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Track Lee-Yang edge singularity in the 

complex  -plane, as function of 


We can think of three distinct critical points/
scaling regions: Roberge Weiss transition, 
chiral transition, QCD critical point 


Solve  for different scaling 
fields and non-universal constants.
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tri-critical
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crossover

 different temperature intervals are sensitive to  
different scaling of the Lee-Yang edge singularity  
→



3Padé resummation of the Taylor series about  μB = 0Plan 3

Universal scaling of Lee-Yang zeros and Lee-Yang edge Singularity

➡ Finite size vs infinite size scaling


First Lee-Yang zero via Padé and multi-point Padé

➡ Scaling evidence from Roberge-Weiss transition (and 2d-Ising model)

➡ First Estimates of the QCD critical end-point


Estimate via Fourier coefficients 



4Padé resummation of the Taylor series about  μB = 0Universal scaling of the zeros of the partition function  4

Finite size scaling: scaling of the zeros is well understood, universal angels 
,  indicate the universality class.  φ ψ = π/(2βδ)
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Infinite size scaling: Lee-Yang condense to a branch cut in the infinite size 
limit. The edge singularity has a universal position in terms of  z = t/h1/βδ

Functional renormalization group approach to YL edge singularity III
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A. Connelly, G. Johnson, F. Rennecke, and V.S.: Phys.Rev.Lett. 125 (2020) 19, 191602
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[Connelly et al. PRL 125 (2020) 19]
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Q(tL1/⌫ , h2L2��/⌫) = 0

[tzykson et al. NPB 220 (1983) 415]

Finite size scaling function 
of the partition function



5Lee-Yang edge singularities in the complex -planeμB/T

Roberge-Weiss transition:

    and    t = t0 ( TRW − T
TRW ) h = h0 ( ̂μB − iπ

iπ )

Chiral transition:

   and    t = t0 [ T − Tc

Tc
+ κB

2 ( μB

T )
2

] h = h0
ml

mphys
s

zLY = |zc |ei π
2βδ

    and t = αt(T − Tcep) + βt(μB − μcep)

h = αh(T − Tcep) + βh(μB − μcep)

QCD critical point:
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Scaling variable:  z = t/h1/βδ



6Simulation Strategie: first Lee-Yang zero in a finite volume
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Calculate derivatives of the pressure 
p
T4

=
ln Z
VT3

 Taylor expansion in (T, μB = 0) : μ2
B  Taylor expansion in (T, μ2

B < 0) : μB

 perform a Padé resummation to 
obtain the complex singularity that 

limit the radius of convergence

⇒  obtain a rational approximation of the 
data (e.g. by the multi-point Padé) to 

obtain the closest singularity 

⇒

 alternatively, analyse the (asymptotic) 
behaviour of the Fourier coefficients

⇒

[Allton et al. PRD 66 (2002) ] [De Frorcrand, Philipsen (2002); D’Elia, Lombardo (2003) ]



The multipoint Padé method - results singularity structure ( )Nτ = 4

 T = 201 MeV = TRW  T = 186 MeV  T = 167 MeV

 find signature for branch cut along 
 at 

→
μB /T = μR

B ± iπ T = {201,186} MeV
 find almost perfect cancelation of 

many zeros and poles 
→

7

[Dimopoulos et al.,  PRD 105 (2022)]
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8The Roberge-Weiss temperature

Nø = 4

Nø = 6

Nø = 8

continuum

The approach of the LY edge to the RW critical point: By 
solving  we find
z = t/h1/βδ ≡ zc
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Obtain continuum result


Combined fit
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T (0)
RW = 211.1 ± 3.1 MeV

 in good agreement with previous 
results from the Pisa group
⇒

[Bonati et al., PRD 93 (2016) 074504]



9Fischer and Lee-Yang zeroes in the 2d Ising model
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increase in the number of zeros as the number of
lattice sites increases. All of these points seem to
indicate that we are observing genuine Lee-Yang
zeros.

C. On the stability of the closest poles to the real
H axis

Before moving on to discuss the scaling of these zeros,
which will make use of the closest poles extracted for
each lattice size, we would like to briefly discuss the pro-
cedure we have used to attach error bars on the locations
of the poles in the complex plane of H and �. An impor-
tant point to make is that in the absence of noise in data
(e.g. one can construct this by discretizing a known func-
tion), if there is a genuine singularity of the function, it
will appear as a stable pole of the rational approximation
constructed. However, if the data is noisy, as it always
is when dealing with simulation results, even if there is a
genuine singularity of the function, the resulting pole will
move, commensurate with the amount of noise present.
Here, we can distinguish between two types of errors the
poles can have, although they are not strictly indepen-
dent.

• Statistical errors: These are the errors propa-
gated from the estimated error on the measured
Taylor coe�cients to the poles of the rational func-
tion approximant. The procedure used to estimate
this error was to solve the system of linear equa-
tions in Eq. (7) repeatedly by choosing new Taylor
coe�cients for each solve. These coe�cients are
drawn from a Gaussian distribution centered at the
central values of the measured coe�cients and hav-
ing standard deviation given by the estimated error
on the corresponding Taylor coe�cient. We refer
the reader to Fig. 7, where the cloud of green points
are the closest poles extracted for the L = 10 lat-
tice. The scatter is from repeating the bootstrap
procedure around ⇠ 700 times, keeping the order
of the Padé approximant fixed at [m, n] = [25, 25].

• Systematic errors: These are the errors on the
closest poles resulting from varying the order of
the multi-point Padé and (or) changing the se-
lection of the input points used to construct the
Padé approximant, using only the central values
of the input data. The idea is to change the in-
put points by deleting data in a systematic way to
construct the rational function of varying orders.
We vary the order of the Padé approximant from
[m, n] = [25, 25] ! [5, 5]. We now refer to Fig. 8
where we show the singularity structure for L = 15
lattice [60]. Here the scatter of poles arising from
changing the order of the rational function is shown
as dark blue points, notice that the scatter is over
only around ⇠ 50 points, as the goal is only to show
the stability of the closest pole.
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FIG. 3. Average magnetization as a function of the external
magnetic field, rational function approximation vs data. Top
: L = 15, 20 and Bottom : L = 10, 30 (Plotted separately for
sake of clarity). The rational approximation shown has the
order [m, n] = [25, 25].

Note that the systematic errors mentioned above are cor-
related with the statistical errors. All in all, from the
error analysis performed above, the stability of the clos-
est poles of average magnetization gives us confidence in
the fact that we are extracting genuine poles of the func-
tion, i.e. genuine zeros of the partition function and thus
LY zeros. We can now proceed to analyse the scaling of
these poles with the lattice volume to extract physical
information like the critical exponents.

V. SCALING ANALYSIS OF ZEROS

Until now we have mainly focused on partition function
zeros arising in the complex H plane (LY zeros) when
considering cumulants at fixed temperature and varying
H. However, looking at Eq. (2) we can also consider the
partition function zeros in the complex inverse tempera-

The multi-point method 
works well in the Ising 
model when applied to 
the magnetisation or the 
specific heat. 

