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Hadron Structure: No-go Theorem?
• First Challenge: 

– Euclidean lattice precludes calculation of light-cone/time-dependent correlation 
functions
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So…. …Use Operator-Product-Expansion to formulate in terms of Mellin Moments 
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• Second Challenge: 
– Discretised lattice: power-divergent mixing for higher moments

PDFs, GPDs, TMDs
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X. Ji, Phys. Rev. Lett. 110, 262002 (2013). 
X. Ji, J. Zhang, and Y. Zhao,  Phys. Rev. Lett. 111, 112002 (2013). 
J. W. Qiu and Y. Q. Ma, arXiv:1404.686.

Large-Momentum Effective Theory (LaMET) 
Quasi-PDF (qPDF)
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GLCS pPDF

qPDF
All approaches should give 
same after: 

– Finite volume 
– Discretization 

Uncertainties 
– Infinite momentum

PDFs, GPDs and TMDs

A.Radyushkin, Phys. Rev. D 
96, 034025 (2017)

Ma and Qiu, Phys. Rev. Lett. 120 022003 Characterized by short-
distance factorization

Pseudo-Distributions

Same “building blocks”

“Good lattice cross sections”



Pseudo-PDFs
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• Pseudo-PDF (pPDF) recognizing generalization 
of PDFs in terms of Ioffe Time. ⌫ = p · z

A.Radyushkin, Phys. Rev. D 96, 034025 (2017)

B.Ioffe, PL39B, 123 (1969); V.Braun et al, PRD51, 6036 
(1995)

M↵(p, z) = hp |  ̄�↵U(z; 0) (0) | pi
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⟹
Ioffe-time pseudo-Distribution (pseudo-ITD) generalization to space-like z

z
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Tf T0

⌦Wilson line

Lattice “building blocks” that of quasi-PDF approach.
X. Ji, Phys. Rev. Lett. 110, 262002 (2013). 
X. Ji, J. Zhang, and Y. Zhao,  Phys. Rev. Lett. 111, 112002 (2013). 
J. W. Qiu and Y. Q. Ma, arXiv:1404.686.



Pseudo-PDFs
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To deal with UV divergences, introduce reduced distribution 
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Perturbatively calculableComputed on lattice Ioffe-time Distribution
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Inverse problem

Need data for all ν, or 
additional physics input

K. Orginos et al., 
PRD96 (2017), 
094503

ITD  PDF↔



Distillation and Hadron Structure
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To control systematic uncertainties, need precise computations over a wide range of 
momentum. 

– Use a low-mode projector to capture states of interest “distillation” 
– Enables momentum projection at each temporal point.

Momentum projection

Variational basis

+ momentum 
smearing

G.Bali et al, Phys.Rev.D 
93 (2016) 9, 094515

C.Egerer et al (Hadstruc), Phys. Rev. 
D 103, 034502 (2021)
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Perambulators → quark propagation

Elementals → (baryon) operators

M.Peardon et al (Hadspec), Phys.Rev.D 80 (2009) 054506



Nucleon Isovector PDF
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JLab/WM/LANL/MIT 2+1 clover - used throughout rest of this talk

Matrix elements extracted using summation method - reduced 
excited-state contributions

C.Egerer et al. (hadstruc), JHEP 11 (2021) 148
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Expand the x-dependence in terms of (shifted) Jacobi Polynomials

Matching kernel
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Higher twistDiscretization

J.Karpie,K.Orginos,A.Radyushkin,S.Z
afeiropoulos, arXiv:2105.13313
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Transversity and Helicity

Isospin symmetric

Phys.Rev.D 105 (2022) 3, 034507, Hadstruc Collaboration, (C.Egerer et al).

Valence quark helicity distribution, 
together with contamination terms

CP-odd helicity distribution, together with 
contamination terms

HadStruc Collab (R.Edwards et al), JHEP 03 (2023) 086



3D Hadron Structure

Generalized Parton Distributions (GPDs) provide 3D description in 
terms of longitudinal momentum fraction and (2D) transverse 
displacement 
– Orbital Angular Moment 
– Integrated Generalized Form Factors: distribution of mass, charge, 

pressure 

JHEP (to appear)



GPD Formalism
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Ŵ

⇣
�z

2
,
z

2
;A

⌘
 
q
⇣
z

2

⌘
|N (pi,�i)i |z+=0,z?=0?

