = P ( . : , .
“ (@.p Z : st interesting: follows from the hierarchy of
[@oq): TN = —iv,, ’f{l’;e:;u:;ens?;s;rlzsc}ture?:3 "
a ) b} >> ) ) >> 3 -
[@0°q]: T2 = (q+p)p, y |
3) Gao, Papavassiliou and Pawlowski, PRD 2021,
7; = (Cf =+ lj)%u Cyrol, Mitter, Pawlowski and Strodthoff, PRD 2018.
7;(4) = K'yua
[@0°q): T, =iK(g+p).

T® =i(d+p)(q+pP)p.
7;(7) = _% [q7 ld]f}/lﬁa

a0%al: 7 =2 [d.8(a+ Py
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Full transversal basis of the vertex:

—p, qapk ZP;I,V ’Y5t,
[qu] : 7;51) = _i7ua
[aDPq]: T2 = (q+p)y,
78 = (d + Py,
7;(4) = K'yua
[@D%q): T =ik(g+p).

[gD%q] -

T® =i(d+p)(q+pP)p.
7;(7) = _% [q7 ld]f}/lﬁa

70 = 2 1d (G + P

D~ odd structures: not for 2-SC (scalar);

D " even structures: 7(*) is particularly
interesting: follows from the hierarchy of
the full tensor structures:
{1,4,7} > {2,5,6} > {8,8}.
Gao, Papavassiliou and Pawlowski, PRD 2021,
Cyrol, Mitter, Pawlowski and Strodthoff, PRD 2018.

We then focus on:

[EL—I—)]a _

color-flavor structure - from TWTI:
Qin and Roberts and Schmidt, PLB 2014 in N-G.

]
K2 = E[()\a)TM — M.

ty P (K) T, M5 K2,
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Quark DSE in Nambu-Gor’kov

Contribution of the relevant vertex structures to the diquark gap equation:

4\\8 —p
~1 —1 Zc T tj: T’£4) + EIS/TL
(—>—0—>) =( ) + ¢ 3%* , T~ .

t4 T’S4) + EIS/H- ZC /M

A = OédA —+ aNG—STIA + O[4t4
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Quark DSE in Nambu-Gor’kov

Contribution of the relevant vertex structures to the diquark gap equation:

Q=P

-
1 1 Lé % Z: Y LT+ =0
(——0—) = ( ) + S PR ; .
4

4 —
p P p q p T+ =n ZeVy
E(p)

A = OédA —+ aNG—STIA + O[4t4

o~ P+ 1P
For N; = 3: ag =295 52 Z,(g—p)Gs(q—p) A,

q
9 qg-(g—p
and: agly = 2Q§I q(ggp)GA(q —p) t4(q.p).
q
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Vertex DSE in Nambu-Gor’kov

Gluon self-interaction is one distinct feature in QCD from QED;
Self-consistency for the off-diagonal vertex - specific focus on the diagram A:

=I1(g,p / 29[S V(b G.q— k.k — p) [Gal,r (k — Q)

[Gal,,u, (k — P) [ES12(q. k) A [Z5D15(k, p) + -
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Vertex DSE in Nambu-Gor’kov

Gluon self-interaction is one distinct feature in QCD from QED;
Self-consistency for the off-diagonal vertex - specific focus on the diagram A:

=I1(g,p / 29[S V(b G.q— k.k — p) [Gal,r (k — Q)
[Gal,yu, (K — P) ESD12(a, k) A [ZC01° (K, p) + -

@ Approximation: (g, p) at the symmetric point g = p = ¢,
and take the “infrared” limit e — ¢y = (7 T, 0).

Vertex strength f; is singled out; DSE turns into a
polynomial equation for #:

ty = By + By A" B,

4 k2 K2(K2 1 12
5= 5% Y G g2tk Gilk). Bu=8g Y U1 68 (k—co).
k k
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From weakly- to strongly- coupled diquarks

t, = Byl + B, A% 2. Withsmall A: £ ~8,A or £~ (8,0%)7".
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From weakly- to strongly- coupled diquarks
t, = Byl + B, A% 2. Withsmall A: £ ~8,A or £~ (8,0%)7".

Back to the diquark gap eq.: A = ayty + ayA + oGl
The first scenario again gives the BCS-type diquark condensate:

AW = (gBy +ag + aNG—STI)A(W);

14/19



From weakly- to strongly- coupled diquarks
t, = Byl + B, A% 2. Withsmall A: £ ~8,A or £~ (8,0%)7".

Back to the diquark gap eq.: A = ayty + ayA + oGl
The first scenario again gives the BCS-type diquark condensate:

AWM = (a8 + ag + ang str) A™);
@ The second scenario shows a novel diquark condensate generation:

|A(S)|2 ~ ay/B4(1 — g — angsT1)s B4 >0,
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From weakly- to strongly- coupled diquarks
t, = Byl + B, A% 2. Withsmall A £") ~8,A or £ ~ (8,4%)"

Back to the diquark gap eq.: A = ayty + ayA + oGl
The first scenario again gives the BCS-type diquark condensate:

AWM = (a8 + ag + ang str) A™);
@ The second scenario shows a novel diquark condensate generation:

2
A2 ~ a,/B,(1 - ag — angsti)s  Ba >0,
@ possible when a4 > 0: relation to the dimension-2 gluon condensate:

Qy A2 — fgsi q- —€), eo=(mT, 6)

14/19



From weakly- to strongly- coupled diquarks
t, = Byl + B, A% 2. Withsmall A £") ~8,A or £ ~ (8,4%)"

Back to the diquark gap eq.: A = ayty + ayA + oGl
The first scenario again gives the BCS-type diquark condensate:

AM = (ayBy + ag + ongst)AM);
@ The second scenario shows a novel diquark condensate generation:
A2 > 0y /By(1 — ag — angsmi): Ba > O,
@ possible when a4 > 0: relation to the dimension-2 gluon condensate:
04 = S (GEA) - fgsi 996Gy q-w). = (xT.0).
e and when o, + ayg.em < 1.
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Numerical results with QCD inputs

@ Lattice QCD result of dim-2 gluon condensate (vacuum): (g3A2) = 4.4 GeV?,
renormalised at 10 GeV2. [Arriola, Bowman and Broniowski, PRD 70: 097505 (2004)]
@ 2+1-flavor gluon propagator (vacuum, Landau gauge).