A finite size scaling 
analysis reproduces the 
transition temperature 

 and the critical 

exponents  and 

βc

ν βδ
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FIG. 4. Derivative of the rational function obtained in Fig. 3
for L = 10 , 15 plotted against the susceptibility data. Note
that this is not an interpolation and no data on the suscep-
tibility was used in the construction of the rational function.
Since this is a derivative of an [m, n] = [25, 25] rational func-
tion, the order is [m, n] = [24, 25]

ture (�) plane. This has been done numerically in [22],
where the authors have studied the Fisher and Yang-Lee
zeros of the 2D and 3D Ising model by using a relatively
high number of cumulants in the temperature and exter-
nal magnetic field variables. As explained before, instead
of using such high order of cumulants, we have made use
of the multi-point Padé method to study only two dif-
ferent cumulants as a function of temperature and exter-
nal magnetic field. We refer again to the Hamiltonian of
Eq. (1), in which we set J to unity. To draw parallel with
the analysis in [22], we expand the partition function in
terms of its zeros in the � plane,

Z(�, H) = Z(0, H) ec �
Y

k

✓
1 �

�

�k

◆
(8)

c being some constant and the product is over the k zeros
given by {�k}. Thermal cumulants are defined by the
relation

hhUn
ii =

@n

@(��)n
lnZ(�, H)

which using the expansion above can be re-expressed as,

hhUn
ii = (�1)(n�1)

X

k

(n � 1)!

(�k � �)n
(n > 1) (9)

Looking at Eq. (9) above, it is easy to see that near criti-
cality, the closest zero to the real axis will contribute the
most to the thermal cumulant. Additionally, it is possi-
ble to study the finite volume scaling of the Fisher zero
following [11, 61, 62], and the relations describing the
approach of leading zeros to critical inverse temperature
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FIG. 5. Zeros of the numerator (black pentagons) and of the
denominator (red crosses) of the rational approximant R

m

n (H)
for the magnetisation on L = 15 (Top) and L = 30 (Bottom),
with [m, n] = [25, 25]. The pale blue circles are the points used
as input for the Padé. Notice that the closest singularity to
the real axis gets closer to the real H axis as L gets larger,
with real parts being consistent with Re(H0) = 0.

can be written as

Im(�0) / L�1/⌫ (10)

and

|�0 � �c| / L�1/⌫ (11)

where �0 is the Fisher zero, resulting in the closest
singularity of cumulants to the real axis [63], �c is
the critical inverse temperature and ⌫ is the relevant
critical exponent, which describes the divergence of the
correlation length with respect to temperature, near
criticality. The proportionality constants in Eq. (10) &
(11) are related to the infinite volume scaling function

10

FIG. 10. Finite size scaling of Im(H0). To guide the eye, we
plot data versus L

1/8�2, where the correct critical exponents
� and ⌫ are taken. The value obtained from fits is �/⌫ � d =
��� = �1.881(93), as shown in Table I, which also gives
� = 0.119(93).

in Eq. (15) is related to the infinite volume scaling func-
tion for the total magnetization. In order to extract the
exponent in Eq. (15), we will fit the following function

Fit III : log Im[H0] = A + B ⇤ logL (16)

with A being the logarithm of the proportionality con-
stant in Eq. (15) and B the exponent of L that we want
to extract and compare with �/⌫ � d. Using the known
scaling relations between the standard critical exponents,
we can derive the following hyperscaling relation between
�, ⌫, d and �,

⌫d = � (1 + �)

=)
�

⌫
� d = �

��

⌫
(17)

Remembering the value of ⌫ = 1 for the 2D Ising model,
we can thus use the fit result for the parameter B to esti-
mate ��. As can be seen from Table I, the fit parameter
B = �1.881(93) has been determined, which gives to de-
cent precision the estimate for �� whose exact value for
the 2D Ising model is 1.875. Further, without using the
hyperscaling relation given in Eq. (17), the fit param-
eter B should be compared against �/⌫ � d, to obtain
� = 0.119(93) which compared against its exact value of
0.125 for the 2D Ising model, gives an estimate for the
exponent. Finally, we show the results of the fit of H0

we obtained for each lattice size, plotted against L�/⌫�d

in Fig. 10. In principle one should be able to follow these
steps to estimate the critical region for QCD using Tay-
lor expansions from lattice QCD. The relevant parame-
ters which control the critical region in QCD will be the

baryon density. We have tried to make some concrete
steps in this direction recently in [64]. However, being
a much more complicated theory, both numerically and
conceptually, we may have to wait for some time to be
able to do that.

FIT A B exact �2/dof

I �0.446(209) 1.014(60) ⌫ = 1 1.3

IIa 0.4404(19) �0.216(70) �c ⇠ 0.4407 1.44

III 1.30(24) 1.881(93) d � �/⌫ = �� = 1.875 1.2

TABLE I. Results for the fits shown in Eqs. (12,13,16), shown
for each row respectively. For Fit I, B has to be compared
with the exact value stated, whereas for Fit II, the intercept
gives �c, hence the exact value has to be compared with A.
For the last fit, Fit III, the fit parameter B has to be compared
to the exact value of the critical exponent product, namely,
��.

VI. CONCLUSIONS AND OUTLOOK

As a first step we simulated the 2D Ising model using
a cluster spin flip algorithm in two ways. For the LY
zero analysis, we simulated the model on varying lattice
sizes at a set of values of the external magnetic field.
These simulations were performed at Tc, and the goal
was to approximate the average magnetization as a ratio-
nal function of the external magnetic field and study the
structure of zeros and poles that arise. On the one hand
we were able to verify numerically, many properties of
the LY zeros including the famous circle theorem for the
Ising model, observing that only the genuine poles (un-
cancelled and stable) of magnetization lie on the purely
imaginary H axis. It was further observed that the num-
ber of genuine poles poles increases with volume and for
simulations at Tc, comes closer to the real H axis. In or-
der to verify that these were indeed physical e↵ects, vol-
ume scaling of the zeros, using the prescription in [11, 22]
were performed leading to a decent estimate of the com-
bination of critical exponents �� = 1.881(93). The fact
that LY zeros can be studied at Tc is in our approach fully
self-consistent. In fact, Fisher zeros were also studied by
approximating the specific heat with a multi-point Padé
function and studying its poles in the complex � plane.
Finite size scaling of these zeros following the prescrip-
tion of [22] was done to obtain again, precise values of
the critical exponent ⌫ = 1.014(60) and of the critical
inverse temperature �c = 0.4404(19). These results give
us some confidence in our pursuits of studying the QCD
phase diagram using lattice QCD simulations combined
with multi-point Padé method. The main caveat being
that in the case of the Ising model it was not very com-
putationally expensive to reach statistics of the order of
⇠ 625K configurations for each lattice, for each value
of H and �. These kind of statistics are not currently
realistic for lattice QCD simulations.

9

FIG. 9. (Top) The scaling in 1/L of Im(�0), i.e. the imagi-
nary part of the Fisher zero, detected as the closest singularity
of the cumulant to the real axis. The correct critical expo-
nent ⌫ = 1 is reproduced with fairly good accuracy. (Bottom)
Once ⌫ has been extracted from the data, one can fit the value
of the critical inverse temperature �c given by the intercept
A marked by a green star, which is reconstructed to 1% ac-
curacy. The red star marks the intercept of Im�0 as L ! 1
which is recovered to be zero.

exponent ⌫ using the following fit

Fit I : log Im[�0] = A +
1

B
⇤ log

1

L
(12)

with A being the logarithm of the proportionality
constant in Eq. (10) and B is the exponent of 1

L

that we want to extract and compare its value with
⌫. As can be seen in Table. I, the value of the
relevant critical exponent ⌫ is obtained with de-
cent accuracy with a value of 1.014(60), its exact
value being ⌫ = 1 [35]. Shown in the top panel of
Fig. 9 is a pictorial description of the fit described

in Eq. (12). We plot Im(�0) as a function of 1/L.
On account of B ⇠ 1, the dash-dotted line (which
is the result of the fit) can hardly be distinguished
from a straight line.

