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» Decompose matrix element in independent non-perturbative objects
while maintaining manifest Lorentz invariance
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» Spin-j fields embedded in objects with > 2j 4+ 1 components
— 4-vector, Rarita-Schwinger, Fierz-Pauli, ...

® Need for constraints
® Kinematical singularities

» Use (2j + 1)-component (chiral) spinors [(j, 0) & (0, j) trreps.]

[Joos; Barut-Muzinich-Williams; Weinberg 63+]



» Leads to systematic approach for any spin j

» “Basic” algebraic construction su(2) — su(N) — sl(2,C)

» Covariant “multipole” basis emerges — physical interpretation
» Parity conserving interactions — generalized Dirac algebra

» Easy to implement different types of spin
— canonical, helicity, light-front

» Exact degrees of freedom, no need for constraints



» Algebra for Generators of the Lorentz group
J1.Iml = i€mndn . [J1.Km] = iemKn, [Kj,Kpn]= —i€mndn
» Two independent su(2) subalgebras — irreps (ja,JjB)
Am=30m+iKm) . Bm=31(Tm—iKmn)
A, Ap] = i€mnAn . [B1, Bm| = i€mnBn ., [A),Bn]=0

» Simplest irreps that contain spin-j — (2j + 1 components)

® Right-handed (j,0): K — —illn

® |eft-handed (0,)): K, — +iln



» Lorentz invariant S-matrix using a Hamiltonian density built up from
causal fields

Unaths () U =) (Dﬁq)w Yo (Ax + a)
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» No EoM for chiral fields (only obey KG eq.)

» Spinors appearing in the fields (not invariants, depend on choice boost)
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» Propagator numerator
|—|U) (p) = m2jDU),[Lp] (DU)
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» Introduction of 2j-rank t-tensors (symmetric/traceless)

H%/( ) = tuwz HZJP;uPuz - Pugj

D(j) — tlhllz...Uzjﬁ '[) l’j .

» Central role of t-tensors (L(p) HaPha - Plizj
used to construct boosts/spinors D[({)(p)] =tz B P,

(p" not 4-vectors) Canonical: pe =/ m(p0 +m,p)

Same for any spin!
For helicity and LF spinors similar expression (but C-numbers)




» Ceneralization of 0¥ = (1,0) 0" = (1, —0") to arbitrary spin

> Intertwining map:

(/,0)®(0,/) [rank-2 in SL(2,C)]

!
(j,Jj) [rank-2j symm. traceless in SO(3,1)]

» Recursion relation between different spins (CG)
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» Contain a basis of su(N=2; + 1): use to expand (X|O|}).



» For Parity conserving interactions the direct sum of both chiral
representations is used, like the spin 1/2 case

» The bispinor satisfy the Dirac eq.

Py ) 0, 5) = 0

L—,U)(p, s) (yu1---uszu1 Py — mzj) =0

» Gamma matrices (chiral rep.)
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» Use recursion relation

iz li2) .. 11 P R N SN Ry
ta; 2. l2j _ (jalj — 501502) Gtlj— 51’151-2) tU:i': 2j-1 t(,:’»rz

» Efficient in +-RL Lorentz coordinates
B Pauli matrices have only 1 non-zero element (=2)

B (tHak2-42)),, elements in that basis have only 1 non-zero matrix element
— position follows from +-RL counting
— value from CG recursion
— value depends only on j, A, A

» Appropriate for efficient numerical implementation



Reduction for Cubic Monomials

» Central role of the covariant t-tensors
— spinors, boosts, propagators, gamma matrices

» Bilinear calculus involve products with alternating “barring” pattern:
ttt- -

» Matrices in t-tensors: su(2j + 1) basis — Products can be linearized

» Cubic products (ttt)ss are reduced with an Invariant Tensor

2j
1
L H2) FP1P2j $0102) - S S chieoar | ¢
()P {pa -} {on -0ns} (D ) o
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ol — girgeF — gright 4 ghfgre 4 jeref — (CF)" (Lorentz Invariants)