We compute: finite T and ug corrections for <g§Aﬁ> and [G4),.w-
Results for the second scenario:

----- without quadratic contribution
--------- fit function

T T T T
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Numerical results with QCD inputs

@ The second scenario |A®) 2 o a,(T) becomes dominant at small zg;

@ Al persists even towards zero chemical potential: a,(T, = 155MeV) > 0:
strongly coupled pairing condensate from the non-Abelian interactions.

@ Sign change of o, at some higher Ta; beyond that there is no A(S),
Ta = 416MeV. fit at zero g AR o ay(T) x 1 — (T/Ta)?, a= 2.16.
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Numerical results with QCD inputs

@ The second scenario |A®) 2 o a,(T) becomes dominant at small zg;

@ Al persists even towards zero chemical potential: a,(T, = 155MeV) > 0:
strongly coupled pairing condensate from the non-Abelian interactions.

@ Sign change of o, at some higher Ta; beyond that there is no A(S),
Ta =416MeV. fitat zero ug: |AS)2 o« ay(T) o 1 — (T/Ta)?, a= 2.16.

0.25 simplifation, or over-simplifcation?
' T 1050V 500 T T T T
— 410MeV <TT> =0, <VICyT) > =0
- T'=415MeV
400
g = 300 <TU> =0, <TICpT > #0 |
=
T & 200 i
.%-._ DSE:quark pairing
B 100} ™ | - === DSE:Chiral (Gao et al.(2020))
= v fRG: Chiral (Fu et al.(2019))
\ <UU > #0 B DSE: Chiral (Gunkel et al.(2021)
Lattice: WB
0.00 . H ) . ", . o ‘ ‘ S Lattice: HotQCD
100 200 300 400 500 600 0 100 200 300 400 500 600
1 [MeV] 1 [MeV]

16/19



Discussion and outlook

@ Implications of the strongly coupled quark-gluon matter:
e “Stringy fluid” and the chiral-spin symmetry.
Glozman, Philipsen and Pisarski, Eur. Phys. J. A 58: 247 (2022).

Predicted temperature window T, < T < T; by lattice QCD.
- Chiral symmetry restored; the dynamics is inconsistent with partonic DOFs.

6.8
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Discussion and outlook

@ Implications of the strongly coupled quark-gluon matter:
e “Stringy fluid” and the chiral-spin symmetry.
Glozman, Philipsen and Pisarski, Eur. Phys. J. A 58: 247 (2022).
@ Zero mode near and above T,.

Gao, Qin, Liu, Roberts and Schmidt, PRD 89: 076009 (2014),
Su and Tywoniuk, PRL 114: 161601 (2015).
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Discussion and outlook

@ Implications of the strongly coupled quark-gluon matter:
e “Stringy fluid” and the chiral-spin symmetry.
Glozman, Philipsen and Pisarski, Eur. Phys. J. A 58: 247 (2022).

e Zero mode near and above T,,.
Gao, Qin, Liu, Roberts and Schmidt, PRD 89: 076009 (2014),
Su and Tywoniuk, PRL 114: 161601 (2015).

o (Exotic) bound states in sQGP.
Shuryak and Zahed, PRD 70: 054507 (2004) and PRC 70: 021901 (2004).
Thermodynamic quantities are afar from the asymptotic limit at a few times of T,..
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Su and Tywoniuk, PRL 114: 161601 (2015).

o (Exotic) bound states in sQGP.
Shuryak and Zahed, PRD 70: 054507 (2004) and PRC 70: 021901 (2004).

@ Possible correspondence in lattice QCD - diquark correlation at zero ug:

5(x,y) = (q'(x) 0T q*(x) " (¥)O a(y))
specifically: O = CysmoAo.

large |x—
ge [x—y|

A*(x)A(y) ~ |A]%,
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@ Zero mode near and above T,.
Gao, Qin, Liu, Roberts and Schmidt, PRD 89: 076009 (2014),
Su and Tywoniuk, PRL 114: 161601 (2015).

o (Exotic) bound states in sQGP.
Shuryak and Zahed, PRD 70: 054507 (2004) and PRC 70: 021901 (2004).

@ Possible correspondence in lattice QCD - diquark correlation at zero ug:

5(x,y) = (q'(x) 0T q*(x) " (¥)O a(y))
specifically: O = CysmoAo.

large |x—
ge [x—y|

A*(x)A(y) ~ |A]%,

Thanks for your attention!!
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Back-up



Symmetry relations in Nambu-Gor’kov

Transformation of the charge conjugate C (D. Mmuller, 2013):

(+) (-) =
Gq — (Gq Aq ) . |-a — <r3+ _ﬁ> )
Agr) Gg_) B 52+ rg_

G p) =GP (p)c, AP (p)=-caf(-p)c.
,(— —=a, _ J(— T
ra®(p,q) = —cra(—q,-p)’c, =2(p,q) = —cra(-q,-p)’c.

In the presence of diquarks and with chiral symmetry at ug = 0?

iv-p  AyM
Gg ~ . :
AysM iy -p
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