• Using Eqs. (10) and (11) and the fact that the ex-
ponent ⌫ = 1, it is not hard to see that one can
obtain a linear relation for Re[�0] as a function of
1/L and define a fit function to extract �c as follows

Fit IIa : Re[�0] = A + B ⇤
1

L
(13)

Fit IIb : Im[�0] = C + D ⇤
1

L
(14)

Here ⌫ = 1 simplifies Eq. (11) with Re[�0] ! �c in
the limit L ! 1. Hence, in order to determine �c,
we will fit the real part of the closest Fisher zeros
to the real � axis as a function of 1/L and extract
the intercept A. This intercept is shown as a green
star in the bottom panel of Fig. 9. Also for this our
estimate seems fairly accurate at �c = 0.4404(19),
when compared with the exact result of �c ⇠ 0.4407
[35]. We additionally show in the same figure, that
after identifying the exponent, one can also find the
intercept of the line Im(�0) vs 1/L and show that
it goes to zero within errors as seen with the red
star on the figure.

B. Extracting ��

After obtaining the inverse critical temperature, we can
now perform simulations at �c, to study the closest zero
Im(H0) to the real axis in the complex H plane as a
function of lattice volume L. This has been the focus of
most of the previous discussions in Sections II & IV. Once
again following the procedure outlined in [26], our pro-
gram again entails the following steps: (1) we compute
the n = 1 magnetic cumulant (i.e. the magnetisation)
at � = �c and various values of external magnetic field
H and lattice size L; (2) for each L we compute the ra-
tional approximant Rm

n
(H) for the magnetisation by our

multi-point Padé method; (3) at each L we find the Lee
Yang zero H0, which is the singularity of the rational ap-
proximant for the magnetisation which is the closest to
the real axis; (4) we study the finite size scaling of the
values of Im(H0) (as we have seen in Fig. 6 , H0 always
sits at Re(H0) = 0), given by [11, 22]:

|H0 � Hc| / L�/⌫�d (15)

where, the exponent � is the well known critical expo-
nent that describes how the average magnetization goes
to zero when we approach the critical point from below
Tc and d is the dimension. The proportionality constant

[Singh et al, PRD 109 (2024) 7, 07450, arXiv: 2312.03178]

https://arxiv.org/abs/2312.03178


10The Padé resummation

Detecting phase 
transitions via Padé 
and post-Padé 
approximants has a 
long history in 
statistical and high 
energy physics 


They are often used 
in combination with 
perturbation theory 


QCD is non-
perturbative in the 
vicinity of the phase 


The numerical 
calculation of the 
pressure series in  
is difficult 
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HotQCD, PRD 108 (2023) 1, 014510, arXiv: 2212.09043]

https://arxiv.org/abs/2212.09043


Padé resummation of the Taylor series about  μB = 0 11

T
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Construct [4,4]-Padé 
from 8th order Taylor 
Expansion


Calculate complex 
roots of the 
denominator


Find apparent 
approach to the real 
axis with decreasing 
temperature


Can also be 
combined with 
conformal maps     
[Basar, 2312.06952]
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[PRD 105 (2022) 7, 074511, arXiv: 2202.09184]
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12Lattice Setup ( )Nτ = 6

Use (2+1)-flavor of Highly Improved Staggered 
Quarks (HISQ) with physical masses 
( ). 


Lattice size:  

Use Line of Constant Physics (LCP) and scale 
setting from HotQCD


Introduce non-zero imaginary chemical 
potential , which 
corresponds to  and  

ml /ms = 1/27

363 × 6

̂μu = ̂μd = ̂μs = iθ
μB = 3μu μS = 0

<latexit sha1_base64="3/zCyB8xhcb4ws6ODOX0f7KOTEM="></latexit>

T [MeV] Nµ Nconf/Nµ

166.6 10 1800
157.5 10 4780
145.0 10 5300
136.1 10 6840
120.0 10 24000

Statistics:
Code:

SIMULATeQCD by HotQCD                
[Comp.Phys.Comm. 300 (2024) 109164]

Simulation Parameters:

Machines: 
Juwels-Booster @ JSC


Marconi100 @ CINECA


Leonardo @ CINECA



13Lattice Data

Lattice size:  363 × 6
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]
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R
e[

¬
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]

T = 166.6 MeV

T = 157.5 MeV
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T = 136.1 MeV

T = 120.0 MeV

[arXiv: 2403.09390]

Observables: 

Derivatives of , w.r.t  ln Z ̂μB = μB /T
<latexit sha1_base64="f/j2EmB9iDVWzuzfjTIKGf6OaH4="></latexit>

�B
n (T ) =

V

T 3

✓
@

@µ̂B

◆n

lnZ(T, µ̂B)

 is even in  and 
periodic, with periodicity  


Choose 10 equidistant -points  
in , all further points are 
obtained by periodicity and parity


Odd (even) derivatives are 
imaginary (real) at 

ln Z ̂μB = iθ
2π

̂μB
[0,iπ]

̂μB = iθ

https://arxiv.org/abs/2403.09390


14Sliding Window Analysis
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data: T = 120 MeV

expansion points

complex singularities

Procedure: 
Perform simultaneous fits to  
and  for each temperature 


Use [3,3]-Padé


Varry length of the fit interval in 
 and the center of the 

interval in 


bootstrap over the data by 
assuming independent and normal 
distributed errors


Calculate roots of the denominator 
and keep only roots in the first 
quadrant 


Collect all the results for Lee-Yang 
scaling fits. We have 55 different 
intervals per temperature.

χB
1

χB
2

[π,2π]
[−π/2, + π/2]

 MeVT = 120

[arXiv: 2405.10196]

https://arxiv.org/abs/2405.10196


Scaling fields are unknown, a frequently used 
ansatz is given by a linear mixing of T, μB

 t

 h T

 μB μcep

 Tcep

For a constant  we obtain z = zc

15
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t = At�T +Bt�µB ,

h = Ah�T +Bh�µB ,

with  and ΔT = T − TCEP ΔμB = μB − μCEP
B
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Re[µLYE] = µ
CEP
B + c1�T + c2�T

2 +O(�T
3)

Im[µLYE] = c3�T
��
,

The fit parameter  gives the (inverse) slope of 

the 1st order line at the critical point: 

c1
c1 = − Ah /Bh

Mixing of scaling fields: 

Fit Ansatz: 

Scaling in the vicinity of the QCD critical point   

[Stephanov, Phys. Rev. D, 73.9, 094508 (2006)]

Lee-Yang edge: 
complex  planeh

hc = 0 Re h

Im h

t3
t2
t1

Poles approach critical point along 
imaginary -axis [Yang,Lee’59]


 is const. and universal
h

t/h1/βδ = zc



Fit results  16
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Ellipses show 1  confidence region, using 
the Pearson correlation coefficient 

σ

 singularities show here are chosen 

on the basis of the  of the scaling fit 
(“best fit”)

Nτ = 6
χ2

Orange box shows the AIC weighted result 
for , based on  scaling fitsNτ = 6 𝒪(105)

Perform one fit for  and  fits for Nτ = 8 𝒪(105) Nτ = 6
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Statistical analysis of fits 17

Error bars are based on the inner 68-percentile 

Histogram over the  and  from the   fits TCEP μCEP
B 𝒪(105)

Observe interesting structure

Dashed line 
indicates the 
continuum 
extrapolated 
crossover line
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N⌧ = 6 N⌧ = 8

multi-point Padé [4,4]-Padé

T
CEP [MeV] µ

CEP
B [MeV] µB/T T

CEP [MeV] µ
CEP
B [MeV] µB/T

best fit 90.7 ± 7.7 461.2 ± 220 5.09 ± 0.68 101 ± 15 560 ± 140 5.5 ± 1.7
weight-1 105.4 + 8.0 � 18.4 422.9 + 80.5 � 34.9 3.92 + 1.52 � 0.24
weight-2 100.8 + 11.6 � 26.8 430.9 + 208.2 � 42.2 4.20 + 4.13 � 0.47

c1 c2 c3 c1 c2 c3

best fit -6.2 ± 9.2 0.115 ± 0.090 0.424 ± 0.086 -12.3 ± 8.1 0.203 ± 0.059 0.55 ± 0.25

TABLE II. Obtained fit parameters from the fit with eq. (5) to the real and imaginary parts of the singularities of lnZ. For
N⌧ = 6, we show the results for the fit with the smallest �

2
/d.o.f. (0.067), as well as the median and 1�-percentiles of all

performed fits, weighted with (’weight-1’) and without the AIC (’weight-2’).

determination of the crossover line.
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Parametrizations of the crossover line: 

1.)

