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Collect all possible information/structure  
for 

physics understanding & extrapolations   

See also CPOD 2024 talks of C. Fischer
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Example: 4-quark scattering vertex   

Ihssen, JMP, Sattler, Wink, arXiv:2408.08413

How to: systematic error estimates & the LEGO   principle ®
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The unreasonable effectiveness of low energy effective theories

Access and combined use of  

error estimates  

from functional QCD & LEFTs    

Ihssen, JMP, Sattler, Wink, arXiv:2408.08413



 Self-consistent truncations to functional relations define analytic functions in      , eg:        
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How to: direct computations and the minimal point of view
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 Consequences for functional QCD predictions at finite density  

By now the best truncations to functional 
 QCD pass lattice benchmark tests at 
 vanishing and small chemical potential

Great opportunity for a combined analysis of high density QCD (Exp. data + lattice QCD + functional QCD + LEFTs)

Unique: QCD-based analytic continuations  
          that satisfy the lattice benchmarks 

          at small chemical potential. 

Moat regime Regime of quantitative reliability  
of  

current best truncation

Those are my interpretations,  

and if you don’t like them…. 

well, I have others



Phase structure from functional QCD: Predictions & estimates



Dominance of scalar-pseudoscalar  fluctuations  
Pions & sigma mode

9
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hqqi

 Braun, Leonhardt, Pospiech, PRD 101 (2020) 036004

Four-quark scattering channels

Predictions & estimates



T=160 MeV  &         =0 MeV<latexit sha1_base64="N3K2cGv4tqg3NpeEyxyAyDNZ/iQ="></latexit>µB
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Moat regime   Regime of quantitative reliability  
of  

current best truncation

Predictions & estimates

10

Prediction

Pion spectral functions 

 Fu, JMP, Pisarski, Rennecke, Wen, Yin, in prep

Fu, JMP, Rennecke, PRD 101 (2020) 054032

see talk of Fabian Rennecke

Pisarski, Rennecke, PRL 127 (2021) 152302
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Prediction

Estimate

Moat regime is not captured quantitatively  

Pion spectral functions 

 Fu, JMP, Pisarski, Rennecke, Wen, Yin, in prep

Fu, JMP, Rennecke, PRD 101 (2020) 054032

see talk of Fabian Rennecke

Pisarski, Rennecke, PRL 127 (2021) 152302



Emergent diquarks   Regime of quantitative reliability  
of  

current best truncation

Predictions & estimates
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 Eichmann, Fischer, Welzbacher, PRD 93 (2016) 034013
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gluon-dressing loop only
+ baryon loop + diquark loop (rescaled strength)
+ baryon loop + diquark loop (rescaled strength, prefactor)

gluon dressing only
+ baryon + diquark (rescaled strength)
+ baryon + diquark (rescaled strength, prefactor)

Minor effects of baryons on phase boundary

 Emergent baryons (DSE)

 Braun, Leonhardt, Pospiech, PRD 101 (2020) 036004
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(i) ‘old’ CEPs: lattice, Functional QCD approaches, LEFTS (updated computations available)
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Gunkel, Fischer, PRD 104 (2021) 054022 (DSE)

Gao, Lu, JMP, Schneider,  in prep (DSE)

Fu, JMP, Rennecke, Wen, Yin, in prep (fRG)
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Remove CEP-predictions 

(iii) LEFTs with CEPs at large density (missing quark-gluon back reaction)

(ii) LEFTs & Functional Results (qualitative approximations) that miss lattice benchmarks at        =0 

(i) ‘old’ CEPs: lattice, Functional QCD approaches, LEFTS (updated computations available)

9The 10th RHIC BES theory and experiment online seminar, Oct. 6th, 2020Xiaofeng Luo

Location of CP : Theoretical Prediction

Preliminary collection from Lattice, DSE, FRG and PNJL (2004-2020)

Large uncertainties for the estimation of CP location.