» Trade matrix multiplication by number multiplication



Reduction for Quadratic Monomials

» Central role of the covariant t-tensors
— spinors, boosts, propagators, gamma matrices

> Since, 90 =¢00=-1 — t”1“'”2ffv1”'v21:t"l”"’szvlmvzf(tplmpzjnpr"”ﬂzj

celioi T04 D 2j
tHL M2 EP1 P2 — L S |_|IJ CHIPIUIUIr] ) ta]_"'azj
{Pl P2}

n"=(1,0,0,0)

Creotn, = gn — g’ + g"nf + ie"°n,  (Rotational Invariant)

» Ceneral result (Q"7" = —Q™" = creoap, — ghPp©)

red red

th b2 fP1P2j —

2 1 BY Hpia,
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Terms can be linked to decomposition (tt)," ~ (j,0) ® (j,0) ~ Gﬁj:o (k,0).
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» The sl(2, C) multipole of order m is defined by

Ml’,#pl,...,umpm _ = )} |_|Murpr — (Traces)
{(up

» Relate terms of quadratic reduction to these multipoles:
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» Decompose operators with physical interpretation for each term
— mono-, di-, quadrupole, ...
See also [Cotogno, Lorcé, Lowdon, Morales PRD 2020)]



Generalized Dirac basis  (Weyl rep)
yul'“uzjl yu1-~u2jy5' ylll“‘lfzjyvl"‘\/zj
Generalized Bilinears

» Chains of ttt... contracted with p* and external 4-vectors (P, A, n)

o 0 tgl...ﬁf tal...ﬁ,‘ 0 o
(s Br ()
u(Pr’ Seru(p, s) — Usp ( | 0 : r F i uy

(P ) 0 £ Py, )
Canonical: pt =/ zmmrpor (P° +m.p)
» 2j-rank Tensor bilinear P = 3 (Br + pi), A = pr — pi

ag V't 12 up = m? lei:l. [2 ('EW’STI - %E“IETI) - ('52 - %Az) ghitl + ie“lr/ﬁg] (Afltey ) 1Ai)

+m? [ [2 (P01 PT — JAMAT) - (P2 - 3A2) g1l + ic“lr/ﬁg]* (A [y o 1)
» Ceneralized Gordon identities reduces number of independent bilinears



» Use Dirac Equation (yur--uszu1 Py — m2') uy =0

S uf = 2;21_ us ({pw,r} + % [Am,r]) u

0:_;/(
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AP 2 (p/,P) = —A\M1H2) (P, p/)
Pp]_...lJZjAulmuzj =0

» Useful to reduce independent Dirac structures

» Rewrite independent terms to those with sl(2,C) multipoles appearing
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» Local current has the form

(pr. Ar [J*(0)| pi, Ai) = a(pr, Af) TH(P, A) u(p;, Ai) .

» Using all constraints
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» Bilinear expressions can be evaluated using t-algebra relations.



» Using basis of bilinears and Gordon identities we can identify minimal
set of independent bilinears

» These will form the basis in decompositions of matrix elements of QCD
operators (currents/correlators)

» Has multipole interpretation, construction is identical for all spin cases
» Unified framework to discuss spin in hadronic physics
» Intuition from spin-1/2 carries over

» Extensions possible to transition matrix elements



» Construction allows for efficient and manifestly covariant calculations

Central role of the covariant t-tensors
— spinors, boosts, propagators, gamma matrices

\4

\4

Very simple “basis ingredient”
— reps of generators of rotations

v

Covariant s/(2,C)-multipole basis for operators
— transparent interpretation

v

Unique framework for any spin
— intuition from spin 1/2

v

Avoids calculations with (Dirac) matrices
— everything reduces to number multiplication (CHP?%, QFF9)