2.)

Continuum estimate might 
suffer from large systematic 
effects (Padé vs multi-point 
Padé)

κ2 = κ̄2 = − 0.015(1)

Many results seem to favour a 
small κ̄4 ≈ − 0.0002(1)

[HotQCD, 2403.09390]
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20Lee-Yang zeros with 4HEX (Budapest-Wuppertal)

➡ Talk by A. Adam@Lattice24: single point Padé approximation of the pressure 
based on , , ,  (LT=2)χ B

2 χ B
4 χ B

6 χ B
8

❖ Interesting to check results with the Budapest-
Wuppertal data


❖ Preliminary results for single Point Padé 
analysis on  lattices, multi-Point is 
work in progress


❖ Preliminary result on the transition temperature 
based on extrapolations 432 on different 
approximations and fit ranges


❖  around 90 MeV, in agreement with 
[BiePar, 2405.10196]


❖ Results are very sensitiv to noise 

163 × 8

TCEP

Histogram of the  resultsTCEP

One example of the extrapolations

https://conference.ippp.dur.ac.uk/event/1265/contributions/7269/
https://arxiv.org/abs/2405.10196


21Finite size correction to the first Lee-Yang zero

➡ Talk by T. Wada@Lattice24: Finite size scaling of Lee-Yang zeros in 3d Pots model 
and heavy-quark QCD

❖ Construct  ratios of the LYZ 
locations 


❖ Scaling is in accordance with 
a ratio of scaling function: non-
universal pre-factors cancel, 
intersection point of different 
volumes is universal. 


❖ Ratios show reduced 
corrections to scaling and 
regular parts 


❖  is shifted to higher 
values, results from 
extrapolation of first LYZ can 
serve as a lower bound 

TCEP

Heavy-Quark QCD
2nd/1st LYZ Ratio 3rd /1st LYZ Ratio

u Consistent with B3 = 5.68578 22 from Binder cumulant (Kiyohara et al.)
u 3rd/1st ratio gives more precise result

% %

=) = 5.68607 16 7
A(/A5 = 3.707(37)(18)

2"/2# ≈ 2.40
Consistent with
3d-Z(2)

=) = 5.68585 26 10
A6/A5 = 2.404(30)(10)
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Speculation to Full-QCD result

+$?

1st LYZ data (HQ-QCD) 

%
Im

9

61 = 2 + 1 (Clarke, et al.)

• Finite-size effects is important.
• Once the 2nd LYZ is obtained, the LYZ ratio method is applicable!

B3
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X2
(1 + C(tLyt))(1 + D(tL2(yt�yh)))

+ higher 
orders

}

mixing with 
temperature 

like 

https://conference.ippp.dur.ac.uk/event/1265/contributions/7272/attachments/5854/7887/Lattice%202024.pdf


22Calculation of Fourier Coefficients

Definition:  

Method:  

highly oscillatory 
for large k

Data only defined on a 
discrete set of points

• Interpolate , take also it’s derivative and eventually higher derivatives 
up to order  into account  Hermite-interpolation (spline)

Im χB
1 Re χB

2
s →

• Piecewise integration can be done analytically 
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0 = ✓(0)
B < ✓(1)

B < · · · < ✓(N)
B = ⇡with

• Statistical error is estimated by bootstrapping over the error of  and .Im χB
1 Re χB

2

 variant of a Filon-type quadrature: error decreases as  (for exact data)→ 𝒪(k−s−2)
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µB/T = i✓B, with ✓B 2 R

A Fourier interpolation 
of the data is periodic 
by construction!



23Fourier Coefficients and critical scaling

+
• We can deform the integration contour to integrate along the cuts

• Assume that we can express the density along the cuts as 

<latexit sha1_base64="scpOJOZlhW50nAXpSXxb/Fd4Rx4="></latexit>

nB(µ̂) = A(µ̂ � µ̂br)�| {z }(1 + B(µ̂ � µ̂br)✓c + . . .) +
1X

n=0

an(µ̂ � µ̂br)n

| {z }Leading order 
non-analytic part analytic part

edge coefficient, σ > − 1

RW cut

chiral cut

̂μbr

Only 
these 
integrals 
remain



24Fourier Coefficients and critical scaling

• The final result for one cut is 
<latexit sha1_base64="KwJVbLglOhwPd7pk7cwgDONOf1k="></latexit>

bk =
e�µbrk

i⇡
A
�(1 + �)

k1+�

✓
1 � ei2⇡� +

B

k✓c

h
1 � ei2⇡(�+✓c)

i �(1 + � + ✓c)

�(1 + �)
+ . . .

◆

Absorbing -independent factors into  and  we getk A B
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• The final result for both cuts is (dropping NLO)
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• The analytic form fits the Fourier coefficients from the quark-meson model well. 
Details of the Model can be found here  [Skokov et al., PRD 82 (2010) 034029]

• In Mean-Field and LAP approximation fits to the Fourier coefficients reproduce the 
correct location of the LY edge up to (5 – 7)%.

 MeVT = 180  MeVT = 150
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New Strategy: Determine the QCD critical point by the temperature scaling of the 
Lee-Yang edge singularity 


Technically this requires Pade or multi-point Pade analysis of  derivatives. The 
later eliminates the need for the calculation of high order expansion coefficients but 
introduces some interval dependence.  


Find encouraging results for : 


No continuum result yet 


Current estimates of the cutoff effects increase  towards  MeV

ln Z

Nτ = 6 (TCEP, μCEP
B ) = (105+8

−18,422+80
−35) MeV .

μCEP
B μCEP

B ≈ 650

Universal scaling is a very powerful tool if the scaling fields and the universality class 
are known. 


Pseudo-critical lines correspond (asymptotically) to a constant real , the 
Lee-Yang edge to a universal complex 


z = t/h1/βδ

zc
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FIG. 2. Left: The dimensionless renormalized order parameter M versus T . Shown also is a fit to the data for
H = 1/40 and 1/80 in the temperature interval T 2 [140 MeV : 148 MeV]. The resulting fit parameters (Tc, z0, h

�1/�
0 ) =

(143.8(2)MeV, 1.45(3), 39.0(3)), are also given in Table II. The fit result is also shown beyond the actual fit range. Right: The
renormalized order parameter M versus the bare scaling variable zb calculated using as input only the critical temperature
from the fit shown in the left hand figure.

we need to restrict the fit to small quark masses and a
temperature region close to the pseudo-critical tempera-
ture. This has also been done in earlier analyses of the
magnetic equation of state [41]. It should be noted that
in regular contributions to M the leading H dependent
term gets cancelled, leaving only a weaker H3 dependent
contribution arising from regular terms.