Compilation by X. Luo & Y.G. Huang

Updated version, Luo 2022 
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RHIC-BES Seminar Oct. 6th 2020, Xiaofeng Luo 

Predictions, estimates & extrapolations and how to judge them

Functional QCD

…
…

Extrapolations

Lattice extrapolations:                   Basar, PRC 110 (2024) 015203 
                                                  Bielefeld-Parma, arXiv:2405.10196

Holographic models:             Hippert, Grefa, Manning, Noronha,  
                                       Noronha-Hostler, Portillo Vazquez, Ratti,  
                                          Rougemont, Trujillo, arXiv: 2309.00579 
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Predictions, estimates & extrapolations and how to use them

Scenario I Scenario II Scenario III

Scaling  Minimal scaling and new phases Scaling and/or new phases

Braun, Fu, JMP, Rennecke, Rosenblüh, Yin, PRD 102 (2020) 056010
Gao, JMP, PRD 105 (2022) 094020

Soft modes in hot QCD matter:   Braun, Chen, Fu, Gao, Huang, Ihssen, JMP,   
                                      Rennecke, Sattler, Tan, Wen, Yin, arXiv:2310.19853

+ many results in dynamical 
low energy effective theories 

LEGO   principle®

Fu, JMP, Rennecke, PRD 101 (2020) 054032

Out

Unlikely
Likely

           Size of scaling regime in LEFTs 

Schaefer, Wambach, PRD 75 (2007) 085015 

Braun, Klein, Piasecki, EPJC 71 (2011) 1576 
…

     by the LEGO   principle®

+

Out
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Predictions, estimates & extrapolations and how to use them

Scenario II

 Minimal scaling and new phases

Extrapolations  
for  

Pheno
X

Ripples of the critical end point 

see talk of Wei-jie Fu

baryon & proton number fluctuations

Fu, Luo, JMP, Rennecke, Wen, Yin, arXiv:2308.15508



Predictions, estimates & extrapolations and how to use them

Scenario II

 Minimal scaling and new phases

Ripples of the critical end point 

see talk of Wei-jie Fu

baryon & proton number fluctuations

Fu, Luo, JMP, Rennecke, Wen, Yin, arXiv:2308.15508

Strangeness neutrality

see talk of Rui Wen

baryon & proton number fluctuations

Fu, Huang, JMP, Rennecke, Wen, Yin, in preparation
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 The results support the use of extrapolation approaches for phenomenological applications       Minimal scaling and new phases

Likely

 Explanation for the convergence of CEP locations 
of extrapolation approaches       

 Access to observables such as 
fluctuations of conserved charges      

Stay tuned

fQCD

 Systematic error estimates with the LEGO    principle ®

Diquarks/baryons: X Density channel/mode: ( ( Moat/inhomogeneous regime: ))))

CEP Estimate             CEP Prediction 

X X
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Chiral dynamics & soft modes



To be (critical) or not (to be)
Chiral transition temperature
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Magnetic susceptibility
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To be (critical) or not (to be)

Order parameter potential & scaling

<latexit sha1_base64="ojdSKx4E04iJqyePCIhAKzFm1E0=">AAACA3icbVDLSgMxFM34rPU16k43wSK4KjNS1GVRFy4r2Ad0xiGTZtrQTBKSjFiGght/xY0LRdz6E+78G9PHQlsPXDiccy/33hNLRrXxvG9nYXFpeWW1sFZc39jc2nZ3dhtaZAqTOhZMqFaMNGGUk7qhhpGWVASlMSPNuH858pv3RGkq+K0ZSBKmqMtpQjEyVorc/UYU4B6FAZJSiQcYXBFmUMTuOIzcklf2xoDzxJ+SEpiiFrlfQUfgLCXcYIa0bvueNGGOlKGYkWExyDSRCPdRl7Qt5SglOszHPwzhkVU6MBHKFjdwrP6eyFGq9SCNbWeKTE/PeiPxP6+dmeQ8zCmXmSEcTxYlGYNGwFEgsEMVwYYNLEFYUXsrxD2kEDY2tqINwZ99eZ40Tsr+ablyUylVL6ZxFMABOATHwAdnoAquQQ3UAQaP4Bm8gjfnyXlx3p2PSeuCM53ZA3/gfP4AGxGXMA==</latexit>