=
1

2P+
u (pf ,�f )


�
+
H

q (x, ⇠, t) +
i�

+⌫
q⌫

2m
E

q (x, ⇠, t)

�
u (pi,�i)

Kinematic variables 

<latexit sha1_base64="zc57Pop+s0JjSvR57s3AXQmOiko=">AAACbHicdVFdT9swFHXCBqxsUNgeNiEki2p8iFIleSjtnpD2ssciUUCqQ+W4N2DhJI7tVKuiPvEP97afsJf9hrltKg0ER7J1dM691/ZxJAXXxvN+O+7Km7era+vvahvvP2xu1bd3rnRWKAZ9lolM3URUg+Ap9A03Am6kAp pEAq6jh+8z/3oMSvMsvTQTCWFC71Iec0aNlYb1RzKoYYseJpAXfIxJrCgr/WkZTI/kiTw8Js0mwQTnywJ5eCorzSy1/DaoJPKTL8XTxaj89sQO69mdNFtE0AhECfm3MVXDEcTTGgmH9YbX8izabTwjfsfzLel2O0HQxf7c8rwGqtAb1n+RUcaKBFLDBNV64HvShCVVhjMBdmShQVL2QO9gYGlKE9BhOQ9rir9aZYTjTNmVGjxX/+8oaaL1JIlsZULNvX7uzcSXvEFh4k5Y8lQWBlK2OCguBDYZniWPR1wBM2JiCWWK27tidk9tRMb+T82GsHwpfp1cBS2/3WpfBI3zThXHOtpF++gI+egMnaMfqIf6iKE/zpbz2fni/HU/ubvu3qLUdaqej+gJ3IN/FuC1rA==</latexit>

P ⌘ 1

2
(p+ p0) , q ⌘ p0 � p , t ⌘ q2 , ⇠ ⌘ � q+

2P+
.

As for the case of the PDFs, we generalize and calculate matrix elements at space-like 
separations z. 

Total Momentum Momentum transfer Skewness

S.Bhattacharya et al., PRD106, 114512
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• In contrast to DVCS and DVMP, lattice QCD admits the calculation of GPDs at 
discrete points in 3D - DVCS along .  Essentially 2Dx ≃ ξ
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IGPDs and GPDs related through 
transform
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As before, this involves tackling 
inverse problem
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Moments of GPDs
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For this first study, we will focus on calculations of the moments of GPDs

Moments can be obtained by  expansion of the Ioffe-time distributionν

where
<latexit sha1_base64="Y3aN+TaOceg3Q1B/NmltYyuHBgQ="></latexit>
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We fit the resulting GFFs to a dipole
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More rigorously, use the so-called z-expansion.

<latexit sha1_base64="B9g8jMf6Sjqlakse0FDbHL+kWyg="></latexit>Z 1

�1
dxxn�1

✓
H

u�d

E
u�d

◆
(x, ⇠, t) =

n�1X

k=0 even

✓
An,k(t)
Bn,k(t)

◆
⇠
k ±mod(n+ 1, 2)⇠nCn(t) ,

Moments of D term
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EM Form Factors
Can calculate EM form factors from local matrix elements, i.e. z=0

Non-zero - discretization 
errors, sensitivity to 
excited states

; Ward identityA5 = 0

c.f. non-“distilled” calculation



Generalized Form Factors - ξ0



Generalized Form Factors - ξ2

(Small) Isovector D term
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Summary



Transform to impact-parameter space: 
narrowing of distribution with increasing 
moment

Translate to Impact-Parameter Space
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Summary
• Realistic calculation of light-cone distributions from LQCD now available 
• Focus on understanding systematic contributions in pseudo-PDF framework 
• Distillation + boosting enables both far increased reach in momentum, and improved 

sampling of lattice 
• Are able to isolate leading twist from higher-twist and discretization contamination 
• 3D Hadron Structure through GPDs 

– Moment calculation allows higher moments than from local operators 
– “Towards GPDs” - calculation of x dependence in progress 

– Extend to higher ; pion masses and lattice spacings 
– Next frontier - flavor singlet. 
– Incorporate in Global Analysis

ν
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