We fitted the scaling ansatz, Eq. 35, to data for M ob-
tained with light to strange quark mass ratios H = 1/40
and 1/80 in the temperature interval T 2 [140 MeV :
Tmax] with Tmax = 146 MeV and 148 MeV, respectively.
These fits have been performed with and without includ-
ing the data for the smallest quark mass H = 1/160,
which have been obtained on our smallest physical vol-
ume and may still su↵er somewhat from finite volume ef-
fects. The resulting fit parameters are given in Table II.
As can be seen the fit parameters vary little, although
the �2/dof of the fits is quite sensitive to the chosen
fit-interval and the range of H-values used in the fit.

In Fig. 2 (right) we show the rescaled order parameter
M as function of the scaling variable zb introduced in
Eq. 23. As can be seen, scaling holds well at least up to
zb ' 0.5. For our smallest quark mass ratio, H = 1/160,
this corresponds to a temperature interval (T �Tc)/Tc '

0.026, which is similar to that finally used also in [41].
The fits performed in a small temperature interval and

for small values of H still provide a good description
of our data sets for larger and smaller masses as well
as for data outside the temperature range used in the
fits. Deviations of data outside the fit range from the fit
prediction provide an estimate for the influence of regu-
lar or sub-leading universal contributions. In Fig. 3 we
show the relative deviation of data from the fit also out-

�0.3

�0.2

�0.1

0

0.1

0.2

0.3

0.4

0.5

135 140 145 150 155 160

M M

T

FIG. 3. Relative deviation of data from the fit shown in
Fig. 2 (left). Deviations are shown also outside the actual
fit range and for values of H not included in the fit.

side the actual fit interval. This suggests that correc-
tions to universal scaling behavior arising from regular
or sub-leading universal terms remain smaller than 10%
for (T � Tc)/Tc

<
⇠0.06.

In the following we use the average of the fit results

for (Tc, z0, h
�1/�
0 ) obtained by leaving out the data for

H = 1/160 in the fit. We take care of this data set by
including the di↵erences as systematic error contributing

[PRD 109 (2024) 11, 114516, arXiv: 2403.09390]

 (with updated statistics)


Corresponding pion masses: 
180 MeV, 140 MeV, 110 MeV, 80 MeV, 
55 MeV.  


Use O(2) scaling functions and 
exponents due to staggered fermions


Fit results for 


Continuum estimate:  MeV


Nτ = 8

mπ ≃

Nτ = 8

Tc = 132+2
−6

8

H
�1

T [MeV] Tc [MeV] z0 h
�1/�
0 �

2
/dof

(40,80) [140:146] 143.6(1) 1.39(2) 39.4(2) 1.2
(40,80) [140:148] 143.8(2) 1.45(3) 39.0(3) 4.1

(40,80,160) [140:146] 143.6(1) 1.36(3) 39.4(2) 3.7
(40,80,160) [140:148] 143.8(2) 1.40(4) 38.8(4) 15.1

TABLE II. Fit parameter obtained for fits with di↵erent sets
of quark masses and in di↵erent temperature intervals. The
fit shown in Fig. 2 (left) corresponds to the parameter set
with a �

2
/dof = 4.1.

to the quoted error for (Tc, z0, h
�1/�
0 ). We use,

Tc = 143.7(2) MeV , (36)

z0 = 1.42(6) , (37)

h�1/�
0 = 39.2(4) . (38)

Using the fit result for the scale parameter z0, we also
conclude from the rescaled order parameter data, shown
in Fig. 2 (left), that the parameter range in which we
find good scaling behavior without including sub-leading
corrections in our fits, corresponds to the region |z|<⇠0.7.
This suggests that the peak positions of mixed suscepti-
bilities are only mildly influenced by contributions from
sub-leading corrections to the dominant universal scal-
ing behavior, as zt, zt,(t,M) are of similar magnitude (see
Eqs. 32, 33). On the other hand, their influence on the
location of the peak of the chiral susceptibility will be
larger, as the peak is located at zm ' 1.7 (Eq. 31). We
will analyze this in more detail in the next subsection.

B. Pseudo-critical temperatures

As we exploit in our determination of the chiral critical
surface, scaling relations, which are valid at small values
of the symmetry breaking parameter H, it is worthwhile
to analyze first the behavior of pseudo-critical tempera-
tures at vanishing chemical potentials.

As pointed out in the previous section pseudo-critical
temperatures are not unique. Using extrema in second
derivatives of the partition function with respect to either
(i) the external field coupling H, or (ii) mixed derivatives
with respect to H and one of the temperature-like cou-
plings (T, µ2

`
, µ`µs, µ2

s
), or (iii) by using the temperature

derivative of a particular renormalized version of the or-
der parameter, we define three classes of pseudo-critical
temperatures3, which converge forH ! 0 to the uniquely
defined critical temperature Tc. In the universal scaling

3
In general one can also determine a pseudo-critical temperature

from the susceptibility obtained as second derivative with respect

to temperature (specific heat). However, in the O(N) univer-

sality class, this susceptibility does not diverge as the relevant

critical exponent ↵ is negative.

region these three sets of observables yield three di↵er-
ent sets of pseudo-critical temperatures, which will be or-
dered according to the universal position of the extrema
of the relevant scaling functions given in Eqs. 31-33, i.e.
in the scaling regime we expect to find

Tpc,m(H) > Tpc,t(H) > Tpc,(t,M)(H) . (39)

In Fig. 4 we show results for the three types of suscep-
tibilities, the chiral susceptibility (�Msub

m
: top, left), two

versions of mixed susceptibilities obtained from the un-
renormalized order parameter M` by taking derivatives
with respect to temperature (�M`

t(T ): top, right) or the

light quark chemical potential (�M`

t(`,`): bottom, left), and
the mixed susceptibility obtained as temperature deriva-
tive of the renormalized order parameter M (�M

t(T ): bot-

tom, right).
While the susceptibilities �Msub

m
and �M`

t(`,`) are directly

obtained from simulation data, the susceptibilities �M`

t(T )

and �M

t(T ) are obtained by taking T -derivatives of the ra-
tional polynomial ansätze used to fit M` and M , respec-
tively. As expected from Eqs. 29-30, we find that the
rise of the maxima of the mixed susceptibilities with de-
creasing H is slower than that of the chiral susceptibility
�Msub
m

.
We also calculate the mixed susceptibility �M`

t(s,s), ob-
tained by taking two derivatives of M` with respect to
the strange quark chemical potential. This susceptibility
first drops in the large quark mass region and starts to in-
crease only for H  1/80. It suggests that regular terms
still contribute strongly to this susceptibility, which ob-
viously is most sensitive to the strange quark sector. In
our analysis of pseudo-critical temperatures we therefore
do not include �M`

t(s,s).
Pseudo-critical temperatures are obtained from max-

ima of the fit functions used to fit the susceptibilities. For
�M`

t(T ) and �M

t(T )
4 , we use the maxima of the T -derivative

of the rational polynomial functions used to fit M` and
M respectively. The data for �Msub

m
and �M`

t(`,`) have been
interpolated directly using rational polynomial ansatze
from which the maxima have been calculated. We use
[3,2] Pade polynomials for all of the above fits. The error
bands have been obtained from a bootstrap analysis. We
summarize results of these fits in Table III and Fig. 5.
Note that in the table as well as in the figure, we also
include results for yet another mixed susceptibility ob-
tained from a derivative ofM` with respect to the strange
quark mass. We discuss this observable in more detail in
Section VI.