V� ⇡ �n
l

<latexit sha1_base64="23HQIU+7xQbMonHa7Q64+5/djlI=">AAACDXicbVC7TsMwFHXKq5RXgJHFoiCVgSpBFTBWwNCxSPQhNSFyXKe16jiR7SBVUX6AhV9hYQAhVnY2/ga3zQAtR7J0dM69uj7HjxmVyrK+jcLS8srqWnG9tLG5tb1j7u61ZZQITFo4YpHo+kgSRjlpKaoY6caCoNBnpOOPrid+54EISSN+p8YxcUM04DSgGCkteeaRc0OYQh6rNE6gE4soVhFs3DuBQDi1s5Sf2hn0zLJVtaaAi8TOSRnkaHrml9OPcBISrjBDUvZsK1ZuioSimJGs5CSSxAiP0ID0NOUoJNJNp2kyeKyVPgwioR9XcKr+3khRKOU49PVkiNRQznsT8T+vl6jg0k0pjxNFOJ4dChIGdeJJNbBPBcGKjTVBWFD9V4iHSBehdIElXYI9H3mRtM+q9nm1dlsr16/yOorgAByCCrDBBaiDBmiCFsDgETyDV/BmPBkvxrvxMRstGPnOPvgD4/MHramasQ==</latexit>

�l(H) / H
1

n�1

<latexit sha1_base64="TIn/wuu3DQEqrUzxi4xTHu/kFBw=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUmkqAhCwU2XFewD2lAm00k7dCYJMxOlxHyKGxeKuPVL3Pk3TtsstPXAvRzOuZe5c/yYM6Ud59sqrK1vbG4Vt0s7u3v7B3b5sK2iRBLaIhGPZNfHinIW0pZmmtNuLCkWPqcdf3I78zsPVCoWhfd6GlNP4FHIAkawNtLALjdu+oHEJBUDnpmmsoFdcarOHGiVuDmpQI7mwP7qDyOSCBpqwrFSPdeJtZdiqRnhNCv1E0VjTCZ4RHuGhlhQ5aXz0zN0apQhCiJpKtRorv7eSLFQaip8MymwHqtlbyb+5/USHVx5KQvjRNOQLB4KEo50hGY5oCGTlGg+NQQTycytiIyxSUKbtEomBHf5y6ukfV51L6q1u1qlfp3HUYRjOIEzcOES6tCAJrSAwCM8wyu8WU/Wi/VufSxGC1a+cwR/YH3+AJ2wlDo=</latexit>

H =
ml

ms

<latexit sha1_base64="+u4DJAUyAFhc/khU0w85F0jepQY=">AAACIXicbVDJSgNBEO1xjXGLevTSGIR4CTMSNMeAih7jkgUyY+jp9CRNeha6ayRhmF/x4q948aBIbuLP2FkOmvig4PFeFVX13EhwBab5ZSwtr6yurWc2sptb2zu7ub39ugpjSVmNhiKUTZcoJnjAasBBsGYkGfFdwRpu/2LsN56YVDwMHmAYMccn3YB7nBLQUjtXrrdt2uOPScEGNgDpJ97ddXqSYptEkQwHeMG/vL8a++1c3iyaE+BFYs1IHs1QbedGdieksc8CoIIo1bLMCJyESOBUsDRrx4pFhPZJl7U0DYjPlJNMPkzxsVY62AulrgDwRP09kRBfqaHv6k6fQE/Ne2PxP68Vg1d2Eh5EMbCAThd5scAQ4nFcuMMloyCGmhAqub4V0x6RhIIONatDsOZfXiT106J1VizdlvIVcxZHBh2iI1RAFjpHFXSDqqiGKHpGr+gdfRgvxpvxaYymrUvGbOYA/YHx/QO4FqPL</latexit>

V (fRG)
� ⇡ V (DSE)