4
Note that we used in Eqs. 12 and 15, Tc as a temperature in-

dependent normalization for the dimensionless mixed suscepti-

bilities �
M`
t(T ) and �

M
t(T ). This insures that the maxima of these

mixed susceptibilities agree with the inflection points of the order

parameters M` and M , respectively.

[PRL 123 (2019) 6, 062002, arXiv: 1903.04801]

<latexit sha1_base64="mHSD2BW6/MyDw0kkGKxtMaYsaJA="></latexit>

M = h
�1/�
0 H

1/� (fG(z) � f�(z))

https://arxiv.org/abs/2403.09390
https://arxiv.org/abs/1903.04801


29Padé resummation of the Taylor series about  μB = 0Chiral scaling fields and operators 29

<latexit sha1_base64="2bugbsvAtFD4+whdVDadB8ZqVwQ="></latexit>

t =
1

t0

�
�T + l

2µ̂
2
l + s

2µ̂
2
s + 2ls

11µ̂lµ̂s

�

light quark mass

strange quark mass

<latexit sha1_base64="zlQqYfSXw4hNvdV0RSpawCv338Y=">AAACEHicbVC7TsMwFHV4lvIKMLJYVAgWqgQhYEGqgIGxSH1JTRQ5jtNadeLIdpCqKJ/Awq+wMIAQKyMbf4PTZoCWI9k+Oude+d7jJ4xKZVnfxsLi0vLKamWtur6xubVt7ux2JE8FJm3MGRc9H0nCaEzaiipGeokgKPIZ6fqjm8LvPhAhKY9bapwQN0KDmIYUI6UlzzxyfM4COY70kzm3hCkEW1dOKBDOWictD+dZceWeWbPq1gRwntglqYESTc/8cgKO04jECjMkZd+2EuVmSCiKGcmrTipJgvAIDUhf0xhFRLrZZKEcHmolgCEX+sQKTtTfHRmKZDGzroyQGspZrxD/8/qpCi/djMZJqkiMpx+FKYOKwyIdGFBBsGJjTRAWVM8K8RDpMJTOsKpDsGdXnied07p9Xrfvz2qN6zKOCtgHB+AY2OACNMAdaII2wOARPINX8GY8GS/Gu/ExLV0wyp498AfG5w8svJ1O</latexit>

�T =
T � Tc

Tc

chiral condensates couple to the temperature-
like scaling field


Scaling fields Order parameter

<latexit sha1_base64="rzIwpSYJHA/kmG54IWaAbKtsFQQ="></latexit>

Ml =
ms

f4
K

T

V

@ lnZ

@ml

Remove multiplicative 
UV divergences  

<latexit sha1_base64="Fsv95x1Rb1L+wFphXvrMqeMjc24=">AAACT3icfZHNS8MwGMbT+rXNr6pHL8EhCMJoRdSLMPTicYKbg7WUNE23sKQtSSqM0v/Qi978N7x4UMR0FtFN9kLIj+fJ1/skSBmVyrZfDHNpeWV1rVZvrG9sbm1bO7s9mWQCky5OWCL6AZKE0Zh0FVWM9FNBEA8YuQ/G16V//0CEpEl8pyYp8TgaxjSiGCkt+VbkBgkL5YTrKXcjgXDupkgoiljxQ5D7rLhc4GbF8QI3LArfatote1pwHpwKmqCqjm89u2GCM05ihRmScuDYqfLy8kzMSNFwM0lShMdoSAYaY8SJ9PJpHgU81EoIo0ToESs4VX/vyBGXZct6JUdqJGe9UvzPG2QquvByGqeZIjH+vijKGFQJLMOFIRUEKzbRgLCg+q0Qj5AORukvaOgQnNmW56F30nLOWs7tabN9VcVRA/vgABwBB5yDNrgBHdAFGDyCV/AOPown4834NKulplHBHvhTZv0LR3G4GQ==</latexit>

@

@ml
=

@

@mu
+

@

@md

Magnetic susceptibility

Magnetic equation of state “Improved” order parameter

<latexit sha1_base64="JR2w/OlYSRFYwtiOch7Q9ljRtuk=">AAACI3icbVBNS8MwGE7n15xfVY9egkPwNFoRFUEYevEiTHAfsJaSpukWlrQlSYVR+l+8+Fe8eFCGFw/+F9OtoG6+8JKH53nfJM/jJ4xKZVmfRmVpeWV1rbpe29jc2t4xd/c6Mk4FJm0cs1j0fCQJoxFpK6oY6SWCIO4z0vVHN4XefSRC0jh6UOOEuBwNIhpSjJSmPPPS8WMWyDHXR+bgIfUyll9xTzqhQDhzEiQURQzmP5B7LL/T7Zl1q2FNCy4CuwR1UFbLMydOEOOUk0hhhqTs21ai3Ky4FjOS15xUkgThERqQvoYR4kS62dRjDo80E8AwFrojBafs740McVnY0JMcqaGc1wryP62fqvDCzWiUpIpEePZQmDKoYlgEBgMqCFZsrAHCguq/QjxEOhylY63pEOx5y4ugc9Kwzxr2/Wm9eV3GUQUH4BAcAxucgya4BS3QBhg8gRfwBt6NZ+PVmBgfs9GKUe7sgz9lfH0DCiimWQ==</latexit>

�l = ms
@

@ml
Ml

<latexit sha1_base64="nzaaDBoO9dEWGdsUNH2uI9HxUPA=">AAACI3icbVDLSsNAFJ3UV62vqEs3g0VwVRIRFUEouumygn1AE8JkMmmHziRhZiKUkH9x46+4caEUNy78FydtFrb1wsw995x7mbnHTxiVyrK+jcra+sbmVnW7trO7t39gHh51ZZwKTDo4ZrHo+0gSRiPSUVQx0k8EQdxnpOePHwq990yEpHH0pCYJcTkaRjSkGClNeeat48cskBOuUza6c0KBcGbn2ciz8tZiOS+4x3J9yTz3zLrVsGYBV4Fdgjooo+2ZUyeIccpJpDBDUg5sK1FuhoSimJG85qSSJAiP0ZAMNIwQJ9LNZjvm8EwzAQxjoU+k4Iz9O5EhLos1dCdHaiSXtYL8TxukKrxxMxolqSIRnj8UpgyqGBaGwYAKghWbaICwoPqvEI+QtkJpW2vaBHt55VXQvWjYVw378bLevC/tqIITcArOgQ2uQRO0QBt0AAYv4A18gE/j1Xg3psbXvLVilDPHYCGMn1+siaYp</latexit>

h =
1

h0
H =

1

h0

ml

ms

<latexit sha1_base64="zQfdR4JISqfgjySXN7FIaDUoQBc=">AAACA3icbVDLSsNAFJ3UV62vqDvdBIvgxpKIqBuh6KabQgX7gCaEyWTSDp3MhJmJUELBjb/ixoUibv0Jd/6NkzYLbT0wzOGce7n3niChRCrb/jZKS8srq2vl9crG5tb2jrm715E8FQi3Eadc9AIoMSUMtxVRFPcSgWEcUNwNRre5333AQhLO7tU4wV4MB4xEBEGlJd88cANOQzmO9Zc1r5s+PW24aEh8OvHNql2zp7AWiVOQKijQ8s0vN+QojTFTiEIp+46dKC+DQhFE8aTiphInEI3gAPc1ZTDG0sumN0ysY62EVsSFfkxZU/V3RwZjma+pK2OohnLey8X/vH6qoisvIyxJFWZoNihKqaW4lQdihURgpOhYE4gE0btaaAgFRErHVtEhOPMnL5LOWc25qDl359X6TRFHGRyCI3ACHHAJ6qABWqANEHgEz+AVvBlPxovxbnzMSktG0bMP/sD4/AHrXJey</latexit>

M = Ml � H�l

<latexit sha1_base64="+nZ52QGCfgAsFeePS6nX2b/alSc="></latexit>

M = h1/� (fG(z) � f�(z))
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[PRD 109 (2024) 11, 114516, 
arXiv: 2403.09390]
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analogy to the corresponding functions in the flavor basis, K`
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(Eq. 54) and K
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11 (Eq. 55), respectively. The chiral extrap-
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2 (top) and


BS
11 (bottom).
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The solid line shows Tc as function of µB in strangeness neu-
tral matter. The dashed line in the front corresponds to
µS = 0 whereas the dashed line at large µS corresponds to
the case µs = 0, which is equivalent to µS = µB/3.

expect that universal features of the chiral phase transi-
tion in (2+1)-flavor QCD is described by the same uni-
versality class for all finite, non-zero values of the strange
quark mass. As the strange quark mass does not break
chiral symmetry in the light quark sector explicitly, it
will appear as an external parameter in the energy-like
scaling variable t, just like the chemical potentials.
We may expand the chiral phase transition temper-

ature Tc, appearing in the definition of the energy-like
scaling field t given in Eq. 19, in terms of a Taylor se-
ries around the physical strange mass, mphy

s
. To leading

order we obtain,

Tc(ms) = Tc(m
phy

s
) +

@Tc(ms)

@ms

����
m

phy
s

�
ms �mphy

s

�

+O((�ms)
2) , (63)

Omitting just for clarity the µ-dependence of the scaling
variable t, introduced in Eq. 19, we rewrite t as

t =
1

t0


T

Tc(ms)
� 1

�

=
1

t0

" 
T

Tc(m
phy

s )
� 1

!
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#
(64)

+O((�T )2,�T�ms, (�ms)
2)

(65)

where

ms = �
mphy

s

Tc(m
phy

s )

@Tc(ms)

@ms

���
m

phy
s

. (66)

Using the definition of the light-strange susceptibility,
introduced in Eq. 11, we may obtain the curvature coef-
ficient ms from the ratio

K
ms(T,H) =

�`,ms

�M`

t(T )

. (67)

Results for the light-strange susceptibility are shown in
Fig. 9 (top). We see that the peak position of the suscep-
tibility shifts to smaller values as H decreases. Results
for the pseudo-critical temperatures corresponding to the
location of these peaks are also given in Table III and
shown in Fig. 5. It is apparent that these pseudo-critical
temperatures vary with H just like the other mixed sus-
ceptibilities obtained from derivatives of the chiral order
parameterM` with respect to a energy-like variable. This
confirms our expectation that that the strange quark
mass enters the universal scaling relations just like other
energy-like couplings.
Results for K

ms(T,H), obtained for several values of
H, are shown in Fig. 9 (bottom). From this we obtain
the curvature coe�cient ms in the chiral limit as

ms = lim
H!0

K
ms(Tc, H) . (68)

Ratio of mixed susceptibilities are 
related to the curvature coefficients 
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T or µ̂f = µf/T with f = ` or s,

�M`

t(T ) = �Tc

@M`

@T
, (12)

�M`

t(f,f) = �
@2M`

@µ̂2
f

, (13)

�M`

t(`,s) = �
@2M`

@µ̂`@µ̂s

, (14)

Here t(T ) and t(f, g) indicate that derivatives of the order
parameter with respect to T or temperature like variables
µ̂f and µ̂g are taken. A corresponding set of susceptibil-
ities can be defined by replacing M` by the renormalized
order parameter Msub or M . We will use in the following
the mixed susceptibility

�M

t(T ) = �Tc

@M

@T
. (15)

Related to the two versions of a renormalized chiral
order parameter, Msub and M , we introduce two versions
of chiral susceptibilities, i.e. the derivatives of Msub or
M with respect to the light quark mass m`,

�Msub
m

=

✓
@

@mu

+
@

@md

◆
Msub , (16)

�M

m
=

✓
@

@mu

+
@

@md

◆
M . (17)

In the following we will only make use of �Msub
m

as the
calculation of �M

m
would require the calculation of three

derivatives of the lnZ with respect to the light quark
masses.

C. Universal critical behavior

At vanishing values of the chemical potentials the ex-
istence of a continuous 2nd order phase transition, oc-
curring at vanishing values of the two degenerate light
quark masses, m`, has been established [4, 7]. As the
chemical potentials (µ`, µs) do not explicitly break the
chiral symmetry, the point (µ`, µ`, µs) = (0, 0, 0) is part
of a surface of 2nd order phase transitions that occur at
temperatures, Tc(µ`, µs). In the vicinity of this critical
surface the free energy density, f = �(T/V ) lnZ, can be
split into a singular contribution and sub-leading correc-
tions that are of relevance in some range of H 6= 0,

f = fs(T, ~µ, ~m) + fsub�lead(T, ~µ, ~m) , (18)

with ~m = (m`,ms) and ~µ = (µ`, µs). The singular part
gives rise to divergences in higher order derivatives of the
free energy density. The sub-leading corrections involve
non-singular, regular terms as well as sub-dominant, uni-
versal singular corrections-to-scaling (cts).

In the vicinity of the critical surface the leading singu-
lar contribution to the free energy density dominates the

behavior of the chiral and mixed susceptibilities. The
dominant singular contribution is written in terms of
energy-like and magnetization-like scaling fields, ut and
uh, respectively. The former couples to operators in the
QCD Lagrangian, which are invariant under chiral trans-
formations in the light, degenerate 2-flavor sector and is
a function of all combinations of couplings (parameters)
appearing in the QCD Lagrangian, which leave the La-
grangian invariant under chiral rotations. The latter, on
the other hand, depends on combinations of couplings
that break this symmetry. The scaling fields ut and uh

vanish at a critical point. In its vicinity they may be
expanded in a Taylor series. Usually one uses only the
leading order Taylor series expansion, ut = t+O(t2, th2),
uh = h+O(th), with

t =
t̄

t0
=

1

t0

�
�T + `

2µ̂
2
`
+ s

2µ̂
2
s
+ 2`s

11µ̂`µ̂s

�
, (19)

h ⌘
H

h0
=

1

h0

m`

ms

. (20)

Here t0, h0 are dimensionless non-universal constants just
like Tc, and

�T =
T � Tc

Tc

. (21)

In Eq. 19 we introduced the reduced temperature t
as function of the energy-like couplings T and chemical
potentials in the flavor basis. This may as well be done in
the conserved charge basis using the chemical potentials
(µB , µS). Note that we do not include the isospin or
electric charge chemical potential in t̄ since this amounts
to introducing independent up and down quark chemical
potentials which explicitly breaks the symmetry group to
U(1)u ⇥ U(1)d ⇥ U(1)s.
Up to the sub-leading contributions from corrections-

to-scaling and contributions from regular terms, the tem-
perature and mass dependence of the singular part of the
free energy density is controlled by a single scaling vari-
able z,

fs(T, ~µ, ~m) = h0h
1+1/�ff (z) , (22)

with z = z0zb and

zb = t̄/H1/�� , z0 = h1/��
0 /t0 . (23)

The critical exponents �, � are unique in the universal-
ity class of the phase transition. As we consider in the
following the chiral limit taken at fixed lattice cut-o↵,
we use for definiteness critical exponents of the 3d, O(2)
universality class, i.e. we use [42],

� = 0.3490(30) , � = 4.7798(5) , !⌫c = 0.32(1) . (24)

Here we give in addition to the two critical exponents �, �
also the combination !⌫c ⌘ !⌫/��, with ⌫ = �(1 + �)/3
and ! denoting the sub-leading universal correction-to-
scaling exponent [42, 43]. The combination !⌫c controls

Temperature-like derivatives of the 
order parameter
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In addition to the mixed susceptibility �M`

t(T ), defined as
the T -derivative of M`, we also use the mixed suscepti-
bility �M

t(T ), which is obtained as the T -derivative of the
renormalized order parameter M . This defines another
pseudo-critical temperature, Tpc,(t,M).