�

<latexit sha1_base64="PSLeX4VRe71HOq48ygvbVJA1zQs=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwY0mkPjZCwY3LCvYBTSmT6aQdOpmEmRuhhGzd+CtuXCji1j9w5984bQNq64ELh3Pu5d57/FhwDY7zZRWWlldW14rrpY3Nre0de3evqaNEUdagkYhU2yeaCS5ZAzgI1o4VI6EvWMsfXU/81j1TmkfyDsYx64ZkIHnAKQEj9WzsBYrQ1M1Sr88EkAxf/UjyxM16dtmpOFPgReLmpIxy1Hv2p9ePaBIyCVQQrTuuE0M3JQo4FSwreYlmMaEjMmAdQyUJme6m008yfGSUPg4iZUoCnqq/J1ISaj0OfdMZEhjqeW8i/ud1EgguuymXcQJM0tmiIBEYIjyJBfe5YhTE2BBCFTe3YjokJgcw4ZVMCO78y4ukeVpxzytnt9VyrZrHUUQH6BAdIxddoBq6QXXUQBQ9oCf0gl6tR+vZerPeZ60FK5/ZR39gfXwD43yZyA==</latexit>

1

�
=

1

n� 1
(Critical) exponent:

Braun, Chen, Fu, Gao, Huang, Ihssen, JMP, Rennecke, Sattler, Tan, Wen, Yin, 2310.19853

Braun, Fu, JMP, Rennecke, Rosenblüh, Yin, PRD 102 (2020) 056010
Gao, JMP, PRD 105 (2022) 094020

0 100 200 300 400

140

160

180

200
 HotQCD: Nτ=8
                Nτ=12
 Kotov et al: T∆

  This work
 fRG:Braun et al.

T c
[M
eV
]

mπ[MeV]

DSE: Gao et al.

Chiral transition temperature



Trivial                scaling
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Chiral dynamics & quasi-massless modes

‘chiral scaling’

Critical O(4) scaling

QM: Chen, Wen, WF, PRD 104 (2021) 054009
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Scaling coefficient as function of the pion mass

FRG-QCD: leading scaling
FRG-QCD: leading + subleading scaling
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‘chiral scaling’

Critical O(4) scaling

QM: Chen, Wen, WF, PRD 104 (2021) 054009
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Chiral dynamics & quasi-massless modes

‘chiral scaling’

Critical O(4) scaling

QM: Chen, Wen, WF, PRD 104 (2021) 054009
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Small chiral scaling regime

Small critical regime around pot. CEP

!!Great News!!  

Location of CEP/New phase accessible via combination  
of  precision measurements & computations  
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Scaling coefficient as function of the pion mass

FRG-QCD: leading scaling
FRG-QCD: leading + subleading scaling
FRG-QCD: fixed-point value
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Braun, Chen, Fu, Gao, Huang, Ihssen, JMP, Rennecke, Sattler, Tan, Wen, Yin, 2310.19853



‘chiral scaling’

fQCD collaboration, in preparation

Chiral dynamics & quasi-massless modes 

<latexit sha1_base64="+kbz2+8mwanuDGezP8zQ4Tm8dg4="></latexit>
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‘Non-critical chiral scaling’

Critical scaling

Far away from the critical regime for  
<latexit sha1_base64="ZM+YbT6sChAMtuPiXzM5WY9eqFw="></latexit>

m⇡ & 1MeV

Gao, JMP, PRD 105 (2022) 094020

QM: Chen, Wen, WF, PRD 104 (2021) 054009

Scaling coefficient as function of the pion mass

Critical O(4) scaling Trivial                scaling
<latexit sha1_base64="TgZAjy6jE3fKlM8QfLYwNsv4Pqw="></latexit>
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FRG-QCD: leading scaling
FRG-QCD: leading + subleading scaling
FRG-QCD: fixed-point value
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Chiral dynamics & quasi-massless modes



QCD: fQCD collaboration, in preparation

Measure: correlation length

Use for chiral dynamics  
in heavy ion collisions 
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Full order parameter potential