As can be seen in Fig. 5 the pseudo-critical tempera-
tures reflect the ordering of the universal scaling relations
for allH  1/20. The pseudo-critical temperatures, how-
ever, are generally located outside the temperature range
in which we found good scaling behavior for the order pa-
rameter M , shown in Fig. 2. When fitting data for the
pseudo-critical temperatures to extract Tc we thus need
to take into account also the influence of sub-leading cor-
rections to the location of the maxima in susceptibilities.

We have fitted the data shown in Fig. 5 using scaling
ansätze appropriate for the di↵erent observables used to
define a pseudo-critical temperature and allowing for con-
tributions from corrections-to-scaling as well as regular
terms. We start with an ansatz for the unrenormalized
order parameter M`,

M` = h�1/�
0 H1/�

�
fG(z) + cH!⌫cfG,cts(z) +O(H2!⌫c)

�

+H
nmaxX

n=0

ant
n +O(H3) , (40)

and similarly for the renormalized order parameter M ,
where fG(z) gets replaced by fG(z) � f�(z). The def-
inition of the corrections-to-scaling function fG,cts and
further details about the above ansatz are provided in
Appendix B. Calculating the various susceptibilities by
starting from Eq. 40 one obtains the influence of the sub-
leading terms on the locations of the maxima of the sus-
ceptibilities by expanding the order parameter ansatz for
small values of H [33] in the vicinity of the relevant, uni-
versal peak locations zm, zt or zt,M . Keeping terms up to
nmax = 2 for the determination of Tpc,m and nmax = 3
for the determination of Tpc,x, x = t, (t,M), insures that
in both cases regular terms linear in t are kept in the de-
termination of maxima of the susceptibilites. This gives
for the position of a peak in the mixed susceptibilities

Tpc,x(H) = Tc

⇣
1 + t1,xH

1/�� + tc,xH
1/��+!⌫c

+t2,xH
1+(3��)/�� + t3,xH

1+(4��)/��
⌘

x = t, (t,M) , (41)

whereas for the chiral susceptibility one has [33],

Tpc,m(H) = Tc

⇣
1 + t1,mH1/�� + tc,mH1/��+!⌫c (42)

+t2,mH1+(2��)/�� + t3,mH1+(3��)/��
⌘

.

The coe�cient t1,x of the leadingH-dependent correction
to Tc is related to the universal parameters zx, given in
Eqs. 31-33, and the non-universal scale z0,

t1,x ⌘
zx
z0

, x = m, t, (t,M) . (43)
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�
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FIG. 5. Pseudo-critical temperatures obtained from maxima
in (i) �Msub

m , (ii) �M`
t(T ), and �

M`
t(`,`), �`,ms and (iii) �M

t(T ). These
three sets of observables are related to universal maxima in
three di↵erent sets of scaling functions (see text). Lines show
joined fits performed with a scaling ansatz and including cor-
rections arising from correction-to-scaling as well as regular
terms as discussed in the text. Dashed lines show the lead-
ing H-dependent correction arising from the universal scaling
ansatz in this fit (see text).

We performed fits in which Tc and t1,x are kept as free
fit parameters as well as using for Tc and t1,x the values
determined from the scaling fits to the order parameter
M given in Eqs. 36, 37. Using Tc and t1,x as free fit
parameters gives result that are consistent with Eqs. 36,
37.

We performed joint fits to data for pseudo-critical tem-
peratures obtained from five di↵erent susceptibilities, de-
manding that they yield the same critical temperature
in the chiral limit. It turns out that in the case of the
mixed susceptibility �M

t(T ) these fits are not sensitive to
a term proportional to t3,(t,M). We thus set t3,(t,M) = 0
in our final fits. Furthermore, we need to control the
influence of the smaller volume used in our determina-
tion of Tpc in calculations with H = 1/160. We there-
fore performed fits (i) leaving out or (ii) including the
data for H = 1/160 as well as (iii) using the data for
H = 1/160 where we corrected the Tpc values, obtained
for H = 1/160, by a global shift of 0.25 MeV. This is
in accordance with the finite volume dependence found
in [4]. For N⌧ = 8, H = 1/80 it was found there that
pseudo-critical temperatures determined at zL,b ' 1.1
and 0.8 di↵er by about 0.25 MeV. We use this value also
as an estimate for finite volume e↵ects in our data ob-
tained for H = 1/160 at zL,b ' 1.1.

We find that fits using these three di↵erent approaches
yield similar results for the chiral transition temperature

Peak-position of susceptibilities 
determine a pseudo critical line 
(constant )
zx
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The Padé vs. multipoint Padé methods

A Padé approximation is constructed such 
that the expansion of the Padé is identical to 
the Taylor series about  x = 0

Standard Padé:

Starting point is a power series 

f(x) =
L

∑
i=0

ci xi + 𝒪(xL+1) .

We denote the [m/n]-Padé as 

Rm
n (x) =

Pm(x)
Q̃n(x)

=
Pm(x)

1 + Qn(x)
=

m
∑
i=0

ai xi

1 +
n

∑
j=1

bj x j

One possibility to solve for the coefficients 
, is by solving the tower of equations ai, bj

Pm(0) − f (0)Qn(0) = f (0)

⋮

Multipoint Padé:

We have power series at several points xk

We demand that at all points  the expansion 
of the Padé is identical to the Taylor series 
about 

xk

x = xk

One possibility (method I) to solve for the 
coefficients , is by solving the tower of 

equations 

ai, bj

 Linear system of size , 
need  derivatives of 

→ m + n + 1
m + n f(x)

P′￼m(0) − f′￼(0)Qn(0) − f(0)Q′￼n(0) = f′￼(0)

P′￼m(x0) − f′￼(x0)Qn(x0) − f(x0)Q′￼n(x0) = f′￼(x0)

Pm(x0) − f (x0)Qn(x0) = f (x0)

P′￼m(x1) − f′￼(x1)Qn(x1) − f(x1)Q′￼n(x1) = f′￼(x1)

Pm(x1) − f (x1)Qn(x1) = f (x1)
⋮

⋮

 again a linear system of size , 
need much less derivatives, we have 

→ m + n + 1

m + n + 1 = ∑
k

(Lk + 1)

32
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- The coefficients  can be determined 
perturbatively and non-perturabively 

h3, h5

[Guida, Zinn-Justin, NPB 489 (1997)]
 [Karsch et al. PRD 108 (2023) 014505]

- the coefficient  is not known precisely (zero within current precision)

-  introduces an additional pair of singularities (imaginary if , real if )

-  can be used to tune the phase of the LY edge singularity

h7
h7 ≠ 0 h7 > 0 h7 < 0
h7

|zLY | = 2.418(55)

 [Karsch, CS, Singh, arXiv:2311.13530]


